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Abstract

We formulate and study a two-player — duel — game as a nonzero-sum discounted stochastic game. Players P;, andP, are
standing in place and, in each turn, one or both may shoot at the other player. If P, shoots at P,,, (m # n), either he hits and
kills him (with probability p,,) or he misses him and P, is unaffected (with probability 1 — p,,). The process continues until
at least one player dies; if nobody ever dies, the game lasts an infinite number of turns. Each player receives a unit payoff for
each turn in which he remains alive; no payoff is assigned to killing the opponent. We show that the always-shooting strategy
is a NE but, in addition, the game also possesses so-called cooperative (i.e., non-shooting) Nash equilibria in both stationary
and nonstationary strategies. A certain similarity to the repeated Prisoner’s Dilemma is also noted and discussed.
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1. Introduction

In this paper, we study a two-player, duel game played in turns. Players P;, and P, are standing in place,
and, in each turn, one or both may shoot at the other player. If P, shoots at P,, (m # n), either he hits
and kills him or he misses him and P, is unaffected; the respective probabilities are p,, and 1 — p,,. The
process continues until at least one player dies; it is possible that nobody ever dies and the game lasts
an infinite number of turns. We formulate the above as a nonzero-sum discounted stochastic game. The
game rules and the player’s payoff function will be presented in the next section.

Little work has been done on the duel. As far as we know, it has only been studied as a preliminary
step in the study of the truel, in which three stationary players shoot at each other. In early works on
the truel [17, 22, 24, 25, 27], the postulated game rules guarantee the existence of exactly one survivor
(winner). A more general analysis appears in [23] which considers the possibility of cooperation
between the players. This idea is further studied in [19-21, 33]. Recent papers on the truel include
[3,4,7,9-11, 13, 30-32] ".

1Let us also note the existence of extensive literature on a quite different type of duel games, which essentially are
games of timing [6, 14, 18]. However, this literature is not relevant to the game studied in this paper.
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Many applications of both the duel and the truel have been proposed. A truel model of behavior in a
confrontation situation appears in [12] and in politics in [8]. Opinion dissemination has been modeled
as a truel in [4]. In [15] business applications have been considered and it is shown that the nuel (an
N-person generalization of the duel and truel) the model explains, under appropriate conditions, why
weaker companies may strengthen, and why the strongest companies weaken until all companies con-
verge to a common level. The truel has been used in legal studies, as a model of equality issues. Most
importantly, the truel has been used to explain the maintenance of biological variation in an ecosystem
[5], to model reproduction mechanisms [1] and to explain the existence of “suicidal strategies” used by
cells and bacteria [2, 26],

All the above-mentioned works are limited to the analysis of stationary strategies. As shown in the
sequel, the duel also possesses Nash equilibria in nonstationary strategy; it is reasonable to assume that
this also holds for the truel and the nuel.

While the above papers focus on various forms of the truel and/or nuel, we believe that the duel is
interesting in its own right and has not received the attention it deserves. In particular, we will show that,
under our formulation, the duel has a certain similarity to the repeated Prisoner’s dilemma and possesses
left cooperative Nash equilibria in nonstationary strategies.

This paper is structured as follows. In Section 2, we define the game rigorously. In Section 3, we
introduce several stationary and nonstationary strategies and compute their expected payoffs. In Section
4, we prove that certain pairs of the previously defined strategies are Nash equilibria. In Section 5, we
discuss the obtained results and the connection of the duel to the repeated Prisoner’s Dilemma. Finally,
in Section 6, we summarize our results and propose some future research directions.

2. The game

In this section, we present a rigorous game theoretic formulation of the duel following [16, 28]. The
game involves players P, P, and proceeds at discrete time steps (rounds) ¢t € {1,2, ... }. The state at
time ¢ is denoted by s () and summarizes all relevant information at this time [16]. In the duel game, the
state is

S(t> = (51 (t)752 (t>> €5 = {<17 1) ) (17 0) ) (07 1) ) (07 0) ) (7-7 7-)}

In more detail, for n € {1,2}, s, (t) is P,’s state att € {0, 1, 2, ... } and can be

1: when P, is alive,
0 : when P, dies in the current round,
7 : when one or both players have died in a previous round

In a stochastic game, each player performs an action at each round [16]. In the duel game, P,’s action
att € {1,2, ...} is f, (t), which can be 1 (P, is shooting) or 0 (P, is not shooting). If s,, (t — 1) # 1,
P, cannot shoot at ¢ and f,, () must equal 0; if s, (t — 1) = 1 then f, (¢) can be either 0 or 1. When
fa@) =1,5_,(t) =0 (e, P_, dies?) with probability p, € (0, 1) and s_,, (¢) = 1 with probability

2In the sequel, we use the standard game theoretic notation [28] by which s_; = s9, s_2 = s1. The same notation is used
for players, actions, etc.
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1 —pn. Weset f(t) = (fi(t),f2(t)) and p = (p1,p2). Note that we have assumed that p;, p, are
different from both zero and one.

The game starts at an initial state s (0); obviously, the main case of interest is s (0) = (1, 1). At times
t € {1,2, ...} the players choose simultaneously the actions f; (¢), f2 (¢) and the game moves to state
s (t) according to the conditional state transition probability Pr (s (t) |s (¢t — 1), f(¢)) [16].

s

Figure 1. State transition diagram of the duel game.

In Figure 1, we present the state transition diagram, in which the action-dependent transition probabil-
ities are written next to the edges; it is easily verified that these probabilities conform to the game rules.
The figure shows that the game starting at (1, 1), lasts an infinite number of rounds and two possibilities
exist.

1. The game always stays in (1, 1) (no player is ever killed).

2. At some t' the game moves to a state s € {(1, 0),(0, 1), (0, 0)} (one or both players are killed)
and at ¢’ + 1 the game moves to the terminal state (7, 7), where it stays for ever after.

We use the concept of history presented in [16]. A finite history is a sequence

an infinite history isan h = s (0) f (1) s (1) - - - . An admissible history conforms to the game rules; the
set of all admissible finite (infinite) histories is denoted by H (H).

We define round and total payoffs as in [16]. Namely, for every history h and for n € {1,2}, we
define P,’s total payoff function to be®

Qu(h) =D 7' (s (1))

where v € (0, 1) is the discounting factor and ¢,, : S — R is P,’s round payoff function:

3Note that in accordance to [16], we use the unscaled total payoff; but we will also use the “scaled” version (popular with
many authors) as explained in Sections 3 and 4.
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QI(7—7 7—):07 q2(7_7 T):O
q1 (17 ]-) = 17 q2 (17 1) =1
1
1,0)=—— 1,0)=0
QI(a ) 1_77 Q2(7 )
1
0,1)=0 0,1) = ——
QI(v ) ) q2(7 ) 1_,}/
q1(07 0)207 Q2(07 0):0

The above values indicate that each player receives one payoff unit for every turn in which he stays

= 1
incorporates the infinite payoff sequence Z Y1 = 1—~ (this will
-7

t=0
result when P kills P, and stays alive for an infinite number of subsequent turns). Note that a player

1
alive; the payoff ¢; (1, 0) = .

receives no direct payoff from killing his opponent, but he has the indirect benefit of removing the possi-
bility of being killed himself.

We use the concept of strategy presented in [16]. A strategy for P, is a function o, : H — [0, 1]
which corresponds to every finite history / the probability

x, = oy (h) = Pr (P, shoots at P_,,)

A stationary strategy (called a Markov strategy in [16]) is a 0,, depending only on the current state s,
hence we simply write x,, = o, (s). A strateg profile is a vector o = (0, 02). We denote the set of all
admissible strategies (those which are compatible with the game rules) by X and the set of all admissible
stationary strategies by X.

Given the initial state s (0) and the strategies oy and o5, used by P, and P, respectively, a probability
measure is defined on the set of all infinite histories. Since v € (0, 1), the total expected payoffs

Vn e {1,2}:Q, (s(0), o1, 02) = E(Q, (h)|s(0), o1, 02)

are well defined [16]. In what follows we will more often use the normalized total expected payoffs,
which are defined by

Vi Q, (s(0), o1, 02) = (1 =) Q,, (s(0), o1, 02)

We have thus formulated the simultaneous duel as a discounted stochastic game, which we will denote
by I' (s (0) , 7, p) or simply I" (s (0),~), when (py, p2) is fixed. Our main interest is in the nonzero-sum
game " ((1, 1),7). We assume that P; and P, attempt to reach a Nash equilibrium (NE) as defined in
[16, 28], i.e., it is a strategy profile (77, 02) such that

Vne{l,2}:Vo,c2:Q, ((1,1),6,,0-) >Q, (1,1), 0p,5_0)

A refinement of the Nash equilibrium is the subgame perfect equilibrium (SPE). A pair (77, 75) is said
to be a SPE iff it is a NE in both the full game and in every subgame [28].
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3. Some basic strategies and their payoffs

In this section, we introduce several strategies which will be used in our later exploration of Nash equi-

libria.

3.1. The stationary strategy o°

When P, (n € {1,2}) uses a stationary admissible strategy o,,, we have
Vs € {(1,0),(0,1),(0,0),(r, 7)} :0,(s) =0

because P, does not have the option to shoot when either himself or his opponent is dead. It follows that
o, is fully specified by the value o,, (1, 1) = ,,. Hence we will sometimes write Q,, ((1, 1), 21, 3) in
place of Q,, ((1, 1), o1, 02).

Let V¥ (z1, 25) = @Q, ((1, 1), 21, 5); for brevity we will also write simply V;°. Then V;° satisfies
the equation

1

VP =14+ yp1zy (22 (1 — po) + (1 — 32)) T (1)

+ 7 (z1 (L=p1) + (1 —21)) (22 (1 — p2) + (1 — 22)) V",

obtained by the following reasoning. When the game is in state s = (1, 1), P;’s expected payoff is one
unit for the current state plus the discounted expected payoff from the subsequent state s’, for which we
have the following possibilities:

1. s = (1, 0) when P; shoots and hits P, and P; either shoots and misses or does not shoot; the
respective probability is pyzy (2 (1 — pa) + (1 — 23)). The total expected payoff of this case is

@1 ((17 O) » L1, 1’2) = ﬁ

2. ' = (1, 1) when each of P, and P, either shoots and misses or does not shoot; the respective
probability is (z1 (1 —p1) + (1 — z1)) (x2 (1 — p2) + (1 — z2)). In this case we returned to the
starting state (1, 1) and the additional total expected payoff is again Q, ((1, 1), x1, z3).

3. We also have the possibilities of moving into (0, 1) and (0, 0), but these yield zero payoff to P, so

they are not included in (1).

Solving (1), we get, after some algebraic calculations®, that

1 =7 (1 =pixy (1 — paxs)) (2)

S _
) S A - g (1 o)

“The calculations required to obtain the solution have been performed by the computer algebra system Maple and then
verified by hand. This is also true of additional (sometimes quite complicated) calculations required in the rest of the paper.
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The corresponding normalized total expected payoff is

v (@, w2) = (1= 7) Q1 (1, 1), 21, 22) L= 7 (1= pran (1 = paza))

1= (1= piz1) (1 — paa) ®)

Formulas for V7 (21, 25) = Q, (1, 1), 21, ) and v5 (z1,22) = (1 — ) Q, ((1, 1), 21, x5) can be
obtained by interchanging the indices 1 and 2 in equations (2), (3).

3.2. The cooperating strategy ¢

The stationary cooperating (the name will be justified in Section 5) strategy o is defined by

o (1,1) =0
which means the player never shoots.

Obviously, ¢ is 0° with z,, = 0 and Q,, ((1, 1), 0%, 0“) = @, ((1, 1),0, 0). Hence we obtain

V& =Q,((1,1),0% 0% = @, ((1,1),0, 0) by setting z; = x5 = 0 in (2). Consequently, the
normalized expected total payoff is
Ulc = (1 - 7)©n ((17 1) ?07 0) =1

By exchanging the indices 1 and 2 in the above formulas we also get v5 = 1.

3.3. The defecting strategy o

The stationary defecting (the name will be justified in Section 5) strategy o is defined by

o’ (1,1) =1

which means the player always shoots with probability one.

Obviously, o” is o® with 2, = 1 and @, ((1, 1), ¢”, o”) = @, ((1, 1),1, 1). Hence we obtain
Vle = @1 ((17 1)7 UDa UD) = @1 ((17 1)717 1) by Setting L1 = T2
normalized expected total payoff to be

1 in (2). We then get the

A 1=y =pi(1—p2))
P =(1-9)Q,((1,1),1,1) =
pe e L L= (1 =p1)(1—p2)
and a similar formula for v2’.

3.4. The early-shooting strategy o” CK)

The nonstationary early-shooting strategy o”¢ ()

is to shoot (with probability one) only attimes 1,2, ..., K,
where K is a parameter of the strategy. Then we have
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@1 ((17 1)7 O'DC(K), O_DC(K)) — 1

1 (m =) 0= ()

1

+A <(1 —p)" o (1= po)* T 0= p)" (1 - pz)K_l>

+7" ((1 —p)"  p (L =po)”® ﬁ +(1-p)" (1 -p)"Q, ((1,1), o, UC))

This equation is justified as follows.

1.

2.

At time t = 0, P, receives a payoff of one unit.

Attimest =1, ..., K — 1, the expected payoffs are the following:

a) with probability (1 — p1)" ' py (1 — ps)’, P, misses at times t' = 1, ...t — 1 and succeeds at
1

time ¢', while P, misses as times t' = 1, ..., t. In this case P, receives payoff 1—;
-7

b) with probability (1 — p;)" (1 — p,)’, both P, and P, miss at times ¢’ = 1, ..., ¢. In this case P,
receives payoff 1;

c) all other possibilities yield zero payoff, so they are not included in the equation.

. Attime t = K, the expected payoffs are the following:

With probability (1 — p)™ ' py (1 — py)™, P, misses at times ¢’ = 1, ..., K — 1 and succeeds at

1
time ¢ = K, while P, misses as times t' = 1, ..., K. In this case P, receives payoff T—

. With probability (1 — pl)K (1-— pg)K, both P, and P, miss at times ¢’ = 1, ..., K. In this case both

players will never shoot at subsequent times, so we have returned to the starting state (1, 1) and the
additional total expected payoff is Q, ((17 1), 0%, UC).

. All other possibilities yield zero payoff, so they are not included in the equation.

Substituting the expression for @, ((1, 1), ¢, 0) and after some algebra, we obtain
DC(K aY
o = (1= @ ((1, 1), o7, o)

L = p) (1 po)pe — y(1 = p1 + pap)
1=~ (1 =p1)(1—p2)

. DC(K
and a similar formula for v, &),
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3.5. The late-shooting strategy o“” (K)

cD(

The nonstationary late-shooting strategy o“P%) is to shoot (with probability one) only at times

K, K +1, ..., where K is a parameter of the strategy. Then
Q) ((1,1), 0PI gOPED) =1y ooy

7K (pl (1 —po) 1 ! +(1—p)(1 —pz)al ((17 1), UDv UD)>

This equation is justified as follows.
1. Attimest =0, 1, ..., K — 1, P; receives discounted payoff of one unit.
2. At the time ¢t = K we have the following possibilities:
1
a) with probability p; (1 — ps), P; hits P,, while P, misses. In this case P; receives payoff T
-7

b) with probability (1 — p;) (1 — p2), both P, and P, miss. In this case both P, and P, revert to strategy
o” and P; receives total expected payoff @, ((1, 1), o, o),
c) all other possibilities yield zero payoffs, so they are not included in the equation.

Substituting in the previously obtained expression for @, ((1, 1), o of ) we get the following ex-

pressions for the normalized expected total payoff:

— 1 —~%py — (1 — 1-—
UfD(K) = (1-4)0Q, ((1’ 1) UCD(K)7 O_C’D(K)) _ Y p2 —( p1) ( P2)
L=y (1 —pi)(1—p2)

. CD(K
and a similar formula for v, )

3.6. The periodic-shooting strategy o’ (M)

The nonstationary periodic-shooting strategy o”’ ™) is to shoot only at times M + 1,2M + 2, ..., where
M is a strategy parameter. By reasoning similar to that of the previous cases, we see that

G (L 1), oPOD_ PODY Z 1 oy gy

+ M (Pl (1—p2)

= +(1=p)(1=p2)Q, ((1, 1), o), UP(M)))

Solving the above we get the following expression for the normalized expected total payoff:

1=y (1 =pi (1 —pa))

P(M) _ (1 N~ P(M) _P(M)) _
Uy = (1 7)@1((1a1)>‘7 » 0 )_1_,}/M+1(1_p1><1_p2)

and a similar formula for véj D),

3.7. Grim strategies

We now define grim versions of the previously defined strategies. The first strategy we introduce is the

grim-cooperation strategy o, defined as follows:
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o¢: as long as neither player has shot, P, uses ¢“; if at some turn a player shoots, in all subsequent

turns P, uses 0.

Note that while ¢¢ is stationary, ¢ is, obviously, nonstationary.

DC(K) _CD(K) (M)

We now define grim versions of o .o and ™) For these strategies, the condition for

reverting to o, is slightly (but significantly) different from the one used for . Namely, while in 5 the

condition is that any player shoots, in 7°¢*) the condition is that the other player deviates from °¢ %)

(and similarly for 57®M) g¢PE) apg o),
1. The grim-early-shooting strategy 5PC(K) is defined as follows:

5DC(K) | C(K)

as long as P_,, uses UDC(K), P, also uses o ;

DC(K)

if at the ¢-th turn P_,, deviates from o , P, uses o” in all subsequent turns.

CD(K

2. The grim-late-shooting strategy o ) is defined as follows:

SCD(K) . CD( CD(K)

K) P, also uses o :
CD(K)

as long as P_,, uses o

if at the ¢-th turn P_,, deviates from o , P, uses o” in all subsequent turns.

3. The grim-periodic-shooting strategy ") is defined as follows:

SP(M) . P P(M)

M), P, also uses o
P(M

as long as P_, uses o

;
D

if at the ¢-th turn P_,, deviates from o ), P, uses " in all subsequent turns.

Again, while the original strategies are stationary, their grim versions are nonstationary.

4. Nash equilibria

We will now present a sequence of propositions; each one indicates that a certain strategy pair is a (sta-
tionary or nonstationary) NE and also a SPE; sometimes this will only hold for a certain range of + and
possibly py, py values.

Proposition 1. For every v € (0, 1), the only stationary NE of I'((1, 1),7) are (¢, ¢¢) and
(UD, O'D). These are also SPE.

Proof. Suppose that P, (respectively P,) uses the stationary strategy o with o (1, 1) = x (respec-
tively o° with 0 (1, 1) = x5 ). Then P,’s normalized payoff is

vf (931 :BQ) _ I—~ (1 —P1h (1 - pzxz))
’ 1=~ (1=pix1) (1 = paxs)

Now suppose P; switches to some other strategy. Note that we only need to consider stationary
strategies. This is a consequence of the following fact, which we will often use in the remainder of
the paper. If P, starts using a stationary strategy o, at some time ¢, then P_,’s best response is also
a stationary strategy; because, for a fixed stationary o,, P_, has to solve Markov decision process, for
which (as is well known) the optimal strategy is stationary [29].
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Hence, suppose that P, switches to some stationary strategy og, which is fully specified by its value
os (1, 1) = y;. Then P;’s normalized payoff becomes

L= (1 =piyr (1 = poxo))
S pr—
o (Y1 @) = 7 v (1= piy1) (1 — paxs)

The difference in normalized payoffs is

1=y (1 —pizi (1 —paxz)) 1= —piyr (1 — paza))

ov; =
Py (= pr) (L= pars) 1=y (1= puyn) (1 — poa)

Y prpawa(w1 — 1) (1 — pas)
(1 =~(1 = paza)(1 — prn)) (1 — v(1 = paw2)(1 — p121)))

Now, P; has no incentive to switch from z; to y; iff Jv; > 0 which is equivalent to

Y pipaxa(zy — y1)(1 — paxs) >0

Similarly, P, has no incentive to switch from z to ys iff

Vpipsws (w2 — y2) (1 = pray) > 0
Hence, the following hold for n € {1, 2}.

1. If (z1, 22) = (0, 0), then P, has no incentive to change ,,; hence (z1, 22) = (0, 0) , i.e., (¢€, o)
is a NE.

2. If (z1, z5) = (1, 1), then P, has no incentive to change z,,; hence (z1, 22) = (1, 1), ie., (c”, o)
is a NE.

3. If (z1, z2) € (0, 1) (0, 1), then P, has incentive to unilaterally change from x,, to 1; hence (z1, x2)
is not a NE.

Suppose that the players use the strategy profile (00, ac) and played ¢ rounds of the duel, reaching
state s (t). Now consider any subgame which starts at s (¢); in this subgame, because of stationarity of
o, the previous history is immaterial and, by the same reasoning as above, (O’C, O'C) is a NE. Hence
(O‘C, ac) is a SPE for the full game. By the same reasoning, (JD , ol ) is also a SPE. This completes the
proof. 0

Now we will start looking at NE obtained from combinations of grim strategies.

Proposition 2. For every v € (0, 1), (EC,EC) is a NE and a SPE of I'((1, 1), 7).

Proof. Suppose that both P, and P, use 5. Then P;’s payoff is

_ e — 1
Ql ((17 1) 700700) - Ql ((17 1) UC) Uc) = 1—
-
Now suppose P; deviates from . It suffices to examine the case in which P, deviates at t = 1;
furthermore, after P, deviates (i.e., starting at ¢ = 2) P, will switch to oP and P; has no incentive to
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not shoot at any ¢ > 2 (because, by the same reasoning as in Proposition 1, P;’s best response can be
a stationary strategy and then it must be to always shoot with probability one). Hence P, is essentially
using the strategy o; = o and his total expected payoff will then be

Q. ((1, 1) o",5%)

— 14 (s + 100 (1498 (0%, 7))
_ 1 L=y (1 —pi(1—po))
‘””(“1—7*“‘” (“”(1—w)(l—v(l—m)(l—pm))

_1=p(1—p1)7’ = (1= p2)(1 —p1)y
(I=70=7v1=p1)(1=p2))

It follows that the difference in normalized total expected payoffs will be

(1= (@ ((1,1),5%57) - Q, (1, 1)a”,5))

CL=pe(1=pi1)y* = (L =po)(1 = p1)y
L=~y (1 —=p1)(1—p2)

=1

Y3pa (1 —p1)

ST 0-p)(l-py) "

Hence P, has no incentive to deviate from 5. The same can be proved for P,. Consequently
(c¢, 5°) is a NE.

To prove that (&'C, Efc) is a SPE, we separate all possible subgames into two classes, according to the
pre-history (i.e., the history preceding each subgame).

1. Subgames with a pre-history in which neither player has shot. In such subgames, 5 specifies that
each player should not shoot until a shot has been fired in the subgame. In other words, in the
subgame the players will use the pair (50, ?fc) which, as we have seen is a NE.

2. Subgames with a pre-history in which at least one player has shot. In such subgames, both players
should shoot in every riund of the subgame, i.e., (50, 50) will reduce to (UD , oP ) which, as we

have seen, is also a NE.

Hence (5°,5°) is a SPE. O
In the next proposition, the strategy profile is an NE only for “large enough” ~.

Proposition 3. There exist some 7 € (0, 1) such that for all v € (y0,1), and for all K € N,
(5DC(K),5DC(K)) isaNEof I'((1, 1),7).

Proof. Recall that, when both players use 57 ), P, receives payoff

Q o o 1 KA1 — p)® (1 = pa)¥pe —v(1 = ; 1P2
Ql ((17 1) 70DC(K)7JDC(K)) - _‘_’y El —:/))(1(— 'Yg)llil) (P/E p2)1; +p ’ )
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U
Let us show that P has no incentive to use a deviating strategy o;.

Case 1. Let us first consider strategies which deviate at times t € {K + 1, K + 2,...}, i.e., they
shoot after the game has entered the no-shooting phase. For the usual reasons, we only need to consider
o1 which will shoot at £ = K + 1 and with probability one. In this case

@1 ((17 1) ’5DC(K)"O‘1DC(K)> — A+7K+1@1 ((1’ 1) ’&/DC(K)7'&DC(K))
= A+ 4511, ((1, 1), o€, UC)
= A+ 4K, ((1’ 1), o©, 00)
Q, ((17 1), 01’5DC(K)) = A4 451, ((1’ 1), 0175DC(K))
— A+ 4K, ((1’ 1), 01,5DC(K))
where A is the expected payoff summed over times ¢t € {0, ..., K} and is the same for both strategies

used by P;. Now, for the usual reasons, P; will keep shooting at t € {K + 2, K + 3, ...} and we will
have

1

Q1 ((1,1), 01,570 = pry—

+(1=p1) (1+7Q, (1, 1), 67, 7))

=D

LT (UM EETI EVLES I

(1= 1 =~71—=p1)(1—p2))

1—po(1—p1)y* — (1 —pa)(1 — p1)y
(I=) 1=y =p1)(1=p2))

Then the difference between normalized total expected payoffs is

(1 - /7) (@1 ((17 1) 7507’&0) - @1 ((17 1)7 O-D7’&C)>

1 _ 1—pa(1—p)y2— (1 —pa)(1 — p1)y
1=y =p1)(1=p2)

_ pa(1l — P1)’72 -0
L=y —=p1)(1—p2)
Hence P; has no incentive to shoot at ¢t > K.
Case 2. Let us consider strategies which deviate at times ¢t € {1,2, ..., K}, i.e., they do not shoot
during the shooting phase. Again, after the first deviation P, has no incentive not to shoot. So we only
need to consider strategies o; which (a) do not shoot at some ¢t = L € {1,2, ..., K} and (b) shoot at all

te{l,2,...,L—1,L+1, ...} Then,by the usual arguments
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@1 ((17 ]-)7 UlagDC(K)) =1

1 (=m0 )

b2 (= pp (U= ) T == o))

+A5! ((1 — )" p1<1_p2)L_11L+(1_p1>L_ (1—p2)L_1>

++F ((1—131) - pl(l—p2)L—+(1—p1) (1 —po) (1—1—7V1D))

=1+ : 7 ((1—p1) (=) ——+ (1 -p) (1 —p2) )
L—1 L 1

+y (1 =p1)” (1 —p2) Py

) . . I—9(1—=p1(1—py))
+ 77 (1= p1)” (1 = pa) <1+7(1_7)(1_7(1_191)(1—1?2)))

The difference of normalized total expected payoffs is

51 (3) = (1) (@4 (1, 1), 5709, 578) ~ 9, (1, 1), 1,57°))

Note that dv; () is well defined and continuous for all y € [0, 1], because the factor (1 — ) cancels
the (1 — ) factor in the denominator of

@1 ((17 1) 7fO,vDC(K),afDC(K)> o @1 ((17 1) 7 O_I’fO_VDC(K))
After a considerable amount of algebra® we find that

(51]1 (1) _ (1 _pl)K (1 B pQ)KPQ

> (0
p1+ (1 —p1)po

Since dv; (7y) is continuous, there will exist some v, € (0, 1) such that dv, () will be positive for
every v € (7o, 1) and for every K" € N. Hence, for such values, P, has no incentive to deviate during the
shooting phase.

Using Maple once again.
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Putting together Cases 1 and 2 we see that P, has no incentive to deviate from 7”“), The same is
proved, similarly, for P,. Hence (5D C(K ), DK )) is a NE.

Next, we present a negative result: mutual late shooting is not a NE.

Proposition 4. Forevery v € (0, 1) and every K € N, (5CD(K),5CD(K)) isnotaNEof I ((1, 1) ,7).

Proof. Recall that

Vo ~CD(K) ~CD(K)\ __ 1_7KP2—7(1_P1)(1—292)
@ (1), & 7 = e T T ) ()

We just need to show that P; has one profitable deviating strategy ;. Let

o1 =donotshootatt € {1,2, ..., K —2},shootatt € {K — 1, K, ...}

in other words, start shooting one turn before the shooting phase starts. Then, by the usual arguments,
Py’s payoft is

K-2

Q1 ((1, 1), 07,59PU0) = 3 " 4F 5 (pl

k=0

1i7+(1—p1)(1+7VD)>

(1= p1) 1 = A(1 = po) (1 — 1))
(1=7) 1 =~v1=p)(1—p1))

By appropriate substitutions and algebraic calculations, we get

ov; = (1 - 7) (@1 ((17 1) >5CD( ), 5o K)) Q1 (( )7 01,5CD(K)))

N (L= =p))
(I =71 =p2)(1—p1))

Hence P, has incentive to switch to oy and ( CD(K )7 GOPE )) is not an NE. O

The next proposition tells us that there exists a set of (v, p;, p2) combinations for which (EP (M ), LAt ))

<0

is a NE. More specifically, the set of “acceptable” (v, p1, p2) values is the cube I); defined below in terms
of the parameters 7, and p,;; the significance of these parameters will be discussed after the proposition is
proved.

Proposition 5. For every M € N, there exists a d;; > 0 such that if

9
7M—10
1—e ™M™
Py =

10
Ing = (Y — Onrs Yar + Oar) (Par — Snay s + 1) (Par — Onas s + 0nr)

then (cNTP(M),&P(M)) isaNEof I' ((1, 1),, p) for every (v, p1,p2) € Ins.
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Proof. Recall that

—pony ~pany L= (1 —pi (1 —p)))
@07 ) = e = (- ) (- )

We will prove that, for every (v, p1, p2) € Iy, P; has no incentive to deviate from o P(M) (the proof

for P, is identical).

Suppose that P; uses some strategy o; by which he shoots at P at some ¢ # i (M + 1). For the usual
reasons, it suffices to consider strategies by which P; shoots in the first period and with probability one.
So suppose that Py abstains for all ¢ € (1, ..., K) and then shoots at P, at some t' = K + 1 < M. Then
the following two possibilities exist.

1
1. With probability p;: P is killed and P, receives payoff T
-7

2. With probability 1 — p;: P, is missed, P; receives payoff one and for all subsequent rounds P, will
always shoot at P; with probability one. In this case, P;’s best response at time t” > ¢’ is to always
shoot at P, with probability one; hence, starting at the (¢’ + 1)-th round, both players use the o
strategy. The total expected payoff received by P in this case is ()1 (O'D ,oP )

Hence, assuming P; will first shootatt = K +1 € {1, ..., M}, by the above reasoning P;’s expected
total payoff will be

K
1 1 "’P(M) — k K+1
Q1 ((1, 1), 01,570) ;;:o’y LA s

+(1-p)Qi((1,1), 07, UD))

Substituting the @Q; (77, 5"™)) and @, (¢”, o) values and performing a considerable amount
of algebra we get

o1 (9, propa) = (1= ) (@1 (1, 1,370, F700) 0, ({1, 1), o0, 70) )

pary T2 (— (1 —P1)2 (1 =p2) M 4+ (1 —p1) (1 = po) M =AM B 47 — pl)
(L= (1 =p) (1 =p2)) (1 =71 =p1) (1= p2))

Setting p; = py = p we get

Py (= (A=) M (L p) M MR 1 )
(=M1 (1=p)) (1=7(1-p))

The sign of dv; (7, p, p) is the same as that of

ovi (v, p,p) =

3
M+K+3+ (1 K+2

fux (v p)=—(1—p)’y 2 M2 M1 (]

-y - D)7
= fimx (7, p) + ok (7, D)

with
fara (7, p) = (1 —p)*y
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MA2 (1= p)P M o (7, p) = =M+ (1 — p) A2

Now we consider the following cases.
Casel. K <M —2.Then M — K —1>1.Forall M and K € {1, ..., M — 2} we have

(1 _p>2 > (1 _p>3 and ,YM+2 > ,}/M+K+3
hence we will always have fi r,x (7, p) > 0. To also have fa; k2 (7, p) > 0 for a specific [, it suffices

that

7M—K—1<1_p<:>,y<(1_p)ﬁ

To have fa ka2 (7, p) > 0forall K € {1, ..., M — 2}, it suffices that
1< (-p)7 (4)

In other words, for all M we have:

v E <O,(1—p)Ml—2> = VKe{l,...,M—2}: fur(y,p) >0)

1

= (o,(1—p)m) = (VK € {1,...,M—2}:60 (v, p,p) > 0)

Case 2. K = M — 1. In this case

_ (1 _p)3 7M+K+3 + (1 _p)2 ’YM+2 . 'YM—H + (1 _p) '}/K+2 >0

<:>_(1_p)37M+M71+3+(1_p>2,yM+2_fyMJrl_i_(l_p),nylJrQ>0
& —(L—p’ M4 (1—p* A2 =AML (1= p) M >0
&—(1-p’ M +(1-p’y-14+(1-p) >0
S —(1-p’ M +1-p’y-p>0
& —1-p’ M+ — 27+ 1)p+y>0
Let us define the function
Fu(op)==1=p) ™M +9p> — 2y + Dp+7
9 1—e™

By continuity, in a sufficiently small neighborhood of (v, pa) = ( ) the sign of

107 10
far (7, p) will be the same as that of

(9+e_M)3(9)M+1 9(1—e™M? 31 7eM

hi(M)=f =— — —
1 (M) = Far (e par) 1000 10 1000 50 " o5

and it suffices to show that h; (M) > 0 for all M. To this end we first note that

O+e )’ 9\ 9(1—e)? 31 Tet
N=—>""- 7 (= i el S Wt —0.
h (1) w000 \10) T 1000 a0 " s 60703 =0
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5 9 M+1
-M a
(9+7) (10> 31

1000 50

Also, letting

hy (M) = —

we have

Now, hy (M) is strictly increasing in M and hs (2) = 0.064222... . Consequently

Hence, finally we have
VM >1: fo (var,p0) = ha (M) > 0.

Now, to have
VM,VK € {1, coo, M — 1} : fM,K (’}/M,pM) >0

we must ensure that (4) holds for (v, p) = (Yar, par)- In other words, we want vy, < (1 — pM)ﬁ or,

equivalently,
9 | —e M\ (g M\ W
1o<( 10 ) (10+1o)
. . 9 M
This holds: since for all M € N we have 0 + 10 < 1, we also have

9 (9 M 9 M\ W
1_0<<1_0+10)<<E+10> ‘

In short we have shown that
VM,VK - {1, ...,M— 1} . fM,K (’yM,pM) >0

VM,VK € {1, ..., M — 1} : vy (Yar, pas Par) > 0

For all M and K, dv; (7, p1, p2) is a continuous function. Hence, for all M, there exists some §,; > 0
such that
VK € {17 ce '7M - 1} av<7> p17p2) € [M : (5?)1 (77 p17p2) >0

which shows that P; has no incentive to deviate from &7 ™). The same argument can be applied to P,.

Hence, for every (7, p1,p2) € I, (5P(M),5P(M)) isaNEof I' ((1, 1),7,p)- O

Remark 1. The fact that (67, ")) is a NE of I" ((1, 1) , v, p) for every

(v, p1,p2) € (Ymr — Onrs s + Onr) (Par — Sna, P + Oar) (Par — Onas D + 0nr) Ins

follows from the continuity of dv; (v, p1,p2) and the fact that vy (yar, par, par) > 0 or, more explicitly

1— —-M 1— —-M
(51]1(9 © © )>O

107 10 10
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9 1—e™M
To better understand the significance of the specific values v, = 0 and py; = %, the follow-
ing points should be kept in mind.

1. It is easy to check that dv; (0, p1, p2) = 0 and dv; (1,p1,p2) < 0. In other words, to attain a NE

some intermediate ~y values is required. We used vy, = 0 but (as we have observed by numerical

experimentation) there is actually an interval J; of admissible v values, with Jy; C [0, 1]. The

. . 9
important thing is that, as proved above, vy, = 0 € Jy forall M.

9
2. Once vy = 0 is fixed, we must determine p; and p, values which yield a NE. First, we conjectured

. . . 1—e™
(after numerical experimentation) that p; = p, = p); = ———— works; and then we proved that

it yields a NE. Roughly, the requirement is that the players’ marksmanships must be tending to one
as M increases to infinity.

5. Some additional remarks

Let us now justify our terms of cooperating and defecting strategy. From the results of Section 3, for
n € {1,2}, we have

Q, ((1, 1), 0%, UC) = —

1_7(1_pn(1_p—n))
(I=7) Q=71 —=p1)(1—p2))

Q, ((1, 1), o”, O'D) =

It follows that

Qu((1,1),0%0%) =@, (1.1, 0% 0”) = = T

In short, just like in PD, it is more profitable for both players not to shoot rather than shoot. Because
in our formulation there is no direct profit from killing the opponent, both (¢, ¢“) and (o7, o) are
NE; however, for both players, (ac, UC) is more profitable NE than (O’D ,oP ) This is the reason for
calling (O‘C, O'C) a cooperating, and (O'D ,oP ) a defecting strategy.

All this may be surprising since one would expect that, in a duel, each player’s goal will be to eliminate
his opponent. It may be supposed that the higher profitability of (ac, ac) follows from our choice of not
assigning any direct payoff to killing one’s opponent. But this is not true. Even with a positive “killing
payoff”, @, ((1, 1), 0, ¢“) can still be greater than @, ((1, 1), o”, o), provided v is sufficiently
close to one®. The reason for the superiority of (ao, ac) is this: if a positive payoff is assigned to
survival, this, compounded over an infinite number of turns, can always outweigh the killing payoff.
Hence our model can be understood as a more “pacifist” version than the usual duel model”.

Let us now compare our duel to the PD. In both the PD and the duel, cooperation is more profitable
than defection. While (O‘C, ac) isnot a NE in PD, (UD , oP ) is an NE in both of them. However, both the

SThis, as well as additional results regarding the positive killing payoff case will be reported in a future publication.

"This point has also been raised by Knuth in the context of the truel [23]. For example, he remarks that a player who
passes is guaranteeing that his opponent has no reason to shoot back, as far as the opponent’s survival is concerned.



On the Nash equilibria of a simple discounted duel 83

duel and the repeated version of PD, possess several NE in grim strategies; the common characteristic
of all such equilibria is that they promote cooperation or, in other words, punish defection (shooting).
Similarly to the case of repeated PD, it might be possible to prove a “Folk Theorem” for the duel as well;
namely that every feasible and individually rational payoff is a NE for v sufficiently close to one. We
intend to study this question in the future.

6. Conclusion

We have formulated the simultaneous shooting duel as a discounted stochastic game and shown that it
has two Nash equilibria in stationary strategies, namely the “always-shooting” and the never-shooting
strategies; in addition, several nonstationary, cooperation-promoting Nash equilibria also exist. The
significance of these results is twofold.

1. In a duel, which at first sight appears to be a purely antagonistic situation, there is scope for the
emergence of cooperation; in this connection, the discussed similarity to the repeated PD appears
quite relevant.

2. It seems reasonable that, applying similar analysis, we can establish the exi2.stence of nonstationary
NE for truels and nuels.

In the future we intend to extend our work in several directions.

First, we want to extend our study and obtain similar results for two variants: (a) the case of non-zero
killing payoff and (b) the case of terminal-only payoffs. In addition, we want to formulate and study a
version of the duel in which each player wants to kill his opponent in the shortest possible time.

Secondly, we hope to prove a form of Folk theorem, namely that every feasible and individually
rational payoff is a NE for ~ sufficiently close to one.

Finally, as mentioned above, we want to formulate the nuel as a discounted stochastic game and prove
that it possesses NE in nonstationary strategies.
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