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Abstract
In this paper the usage of bordered matrices for selection of independent variables for econo-

metric model evaluated with least squares method is shown. AIC was chosen as criterion of selec-
tion. Practical example of the method is also presented.
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Introduction
Initial selection of explanatory variables for econometric model is really important 

issue. It often determines the final quality of the model. Therefore, it is essential to 
use proper variables. At the beginning researcher usually only know the response 
variable Y, which he tries to explain. Economic theory and intuition suggest what 
factors may affect the response variable. This way we obtain a set of potential ex-
planatory variables. Often this set is too big and not all of the variables included 
should be put into the model – thus selection of chosen variables is required. This 
problem can be solved using numerous methods of variables selection for economet-
ric models. Literature in this area is very extensive, ranging from the classic book by 
Draper Smith (1973) or Metody doboru zmiennych w modelach ekonometrycznych 
(Grabiński, Wydymus and Zeliaś 1982). Different model selection criterions are also 
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mentioned by Charemza and Deadman (1997). Big popularity in Poland has Helwig’s 
method (Hellwig 1969). 

In recent years there is a great interest in the selection of variables for econometric 
model based on Akaike’s Information Criterion as well as comparing it with other 
criterions – Piłatowska (2011), Rosienkiewicz (2012). This paper focus on the practi-
cal aspects of applying and calculating AIC.

Basic considerations
At the beginning let’s describe main formulas associated with AIC.
Let’s consider a model:

ξαααα +++++= kk22110 ZZZY (1)

Parameters are evaluated basing on n observations. Likelihood function for esti-
mated model looks as follows:
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Thus loglikelihood (see Dorosiewicz and others 1996):
2

n

1t

k

0j
jtjt2 zy

2
1

2
1nL

= =

−−= α
σπσ

lnln (3)

For the model estimated with least squares method log likelihood function is 
equal to:
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where u is model (1) residulas column vector. Equality (4) can be transformed 
into:
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Let’s note that one of measures of quality of the model is the convergence factor 
φ2, which is calculated according to the formula:
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Using (7), basing on (6) we obtain:
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Relationship (8) we can rewrite as:
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is the variance of dependent variable Y empirical values.
Formula (9) describes log likelihood function maximum for the model estimated 

with least squares method.
Akaike’s Information Criterion is defined by (Maddala 2008):

( )1k2L2AIC ++−= ln (11)

So for the model estimated with least squares method, basing on (9) and (11) we 
have:

(12)( ) ( )[ ] ( )1k2eS2nAIC 22
y +++= ϕπ lnln

It is worth noting that AIC formulas described in the literature are a little different 
than (12) (for example Maddala 2008, Górecki 2010, Rosienkiewicz 2012). In most 
of cases the difference is caused by skipping the first sum component in equation (6) 
in the brackets. 

It is worth adding that calculating AIC according to formula (12) leads to a result 
identical with that obtained using Gretl and in the case of other models it usually 
doesn’t. Let’s notice that if we consider different models with the same number of 
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variables then according to AIC basing on (12), we choose the model with the lowest 
convergence coefficient φ2.

Comparing different models for dependent variable Y, we choose the one with 
lowest AIC as the best. Therefore with the dependent variable Y and k potential 
explanatory variables to select the optimum set of variables, according to AIC, one 
would just estimate 2k-1 indicators (similarly as in the case of Hellwig’s method). 

Let’s rewrite formula (12), broken down into three components:

(13)( ) ( ) ( )1k2neS2nAIC 22
y ++⋅+⋅= ϕπ lnln

Let’s note that if we have the dependent variable Y, k potential explanatory varia-
bles and the empirical data consisting of n observations – then by choosing variables 
for the model in accordance with the criterion of minimizing AIC given by (13), the 
first component of the sum occurring in the formula is constant. For various com-
binations of variables only two other components will change. To compare different 
subsets of variables - in practice we have to evaluate only convergence coefficients φ2 
for models with this subset used as exploratory variables.

Proposition of variable selection method using AIC
Before algorithm for choosing a satisfactory set of explanatory variables based 

on AIC will be shown, we will focus on finding the coefficient φ2 occurring in the 
formula (13).

Let’s denote by (R(k) R0(k)) correlation couple describing model (1). As we know 
(Kolupa, Śleszyński 2010):

(14)
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To compute φ2 we can use bordered matrix P:

(15)= 1R
RR

P T
0

0

If on the matrix P given by (15) we perform elementary transformations which 
cause that:

 – in place of matrix R we we obtain upper triangular matrix with diagonal elements 
equal to one R*,

 – in place of vector R0
T we obtain zero vector,

then in place of number 1 we obtain φ2. As a result matrix P will be transformed 
into P*:
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For model (1) matrix P given by (15) has degree (k+1). Let’s notice that in prac-
tice, by transforming it to (16) we take care about each of k columns of correlation 
matrix R. Thus at the beginning we bring to zero all first columns elements below 
matrix R diagonal and the first component of vector R0. 

Then in the bottom right corner of the transformed matrix we will receive a num-
ber, equal to φ2 of the model in which the only explanatory variable is the first vari-
able of the model (1) – Z1. According to formula (13) by substituting k with 1 we 
can calculate AIC for this model. If now we make similar operations on the second 
column of the matrix P then in the lower right corner of the transformed matrix we 
will receive a number, equal to the ratio φ2 for the model in which the explanatory 
variables are the first and the second variable from model (1) – Z1 and Z2. Accord-
ing to formula (13) by substituting k this time with 2 we can calculate the value of 
the AIC for this model. Continuing the procedure until transforming the matrix P 
into P* (16), as if „by the way” we determine the value of AIC for models in which 
sets of variables are respectively: {Z1}, {Z1, Z2}, {Z1, Z2, Z3}, …, { Z1, Z2, Z3, …, Zk}.

In practice, to end up with sensible set of explanatory variables, according to AIC 
and described method of proceeding, it is recommended to apply following rules:
1) explanatory variables in model (1) pre-sort by not growing absolute values of 

these variables correlation with the dependent variable Y,
2) if as the result of computations for s transformed matrix P column AIC value is 

bigger than the previous one – then in the (s-1) transformed matrix we remove 
row and column s and continue with the process. In practice it means that ZS 
won’t be in the model 

3) the process is finished when all the columns of matrix P are transformed. It is 
worth noting that proposed method doesn’t guarantee that resulting variables 
combination will have minimum AIC, but it should be close to minimum.

In the next part of the paper numerical example of described process will be shown.

Example
Let’s consider dependent variable Y and set of potential explanatory variables

(17){ }654321 ZZZZZZ6A ,,,,,)( =
where:
Y – GDP in Poland at current prices in millions of $,
Z1 – consumption at current prices in millions of $,
Z2 – export at current prices in millions of $,
Z3 – year,
Z4 – inflation rate in %,
Z5 – average annual exchange rate of US dollar in zł,
Z6 – population in Poland in millions.
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In the model empirical data from statistical yearbooks of Central Statistical Office 
from years 1995 – 2014 will be used, it means number of observations n=20. Empiri-
cal data is shown in table 1.

Table 1. Values of model variables
Y Z1 Z2 Z3 Z4 Z5 Z6

142 172,50 111 006,43 32 643,54 1 995 27,80 2,42 38 284,00
159 919,15 127 265,34 35 333,58 1 996 19,90 2,70 38 294,00
159 045,05 127 320,17 37 151,91 1 997 14,90 3,28 38 290,00
173 474,83 137 938,29 45 072,27 1 998 11,80 3,49 38 277,00
169 700,57 136 284,56 40 939,38 1 999 7,30 3,97 38 263,00
171 873,73 140 422,42 46 799,42 2 000 10,10 4,35 38 254,00
190 521,26 158 242,26 51 878,65 2 001 5,50 4,09 38 242,20
198 704,99 168 824,86 57 143,77 2 002 1,90 4,08 38 218,50
217 524,24 182 335,11 72 634,16 2 003 0,80 3,89 38 190,60
253 778,33 208 556,38 87 912,97 2 004 3,50 3,65 38 173,80
304 476,01 247 576,67 106 336,40 2 005 2,10 3,23 38 157,10
343 338,92 275 939,73 131 156,81 2 006 1,00 3,10 38 125,50
428 948,93 336 738,71 166 535,95 2 007 2,50 2,77 38 115,60
530 185,12 427 117,30 203 158,31 2 008 4,20 2,41 38 135,90
437 022,66 351 997,30 164 216,35 2 009 3,50 3,12 38 167,30
476 624,66 385 195,48 192 890,54 2 010 2,60 3,02 38 529,90
524 256,60 416 947,43 226 142,61 2 011 4,30 2,96 38 538,40
496 129,57 394 852,63 223 509,67 2 012 3,70 3,26 38 533,30
526 030,75 415 671,03 242 639,21 2 013 0,90 3,16 38 495,70
547 899,15 429 004,63 257 078,54 2 014 0,00 3,16 38 484,00

Source: statistical yearbooks of Central Statistical Office and own calculations.

Basing on data from table 1 we evaluate correlation pair (R(6) R0(6)) describing 
the model, where Y is dependent variable and A(6) given by (17) are explanatory 
variables.

=

10,11313-0,03352-0,455660,521920,44239
0,11313-10,27107-0,22645-0,42943-0,45475-
0,03352-0,27107-10,76070-0,59626-0,61549-

0,455660,22645-0,76070-10,964810,95704
0,521920,42943-0,59626-0,9648110,98944
0,442390,45475-0,61549-0,957040,989441

R
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=

0,45228
0,46778-
0,59935-

0,95359
0,99198
0,99937

)(6R0

It is worth noting that the potential variables of the model have been ordered so 
that correlation vector components R0(6) meet recommended first condition (are or-
dered by decreasing absolute value of the correlation coefficient with the dependent 
variable Y). We can then build bordered matrix P given by formula (15).

(18)

−−

−
−=

10,452280,467780,5993550,9535940,9919810,9993681

0,45228
0,46778

0,599355
0,953594
0,991981

0,9993681

10,11313-0,03352-0,455660,521920,44239
0,11313-10,27107-0,22645-0,42943-0,45475-
0,03352-0,27107-10,76070-0,59626-0,61549-

0,455660,22645-0,76070-10,964810,95704
0,521920,42943-0,59626-0,9648110,98944
0,442390,45475-0,61549-0,957040,989441

P

To compute φ2 for the model with one explanatory variable Z1 – we perform ele-
mentary transformations on matrix P given by (18) – bringing first column elements 
below diaginal to zeros. As a result:

(19)

−−

−−
−−

−−

−−

=

0,001263390,01020,01330,01570,00280,00320
0,0101700,80430,08800,23880,03230,08420

0,013310,08800,79320,55100,20880,02050
0,0157440,23880,55100,62120,17170,01270

0,002840,03230,20880,17170,08410,01790
0,003170,08420,02050,01270,01790,02100
0,999370,44240,45470,61550,95700,98941

)( 1ZP

Using the first column from table 1 we compute:

(20)( ) 62287872474=−=
=

20

1t

2
t

2
y yy

20
1S

Thus:
(21)( ) 827007533eS220 2

y ,ln =⋅ π



76 Central European Review of Economics & Finance 

Basing on (19) and (21), using (13) we have:

(22)
( ) ( ) ( ) ( )

347917404447909133827007533
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To compute φ2 for the model with Z1 and Z2 as explanatory variables – on matrix 
P(Z1) given by (19) we perform elementary transformations bringing second columns 
elements below diagonal to zeros. This time we receive:

(23)

−−
−−
−−

−−
−−−

−−

=

0,000785720,00250,01640,01380,005500
0,0025260,46680,00580,18780,039400
0,0164060,00580,77320,56340,191300

0,0138260,18780,56340,61350,182500
0,005540,03940,19130,18250,068900

0,1507754,00760,97630,60550,850910
0,999370,44240,45470,61550,95700,98941

),( 21 ZZP

Basing on (23), using (22) we have:

(24)
( ) ( ) ( ) ( )

=+−+

=++⋅+⋅= yZZZ eSAIC π

As AIC value has lowered – we add one another explanatory variable Z3. After 
transforming the third column of matrix (23) we have:

(25)

−−−
−
−−
−−
−−−

−−

=

0,000340010,00570,00100,0009000
0,00569450,44430,11520,0834000
0,00101440,11520,24160,0564000
0,0008560,08340,05640,1299000
0,0804560,57192,77852,6502100

0,1507754,00760,97630,60550,850910
0,999370,44240,45470,61550,95700,98941

),,( 321 ZZZP

Thus:

(26)( ) ( ) ( ) ( )
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Also this time AIC value has lowered – we add one another explanatory variable 
Z4. By transforming 4-th column of matrix (25) we have:
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(27)

−−
−
−
−−
−−−

−−

=

0,000334370,00510,00140000
0,0051450,39070,15150000
0,0013860,15150,21720000
0,0065920,64230,43411000
0,0804560,57192,77852,6502100

0,1507754,00760,97630,60550,850910
0,999370,44240,45470,61550,95700,98941

),,,( 4321 ZZZZP

Basing on matrix (27) we can see that convergence rate for model with {Z1, Z2 , Z3 , 
Z4} as explanatory variables has lowered (it is now 0,00033437), but AIC is equal to:

(28)( ) ( ) ( ) ( )
7617163831006529160827007533

14200033437020eS220AIC 2
yZZZZ 4321
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so is bigger than for the previous model (compare with (26)). It means that Z4 
shouldn’t be taken into the model. We replace the variable Z4 with another explana-
tory variable Z5. In practice this means that we get back to bordered matrix given 
by (25), remove 4-th row and column and make elementary transformations of fifth 
column. As a result we have:

(29)

−−
−
−−
−−
−−−

−−

=

0,000335750,005200,0009000
0,00521060,389300,0834000
0,00419810,477010,0564000
0,0008560,08340,05640,1299000
0,0804560,57192,77852,6502100

0,1507754,00760,97630,60550,850910
0,999370,44240,45470,61550,95700,98941

),,,( 5321 ZZZZP

Received in the lower right corner of the matrix (29) convergence coefficient is 
greater than the value obtained in the matrix (27) and the models have the same 
number of variables – thus we can already say that the AIC value will be higher than 
the value of the formula (28), and so than the (26):

(30)( ) ( ) ( ) ( )
8443123831098269159827007533

14200033575020eS220AIC 2
yZZZZ 5321
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It means that also variable Z5 shouldn’t be taken into the model. This time in ma-
trix (25) we remove 4-th and 5-th row and column and run elementary transforma-
tions on 6-th column of the matrix. As a result:
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(31)

−−
−
−−
−−
−−−

−−

=

0,0002670300,00100,0009000
0,0128106610,11520,0834000
0,00101440,11520,24160,0564000
0,0008560,08340,05640,1299000
0,0804560,57192,77852,6502100

0,1507754,00760,97630,60550,850910
0,999370,44240,45470,61550,95700,98941

),,,( 6321 ZZZZP
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The resulting value of AIC given by (32) is smaller than all the values obtained 
previously and Z5 is the last one variable from the set of possible explanatory variables 
A(6) = {Z1, Z2 , Z3 , Z4, Z5 , Z6}. This means the end of our proceeding. The chosen set of 
variables, according to the illustrated method is a 4-piece set {Z1, Z2 , Z3 , Z6}. It should 
be noted that in practice, according to the algorithm of the method, we analyzed only 
6 out of 63 possible combinations of the variables but it can be easily noticed that 
the resulting subset has the lowest AIC value of all 63 possible subsets of the set A(6) 
given by (17). This does not mean that it must always be, but set of variables selected 
according to the proposed method should be satisfactory. It should be added that the 
resulting model in the following steps should be verified.

At the end, in order to confirm the correctness of the calculations presented in the 
example, we attach Table 2 – printout of the Gretl program, together with evaluated 
AIC values.

Table 2. Model 1: Least squares method, using observations 1995-2014 (T = 20),  
Dependent variable: Y

 Coefficient Std. error t-Student p-value
const 5,12693e+06 953663 5,3760 0,00008
Z1 1,03609 0,0463455 22,3557 <0,00001
Z2 0,533522 0,0827506 6,4474 0,00001
Z3 -2302,74 432,336 -5,3263 0,00008
Z6 -13,6178 6,72551 -2,0248 0,06107
Dependent variable average 322581,4 Dependent variable std dev 155186,6
Sum of squared residuals 1,22e+08 Residues standard error 2854,062
R square 0,999733 Adjusted R square 0,999662
F(4, 15) 14039,74 P value for test F 1,34e-26
Log likelihood 184,6319 AIC 379,2638
Bayes. Schwarz Criterion 384,2425 Hannan-Quinn Criterion 380,2357
rho1 -0,088852 Durbin-Watson Criterion 2,136946

Source: output from Gretl basing on data from tab 1.
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Summary
The problem of initial selection of variables into an econometric model is an 

important issue. Among the numerous methods AIC has high popularity. Author 
thinks that formula (13) is important as it allows to effectively determine the value 
of this criterion for the model estimated by least squares. For this purpose it is neces-
sary to calculate the values of φ2 for the analysed models. Application of boundary 
matrix in the presented algorithm definitely simplifies the process of calculations. 
It should be added that the necessary elementary transformations, even for a high 
degree of matrix are easy to perform using for example MS Excel spreadsheet. The 
empirical example illustrates this. It is worth noting that the selection procedure 
gave an optimal set of variables but this is not the rule and in the author’s opinion it 
requires further simulation studies.
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