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INDIRECT CONTROL AND POWER

To determine who has the power within a stock corporate company can be a quite complex prob-
lem, especially when control is achieved through alliances between shareholders. This problem arises
especially in cases of indirect control of corporations, that is, in situations involving shareholders and
companies with cross-shareholdings. The first to solve the problem of measuring power in the case of
indirect share control were Gianfranco Gambarelli and Guillermo Owen in [10]. In the following years,
numerous other models were introduced. In this paper, we critically examine the models of: Gambarelli
and Owen, Denti and Prati, Crama and Leruth, Karos and Peters, as well as Mercik and Lobos, taking
into account two well-known, illustrative examples, one with an acyclic corporate structure and the
other with a cyclic structure.
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1. Introduction

To determine who has the power within a stock corporate company can be a quite
complex problem, especially when control is achieved through alliances between share-
holders. This problem arises especially in the cases of indirect control of corporations,
that is, in situations involving shareholders and companies with cross-shareholdings. In
these circumstances, there is the need to know what coalitions of firms can control
a given company.
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It is a problem as complex as it is crucial. It is indeed easy to find situations in which
a holding company controls other companies, resulting in a pyramidal construction that
allows the holding company to gradually multiply the capital controlled, starting from
a relatively low initial investment. The effects of this phenomenon are also accentuated
by the dispersion of actions made by an ocean of small investors. Therefore, in practice,
to acquire control of a company, it is often sufficient to possess a much lower percentage
of the capital than the theoretical proportion (50% of the shares plus one share).

The work of Gambarelli and Owen [10], published in 1994, is one of the pioneering
papers in this field. In the following years, numerous other models were introduced. For
us it is difficult, if not impossible, to cite all the articles on indirect control of corpora-
tions in one paper, because there is a vast literature on this topic. Anyway, Crama and
Leruth [5] and Karos and Peters [13] made a vast literature review of the most relevant
and illustrative references in this field. For this reason, we refer interested readers to
those sources and here we limit ourselves to a brief review of the relevant literature
related to measuring power in corporate structures.

Gambarelli and Owen [10] and Denti and Prati [8, 9] focused on determining the
winning coalitions in a control structure. Kotodziej and Stach [14] proposed a computer
program based on the approach of Denti and Prati to enable simulations. On the other
hand, the works of Hu and Shapley [11], Crama and Leruth [4, 5] and Crama, Leruth
and Wang [6], Karos and Peters [13], as well as Mercik and Lobos [15], are dedicated
to modelling indirect control relationships in corporate structures and using power indi-
ces to evaluate the power of players.

This paper is organized as follows. In Section 2, some preliminary definitions and
notation are given. Section 3 provides two illustrative examples. In Section 4, brief
overviews of some approaches to measuring indirect control are described. Section 5
gives some conclusions and open problems.

2. Preliminaries

A game is given by a set of rules describing a strategic situation. In cooperative
games, players can collaborate to obtain common benefits. Let N ={1, 2, ..., n} be the

set of all players, indexed by the first n natural numbers. A cooperative n-person game
in characteristic function form is an ordered pair (N, v), where v:2" —R is a real-
-valued function on the family 2" of all subsets of N such that v(&) =0. The real-val-

ued function v is called the characteristic function of the game. Any subset S of N is
called a coalition and v(S) is the worth of the coalition S in the game. By |S| we denote

the cardinality of the set S. In this paper, we denote a cooperative game (N, v) simply
by its characteristic function v.
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A cooperative game v is monotonic if v(S)<v(T) when S cT. A simple game is
a monotonic game v (in N, omitted hereafter), which assumes values in the set {0, 1}:
i.e. v(S) =0 or v(S) =1 for all the coalitions S < N. In the first case, a coalition is said
to be losing, in the second — winning. Let W(v) denote the set of all winning coalitions
in game v. A player i is critical in a winning coalition S if v(S\{i}) = 0. A simple game
is said to be proper, if and only if the following is satisfied: forall T < N, if v(T) =1,
then v(N\T)=0. A coalition S is called a minimal winning coalition if v(S) =1, but
v(T)=0 forall TS, T #S.W"(v) denotes the set of all minimal winning coalitions

in v. Such a game can be defined either by the family of winning coalitions W or equiv-
alently by the set of minimal winning coalitions W™. Every player i who belongs to
a minimal winning coalition S < N s critical in S. We will use the following notation:
C, ={S = N :iiscritical in S}. A coalition S is called vulnerable if S contains at least
one critical player, i.e. 3i €S such that v(S\{i})=0.

Let (w, ..., w,) be a vector with non-negative components such that Z w, =1.

ieN
For any coalition S, w(S) = Z W, is the weight of the coalition. Let g > 0 be the major-
ieS

ity quota that establishes winning coalitions (usually g > w(N)/2). We call the simple
game: v(S) = 1if w(S) >q and otherwise v(S) = 0 a weighted majority game and denote

itby [aq; w;, ..., w,]. Weighted majority games are suitable for describing many voting

situations: the weights can be shares owned in a company, seats of political parties, etc.

A power index is a function that maps an n-person simple game v, to an n-dimen-
sional real vector and is a measure of the influence of the players in such games. The
literature has proposed many power indices based on diverse axiomatic assumptions
and/or models of bargaining. Below, we recall the definitions of only those power indi-
ces that are used in the models considered; namely, the definitions of the Shapley
—Shubik, Banzhaf—Penrose, and Johnston indices.

The Shapley—Shubik index was introduced by Shapley and Shubik in [19]. For the
sake of simplicity, we set | S |=s. The Shapley—Shubik index o, for any v and i € N is

expressed as

o.(V) = Z(s 1 I(n s)!

SeC;

For further explanations see, e.g., [20].

The measure called the absolute Banzhaf index 4 by Banzhaf [1] is sometimes called
the Penrose—Banzhaf index, since it actually goes back to Penrose [17, 18]. The absolute
Banzhaf index, for any vand i e N, is defined as:
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_IG]
A0 =55

For further explanations, see e.g., [3].

The Johnston index was introduced by Johnston in [12]. Denote by VC the set of all
vulnerable coalitions. For any S eVC, by r(S) we denote the reciprocal of the number
of critical players in S and we define ri(S) in the following way: if i is critical in S then
ri(S) = r(S), otherwise ri(S) = 0. The raw (absolute) Johnston index is defined as:

7.(S)= Z r,(S) and the Johnston index is obtained after normalization, i.e.
SevC

D n(S)
7 (S)=———

2. > n(S)

i=1 SevC

Note that the Johnston index treats all coalitions with critical voters equally, and
within each coalition the power is divided equally among critical voters.

We can now analyse the problem of measuring the power of indirect control in cor-
porations by means of these power indices. Naturally, the problem of determining the
percentage of shares in a certain company indirectly owned by investors affects the
measurement of power. For example, suppose that companies A, B, C, and D have
a share capital composed of 100 shares each. Now assume that A holds 40 shares of
company B and the remaining shares are equally divided between two other investors.
Suppose also that B owns 51 shares of C, which has in turn 25 shares of D, and that the
remaining shares of D are divided equally among three other investors. In the above
situation, we could say that A has (1/3)x(1)x(1/4) = 1/12 of the power in company D.
In general, it would seem logical to assign to each shareholder a measure of “power via
indirect control” given by the product of the appropriate power indices. Unfortunately,
this method can lead to situations where the total quota of shares in the controlled com-
pany exceeds 100%. It is therefore necessary to consider other approaches that will be
covered in the next sections.

But firstly it is necessary to analyse typical situations that may arise in the case of
indirect control. The simplest case is characterized by the absence of cycles (loops). In
this situation, each investor holds shares in a number of companies; investee companies
may themselves hold voting rights in other companies, but there can be no cross-share-
holdings. The presence of a loop occurs when there are two or more companies with
cross-shareholdings.

Although in each country the legislator regulates the indirect control of corporations
more or less decisively, this does not mean that the phenomenon of indirect control does
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not exist. The models recalled here do not consider legislative constraints. Hereafter, by
an investor we mean a firm which is not controlled either directly or indirectly by any
other firm in a corporate network and by a company we mean a stock corporation i.e.
a corporation which has shareholders.

3. Hlustrative examples

In our treatment, we will refer to two illustrative examples of corporate control
structures. In the first example, there are no cycles, whereas in the second one, looped
relationships among shareholders exist. In both examples, we use networks (weighted
directed graphs) to show corporate control structures: firms (corporation and investors)
are represented by vertices, while share ownership is represented by weighted edges.
The number corresponding to an edge connecting, e.g., firm i to firm j represents, in
percentage terms, how many voting rights firm i holds in firm j.

As in this paper we adopt a game-theoretical approach, where corporate structures
are often described by simple voting games (in particular weighted majority games), in
defining the examples we call the firms players and we talk about the majority quota g.
Our illustrative examples refer to real corporate groups but reflect their past sharehold-
ing structures. Although over time the real corporate structures presented in both exam-
ples have changed, we have chosen not to update the situation to maintain the effective-
ness of the examples.

Fig. 1. The shareholding structure of the Porsche—Volkswagen case

Example 1. Let us consider the corporate structure presented in Fig. 1 with majority
guota g = 80%. The players are: Po-Fam (1), Qatar (2), Lower Sax (3), Po-SE (4),
VW--AG (5), Po-AG (6), and Others (7). In this case, we have seven players, where
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four of which (1, 2, 3, 7) are investors and three, (4, 5, 6), are companies. This example
refers to the Porsche—Volkswagen case, which was considered by Karos and Peters [13].
Here, we modify a little the corporate structure, in order to be able to compare all the
models considered. This means that we aggregate the 12.3% of voting rights of all the
undefined shareholders to player 7 (Others), in accordance with the VVolkswagen share-
holder structure [21]. For a full description of this real case, see [13] and [21].

0,
Medallion | 100%

W)

10%

Fig. 2. The shareholding structure of the Speiser-Baker case;
H-Med — HealthMed, H-Chem — HealthChem

Example 2. This example deals with the Speiser and Baker case [15]. In this case,
we also slightly simplify the corporate structure (Fig. 2). In this network, there are six
players, where four of which are investors. Namely, there are the following players:
Medallion (1), Speiser (2), HealthMed (3), HealthChem (4), Baker (5), Others (6). For
this case, we consider a simple majority quota q = 50%.

4. Approaches for measuring indirect control

In the literature on this topic, some general game-theoretic models to describe con-
trol relationships in corporate structures have been developed. In the following subsec-
tions, we limit ourselves to only consider those proposed by the following: Gambarelli
and Owen, Denti and Prati, Crama and Leruth, Karos and Peters, as well as Mercik and
Lobos. For each of these approaches, we provide only a brief overview, necessary to
perform the calculation of the power indices considered by these models. Then, we try
to compare these models taking into account the two illustrative examples. In describing
these models, we try to keep the original notation, but sometimes, for clarity, we make
some minor changes.
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4.1. The Gambarelli and Owen model

Gambarelli and Owen [10] were first to define a power measure in the case of indi-
rect control of corporations. They developed a mathematical model to determine the
control (direct or indirect) that coalitions of investors have in the firms within a closed
shareholding system. In particular, these two authors devised a very refined process
capable of transforming a set of various linked majority games into a single game. This
method is based on the concept of a multilinear extension, introduced by Owen [16].
One of the advantages of this methodology is that it can be used with any power index.
In fact, this method constructs a resultant game, in which the index considered most
suitable to describe the situation under consideration can be applied. The Gambarelli
and Owen model enables us to solve all concatenated games without cycles and a class
of cyclic games. The model recognizes other games as being unstable [2, 10]. In cases
of instability, the Gambarelli and Owen model can only be interpreted via the interven-
tion of exogenous factors to provide a statistical value; for example: the mean power
index of the players involved in the cycle.

Let us introduce some necessary concepts. Let N be the set of all companies and M
be the set of all investors in a shareholding system. Direct control in such a stock system
can be described by a formal game system (f.g.s.), i.e. a n-tuple [W;, ..., W], of simple
monotonic games over the set N U M. Let W; denote the weighted majority game
played in company j and in accordance with the notation in Section 2, it can be described
by the set of all winning coalitions of shareholders in firm j, i.e. coalitions which hold
the required majority of voting rights in j. In order to consider indirect control, Gam-
barelli and Owen proposed a reduction operation. A reduction for firms N and investors
M is an n-tuple (V4, ..., Vi) of voting games over a set of investors M. In cases without
loops, a recursive procedure to find the so-called effective reduction (V4 ..., Vi) starting
from the original f.g.s. is provided [10]. In the cyclic case, such a procedure would re-
peat itself forever. Therefore, Gambarelli and Owen introduced a more general concept,
namely a so-called consistent reduction which, however, is not necessarily unique. In
a shareholding structure without loops, a consistent reduction coincides with the effec-
tive reduction. For this reason, hereafter we will only use the name “consistent reduc-
tion”. Gambarelli and Owen provided a technique to obtain a consistent reduction. This
technique relies on the idea of multilinear extensions. For details see [10].

Now, let us apply the Gambarelli and Owen approach to Example 1. In this example,
{4, 5, 6} is the set of firms, and {1, 2, 3, 7} — the set of individual investors. Considering
direct control, we have the formal game system: W, = {{1} and supersets}, Ws = {{2, 3, 4},
{3, 4, 7} and supersets}, Ws = {{5} and supersets}. Note that player 1 has control over
player 4. Thus, concerning indirect control, we can see that investors 1, 2 and 3 jointly
have indirect control over all the firms, 4, 5, and 6. Also, coalition {1, 3, 7} has control
over all the companies. Considering multilinear extensions, we obtain the same result
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and the so-called, in the Gambarelli-Owen terminology, consistent reduction. Namely,
the multilinear extensions for firms 4, 5, and 6 are:

MLE4 = X1(1_ Xz) + XX, =X
MLE; = X, XX, (1= %, ) + X3X, X; (1= X,) + X, XX, X5 = X, (X, X5 + XgXg — X, XX, )
MLE, = x,

Solving this system of 3 equations with 7 variables by substituting MLE; = x; (j = 4,
5, 6), we obtain: x, =X, X; =X ¢= XX, (X, + X, —X,X,) and the reduced extension: RE4
= X1, REs = REs = =X X;(X, + X, = X,X;). Since X X;(X, +X; —X,X;) =1 when x1 = x2
=x3=10rx;=xz=X7=10r X1 =X = X3= X7 =1, then we obtain the following consistent
reduction: V. = {{1}}, Vs = Vs = {{1, 2, 3}, {1, 3, 7}, {{1, 2, 3, 7}}.

Now, for any firm j (j = 4, 5, 6), we can calculate the power of the investors using
the three power indices considered in Section 2. Therefore, regarding company 4, we
see that player 1 has total control over this player and the other investors have power
measures equal to zero. The power of investors is presented in Table 1.

Table 1. Power of investors in companies 4, 5, and 6 in Example 1

Company 4 Companies 5 and 6
Power index
Player 1 Player 1 | Player 2 | Player 3 | Player 7
Shapley—Shubik index 0.4166 | 0.0833 | 0.4166 | 0.0833
Absolute Banzhaf index 1 0.3750 0.1250 0.3750 | 0.1250
Johnston index 0.3889 | 0.1111 | 0.3889 | 0.1111

Player 3 (Lower Saxony) with only 20% of the voting rights in company 5 has the
same power as player 1 (Porsche Families) in both companies 5 and 6. This result does
not depend on the power index applied. It is sufficient that the index satisfies the sym-
metry condition (Table 1).

Let us see how the Gambarelli and Owen approach works in a stock system with
loops. Namely, let us consider Example 2 (the Baker-Speiser case). Firstly, we calculate
the multilinear extensions for players 1, 3, and 4:

MLEl =Xg MLEs = XX, (1_ Xs) + X X5 (l_ Xz) + X X%s (1_ X1) + X X, X5

MLE4 = szs(l_ Xs)(l_ Xe) + X X35 (1_ Xe) + X, X5 Xg (1_ Xs) *+ X, X5 Xg (1_ Xs)

+ Xy Xg (L= X, )(L— Xg) + XX Xg (1 — X, ) + X, X3 X5 X
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After some algebraic steps, we obtain the following functions:
MLE, = x,
MLE; = XX, + X Xg + X, X5 — 2X X, X
MLE, = X, X5 4+ X3Xg 4 X, X Xg — X, X5 Xg — Xy X Xs Xg

Now we solve this system of 3 equations with 6 variables by substituting MLE;
=X (j =1, 3, 4). This structure has loops. To solve the problem of cycles, Gambarelli
and Owen proposed calculating a reduced multilinear extension (RMLE) for each com-
pany, thus we set x; = RMLE; and solve the resulting system of equations for these vari-
ables. Hence, we obtain the following reduced extensions:

Xy Xg (X, 42X — X, X5 — Xo X X5 )

RE, =RE, = e
1 2

XX (L X, Xg + XgXg — 2%, X5 Xg )
a X, +X,

RE,
where

Xy = 1= X5 — X, X +2X5 X — X X —Xs Xg + XX X

X'y = X5 Xs = 2X5 Xs X + X5 Xs Xg + X Xe Xg — 25X Xe X

As sz =X; for x; €{0, 1}, these functions can be reduced by lowering the expo-
nents of the variables x; (here, j = 2, 5, 6) to the first degree, i.e.:

X5 X5 (Xz + 2X6 — X X5 — szsxe)
1—X, + XX — X Xg + X, X X

RE, =RE, =

XX (L X X+ X Xg — 2%, X5 X5)
1-X, + X, X5 — X Xg + X, X5 X

RE,

It is now necessary to evaluate the function RE;. Because we are trying the find the
set of winning coalitions, it is interesting to know when this function takes the value 1.
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Considering the values of the numerators and denominators of RE;, we have the follow-
ing cases (Table 2).

Table 2. Value of RE; (j = 1, 3, 4) for X, €{0, 1},i=2,5,86,
i.e. at the vertices of the unit hypercube

Case %o X5 X6 Numerator | Denominator RE;
of RE;j of RE;j

1 0 0 0 0 1 0
2 0 0 1 0 1 0
3 0 1 0 0 1 0
4 0 1 1 0 0 0/0
5 1 0 0 0 0 0/0
6 1 1 0 1 1 1
7 1 0 1 0 0 0/0
8 1 1 1 1 1 1

Source: Authors’ calculations.

1. If the numerator of RE; equals 1, then the denominator also equals 1, and in con-
sequence the quotient equals 1 and the set of all winning coalitions required to control
the three companies is composed of {2,5} and {2, 5, 6}. Thus, investors 2 and 5 together
have full control over all three companies.

2. If the numerator of RE; equals 0 then

2.1. The denominator equals O for coalitions {2}, {2, 6}, and {5, 6} and the quotient
becomes the indeterminate form 0/0, which means that hidden solutions are possible.
Investors 5 and 6 alone do not have control. Investor 2 may or may not have control.
The situation is unclear. On the one hand, if player 2 could convince the management
of any of the companies 1, 3 or 4 to cooperate with him, this would give him full control
over all the companies. On the other hand, if investor 5 could get firm 3’s management
to oppose investor 2, then 5 could keep player 2 indefinitely from getting full control
over all the companies. From the theoretical point of view, a coalition between investors
5 and 6 would get company 3’s management to cooperate with them. This would give
coalition {5, 6} full control over all the companies. Another possibility is that the coa-
lition of investors {2, 6} could act jointly and convince company 3’s management to
cooperate with them and thus they would obtain full control over all the companies.

2.2. The denominator equals 1 for other coalitions, so the ratio is 0. These coalitions
are therefore losing.

Thus we see that in the presence of loops the calculation becomes more complicated
and consistent reduction may not be unique. We find that the three simple games in the
consistent reduction must all be equivalent and contain the following winning coali-
tions: {2, 5}, {2, 5, 6}. In addition to this, they might contain one, two, all, or none of
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the three following coalitions: {2}, {2, 6}, {5, 6}. Hence, there are eight possible con-
sistent reductions. But some of these consistent reductions are improper, e.g. those with
the two coalitions {23}, {5, 6} as in any consistent reduction with these coalitions, the
coalition {2, 5, 6} is also present. However, a much more serious problem is the occur-
rence of conflicting consistent reductions, as in this example. More precisely, a con-
sistent reduction containing {2} but not {5, 6}, and another one with {5, 6} but not {2}
are conflicting. If investor 2 can put his creatures in control of the three companies, he
will be able to keep control indefinitely. If {5, 6} can, acting jointly, put their creatures
in control, they can effectively shut investor 2 out. Hence, the result seems to hinge on
which investor(s) manage to move first.

4.2. The Denti and Prati model

To the authors’ knowledge, the first publication about the Denti and Prati model
dates back to 1996 [7]. This model was developed and improved in [8, 9]. Denti and
Prati, compared to the Gambarelli and Owen approach, extend the set of winning coali-
tions to all alliances able to achieve control of the “target” firm. Namely, such a model
is not limited to coalitions of investors alone, but also considers coalitions formed by
companies, and by companies and investors together. In [8], they proposed an algorithm
to check whether a preset coalition of firms, in a corporate shareholding structure either
with or without loops, is winning or not. Then, they extended their approach and as-
sumed that shareholders can abstain or oppose others [9]. Therefore, not all the winning
coalitions have the same relevance, i.e. controlling power. Hence, Denti and Prati [9]
proposed three algorithms to determine the winning coalitions of various levels of rele-
vance. More precisely, they proposed algorithms to calculate so-called: potentially win-
ning coalitions, potentially stably winning coalitions and stably winning coalitions. For
details, see [8, 9]. These algorithms have exponential computational complexity. Thus
computational problems can arise if the number of firms is large.

Based on Denti and Prati’s algorithm [8], a computer program was implemented,
which enables to perform simulations [14]. More precisely, it is possible to find all the
minimal winning coalitions which control a preset coalition of firms, or check whether
a certain coalition is able to control a preset coalition of firms. So regarding Example 1,
we find that there are two minimal winning coalitions ({1, 2, 3} and {1, 3, 7}) that
control companies 4, 5, and 6. On the other hand, player 6 can be controlled directly or
indirectly by five minimal winning coalitions: {5}, {1, 2, 3}, {1, 3, 7}, {2, 3, 4}, {3, 4, 7}.
Of course, by considering only coalitions of investors, the results obtained by the Denti
and Prati algorithm coincide with the results obtained by the Gambarelli and Owen ap-
proach.

Considering Example 2, player 2 and 5 jointly control companies 1, 3, and 4. This
is a unigue such minimal winning coalition. In addition, there are five minimal winning
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coalitions that control company 3: {1, 2}, {1, 5}, {2, 4}, {2, 5}, {4, 5}, and also five
that have control over player 4: {1, 2}, {2, 3}, {2, 5}, {3, 6}, {1, 5, 6}. Thanks to the
computer program, we can provide, of course, more simulations.

Denti and Prati, as mentioned before, focus only on the determination of winning
coalitions in a corporate network, without considering power indices. But once the win-
ning coalitions have been obtained, it is possible to measure the control power by power
indices.

4.3. The Crama and Leruth approach

Crama and Leruth [4, 5] focus on the use of power indices to model control rela-
tionships in corporate structures. More precisely, they focus on an algorithmic approach
to estimating the Banzhaf index (Section 2) in corporate networks, both with and with-
out the presence of loops. It should be added that they also took into consideration in
their algorithmic approach some difficult issues that exist in complex corporate struc-
tures, like modelling the set of small shareholders, etc. In large corporate networks,
where there are a lot of firms involved, they proposed a Monte-Carlo approach to com-
pute control power. They model a corporate structure by a network, i.e. direct graph.
A precise graph-theoretic model is given in [4] and an intuitive description is provided
in [5]. Therefore, here we only provide the necessary details.

Let V be the set of all firms involved in a corporate structure. Each j eV is associated
with a 0-1 variable x;. If x; = 1, then firm j votes “yes” and X; = 0 means that firm i votes
“no”. Let N be a set of n investors. Thus, in order to measure the control power of investor
j intarget firm t by power indices, they define indirect games v;.. However, it should be noted
that in order to define an indirect game, they used an equivalent definition of a simple game.
Namely, for the set of players N, they modelled a simple game v as a Boolean function

f,:{0, 3" —{0, 1}, where the value of the function reflects the outcome of the vote for
each vector of individual votes. More precisely, for all X =(x, X,, ..., X,) {0, 3}", if
v({i: x, =1}) =1, then f,(X)=1 otherwise f,(X)=0. The direct game g; for firm
j eV \N is the weighted majority game with the player-set composed of all direct share-
holders of firm j. Now, for any acyclic network and any firm j eV, the indirect game v; is
defined as the composition of the direct weighted majority games (g) associated with the
direct shareholders of firm j. In particular, for all X =(x, X,, ..., X,) €{0, 3" and jeV,
the corresponding indirect game is defined recursively as follows: if jeN, then
V;(X)=x;, otherwise v;(X)=g; (v, (X), v; (X), ..., v; (X)), where i, i,, ..., i, denote

the direct shareholders of firm j eV \ N. For details see [4].
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The Z index, proposed by Crama and Leruth [4] to measure the amount of a priori
voting power held by a firm j e N in target company t, is given as follows:

Z(=| Y wO- Y w(X) 1)

2n—l
Xe{0,2)":x;=1 X e{0,13":x;=0

Z,(j) is simply the Banzhaf index of firm j in the indirect game v; associated with firm t.

Let us apply the Crama and Leruth approach to Example 1 (the Porsche
—Volkswagen case). In this example, there are 4 investors or sources in the terminology
of the Crama and Leruth approach: players 1, 2, 3 and 7. Thus N = {1, 2, 3, 7} and
n = 4. The majority quota q equals 80%. There are 2* = 16 different patterns
(X, X,, X3, X,) Of possible votes of investors (Table 3). Calculating index Z, in this ex-

ample, is rather simple, as in the games corresponding to companies 4 and 6, there are
dictator players. For firm 4, player 1 is a dictator. Thus, the result of the vote in game va
depends only on player 1, so v4 = x1. For firm 5, we have three winning and vulnerable
coalitions: {2, 3, 4}, {3, 4, 7}, and {2, 3, 4, 7}. Considering only direct control in com-
pany 5, we see that players 3 and 4 are indispensable to passing any decision. In game v,
we also have a dictator, player 5, so Vs = vs. Thus, players 2 and 7 have the same control
power, as these players are symmetric in game vsand so also in ve.

Table 3. Calculation of vi (i = 4, 5, 6)
based on the voting pattern

Voting pattern Game

>
X
>
V)
>
w
>
ke
S
<
ol
<
(=)

Flolk|k|k|lolo|lo|kr|k|k|lo|lololr|o
Pk lolk|k|lolk|k|lo|lolk|lo|lolrk|lo|lo
PRk |lo|lk|k|lo|lr|lo|r|lo|lo|r|o|lo|o
PRk, |lolk|k|lo|r|lolo+|olo|lo|o
RIO|IFR|IFP(FPRIOIC|IO|IFR|IFP|IFPRO|IO(O|FR|O
P|lo|lr|lo|r|lojlo|lo|o|o|lo|lo|o|o|o|o
Flolk|lo|k|lolo|lo|lo|lo|lo|lo|lo|o|o|o

Source: Authors’ calculations.
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Hence, based on the results in Table 3, we obtain: Z,(1)=1, Z,(j)=0, forj=2, 3,
7,and Z,() =Z,(3)=3/8, Z,(2)=2,(7)=1/8, for i = 5, 6. The same power indices
were obtained for these investors based on calculating g according to the Gambarelli

and Owen approach (Table 1).

For a shareholding structure with loops, the index (1) is not well defined and, for
this reason, Crama and Leruth [4] proposed a heuristic approach to calculating the influence
of a firm-investor in a company. More precisely, in the presence of cycles, they proposed
an iterative procedure called MIX, in order to attempt to find a stable voting pattern and
estimate the value of the game when the outcome of the game gi (j €V \ N) is not perfectly

defined. A voting pattern X = (X, X,,..., X,) €{0,1}" is stable if x; =g;(X) for each
j V. The concept of a stable pattern is closely related to the concept of a “consistent

reduction” as introduced by Gambarelli and Owen [10].

Let us see how this method works in Example 2 (the Speiser and Baker case), where
a loop of shareholding companies exists. Namely, let us calculate Zi(j), the influence of
investor j (j =2, 5,6) onfirmi (i =1, 3, 4) in game gi(Xz, Xs, Xs), Using the Banzhaf
index. In this example, there are eight possible voting patterns for the combination of
players 2, 5, and 6, see Table 6. We have to find gi(xz, xs, Xe) for each i = 1, 3, 4. For
some voting patterns (X2, Xs, Xs), the values of gi(xz, xs, Xe) for each i = 1, 3, 4 are perfectly
defined, as in cases 1, 3, 4, 5, and 8 in Table 6. Let us consider case 5 when (X2, Xs, Xs)
= (1, 1, 0), then necessarily gs = 1 (2 and 5 form a winning coalition in gs, since the
combined voting rights of 2 and 5 in company 3 are greater than 50%). Also, g4« = 1 and
01 = 1. Hence, in this case, gi(X2, Xs, Xs) = Qi(1, 1, 0) is perfectly determined for each
i = 1, 3, 4 and this reasoning is valid independently of the initial votes of firms 1, 3, 4
and thus does not require the consideration of stable patterns. But in the other cases
(2, 6, or 7 in Table 6), we cannot immediately deduce the vote of firms (1, 3, 4), and
hence we must resort to the MIX procedure. The problem is that gi is not uniquely de-
fined when there is a cycle. So the underlying idea is to replace gi(xz, Xs, Xs) by its ex-
pected value, assuming that all the firms whose votes are not entirely determined by
(x2, Xs, Xg) initially vote randomly and that they keep updating their votes until a stable
pattern emerges. Since convergence to a stable pattern is not guaranteed, we estimate
(by simulation) the expected value of gi(xz, Xs, Xs) over all the values that it can take.
More precisely, if, for example, (x2, Xs, Xs) = (0, 1, 1), and the initial pattern of firms
1, 3, 4is (X1, X3, Xa) = (1, 1, 0), then, using the MIX procedure, firms 1, 3, 4 will change
their votes to (0, 1, 1), thento (1, 0, 1), then back to the initial state (1, 1, 0). As a stable
pattern does not exist in this case, the value of gs(0, 1, 1) is taken to be 2/3, meaning
that x3 = 1 in 2/3 of the states of the cycle. However, we still have to take into account
all the other possible initial votes for (xi, X3, Xs), and average over all these initial votes,
which in this case gives 4/8 (Tables 4 and 5).
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In Table 4, we present the results of the MIX procedure for cases when the votes of
firms 2, 5, 6 are (X2, Xs, Xs) = (1, 0, 0), (1, 0, 1), or (0, 1, 1). The outcomes gi(X2, Xs, Xs)
obtained for any initial pattern (xi, X3, X4) and i = 1, 3, 4 are shown in Table 5, and
subsequently the average of gi(x2, Xs, Xs) is calculated over all initial patterns for each i,
i =1, 3, 4. This average is defined to be the outcome of gi(xz, Xs, Xs), i = 1, 3, 4, for
a fixed voting pattern (x2, xs, Xs) (Table 6).

Table 4. The MIX procedure for gi(xz, xs, Xs), 1 = 1, 2, 3, (X2, Xs, Xe) = (1, 0, 0), (1, 0, 1), (0, 1, 1),
and initial voting patterns: (0, 0, 0), (1,0, 0), (1,1, 0), (1, 1, 1) for firms 1, 3, 4

Voting Voting Voting Voting
Step k pattern pattern pattern attern
e | o T [ [ [ [ [ [ 6]
0 0[O0 O 1 0 0 1 1 0 1111
1 0 0 0 0 1 0 0 1 1 1 1 1
2 0 0 1 1 0 1
3 1 0 0 1 1 0
0i(X2, Xs, Xs) 0[O0} O 1/3 1/3 1/3 2/3 2/3 2/3 111]1
Stable pattern . ST does not exist. . .
(ST) ST exists The same result occurs for initial patterns: ST exists
(0,1,0)and (0,0,1) | (1,0,1)and (0, 1, 1)

Source: Authors’ calculations.

Table 5. Calculation of the expected values of gi(xz, Xs, Xs)
fori=1,3,4and (x2 x5, xs) = (1,0,0), (L,0,1), 0,1, 1)

Initial pattern Game Summary

of MIX procedure

>
&
>
&
x
IS

g1(X2, Xs, Xs) g3(X2, Xs, Xs) g4(X2, Xs, Xs)

0 0 0 0 0 0 Stable pattern exists.
1 0 0 1/3 1/3 1/3
0 1 0 1/3 1/3 1/3
2 (1) (1) ;g ;g ;g Stable pattern does not exist.
1 0 1 2/3 2/3 2/3
0 1 1 2/3 2/3 2/3
1 1 1 1 1 1 Stable pattern exists.
Total 4 4 4
Average 4/8 4/8 4/8

Source: Authors’ calculations.

The values of the game gi(x2, Xs, Xs), i = 1, 3, 4 for all possible voting patterns of
players 2, 5, and 6 are summarized in Table 6. We can calculate the Banzhaf indices
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(Zi(j)) of players j=2,5,6 ingame i =1, 3, 4. Thus: Zi(2) = 5/8, Zi(5) = 3/8, Zi(6) = 1/8,
i=1,34

Table 6. Values of gi (i = 1, 3, 4) for all possible voting patterns of players 2, 5, and 6

Player Game
Case vote gi(x2, Xs, Xe) Summary
X2 | Xs | X6 | O1 °K] 04

1 0[0]0] O 0 0 14gi(0,0,0) =0is perfectly determined for all i.
We cannot immediately deduce how firms

2 L0012 12]12 (1, 3, 4) vote, and must resort to the MIX procedure.

3 0|10 0 0 0 140, 1,0)=0is perfectly determined for all i.

4 0|0|1]0 0 0 14i0,0,1)=0is perfectly determined for all i.

5 1/1]0] 1 1 1 |gi(1,1,0)=1is perfectly determined for all i.
We cannot immediately deduce how firms

6 L0 1|12 1212 (1, 3, 4) vote, and must resort to the MIX procedure.
We cannot immediately deduce how firms

! 011|122 12]1/2 (1, 3, 4) vote, and must resort to the MIX procedure.

8 1111 1 1 |gi(1,1,1)=1is perfectly determined for all i.

Source: Authors’ calculations.

Firms 2 and 3 both have 45% of the stocks in company 3 but the influence of inves-
tor 2 (Speiser) in company 3, as measured by the Z index, is greater than the power of
investor 5 (Baker). Player 6 has many more stock rights in company 4 than players 2
and 5 but the power of player 6 in this company is much lower than the power of the
others.

In Example 2, player 6 (others) is an undefined set of small shareholders. As we
mentioned at the beginning of this Section, Crama and Leruth [4] proposed an algorith-
mic method to take such a set into account. Thus the power of such a set could be cal-
culated in a similar way (cf. also [5]).

4.4. The Karos and Peters approach

Karos and Peters [13] model relations of indirect control in a shareholding struc-
ture in two equivalent ways: by the so called invariant mutual control structure (a map
which assigns the set of controlled players to each coalition), and by a simple game
structure where each simple game indicates who controls the corresponding player.
Hence, they propose a large class of indices, based on the concept of dividends that
satisfy four axioms and can measure the power of players in a shareholding network.
By adding one more axiom, called the controlled player condition, they obtain
a uniquely defined power index @. Everything is rigorously defined in [13]. Here, we
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only provide the details necessary to estimate the power of players, using the index
@, in the two examples.

A mutual control structure represents direct control in a shareholding structure. For-
mally, a mutual control structure C is a function assigning to each nonempty coalition
T < N (T #Q) another coalition C(T) =S such that each player of S is controlled by
the coalition T and the following monotonicity condition holds: if T controls S, then any
coalition containing T also controls S. In order to capture the idea of indirect control in
a shareholding structure, a mutual control structure should be invariant, i.e. satisfy the
condition of indirect control, which states that for all coalitions R, S, T, if T controls S,
and S and T jointly control R, then T indirectly controls R. An invariant mutual control
structure is denoted by C*.

Equivalently, a mutual control structure can be characterized by a simple game structure,
i.e. a vector of simple games. More precisely, given a mutual control structure C for any player
i, the simple game v; is defined as follows: v (S)=1 if iC(S) and v©(S)=0 other-
wise, i.e. the winning coalitions of v are exactly those that control player i.

Let N = {1, 2, ..., n} be a set of players, and C* be the set of all invariant mutual
control structures based on N. The power index @ :C — R", which satisfies the follow-
ing five axioms: null player, constant sum, anonymity, transfer, and controlled player,
is given by the following formula:

@,(C)=> o,(v¢) -V (N) foreachieN
keN

where o is nothing else than the Shapley—Shubik index. Note that the range of the index
is @ >-1. The minimum value (—1) is obtained by the least powerful players, i.e. play-
ers who do not control any firm but are controlled by at least one coalition. Moreover,
for all investors the value of @ is non-negative. Finally, the sum of this index over all
the players is equal to 0.

Let us calculate the power of the players in Example 1 (i.e. the Porsche—Volkswagen
case) applying the index @. In this case, the mutual control structure C is defined as
follows: for any coalition S< N ={1, ..., 7}, we have:

4eC(S) = 1eS, 5eC(S) <{2,3,4}cS or {3,4, T3S, and 6eC(S) < 5€S

Now, let us consider indirect control. Applying the updating procedure to C [13],
we obtain the invariant mutual control structure C* as follows: 4eC™(S) < 1€S,

5cC’(S) ={2,3,4cS or {L,2,3ycS or {3,4, 73S or {1,3, 73S
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6cC’(S)<=5€eS or {2,3,4}cS or {1,2,3}=S or {3,4,7+cS or
{13, 7}cS
Since players 1, 2, 3, and 7 are not controlled by any coalition, fori=1, 2, 3, 7 and

any coalition S < N 7/60 we have viC*(S) =0. For playersi=4,5, 6, the simple games
vic* are defined by the sets of minimal winning coalitions W.", where W," = {{1}},
W, ={{1,2,3},{1,3,7},{2,3,4}, {3, 4, 73}, W," ={{5}, {1, 2,3}, {1, 3,7}, {2, 3,4},
{3, 4, 7}}. In Table 7, we present the values of the Shapley—Shubik power index (cf.
Section 2) calculated for each player in the simple game vic* =12, 7.

Table 7. The o index calculated for each player
and a simple game defined for Example 1

o Player
Simple game v;
1 2 3 4 6 7
i=4 1 0 0 0 0] 0
i=5 7/60 | 7/60 | 32/60 0 |0]7/60
i=6 3/60 | 3/60 | 10/60 | 3/60 | 38/60 | O
i=1,2,37 0 0 0 0 0] O

Source: Authors’ calculations.

Now, we calculate the index @ taking into account the results from Table 7 and thus
obtaining @,(C") = (60 + 7 + 3)/60 = 70/60, @,(C") =@,(C") = 1060, @5(C") = 42/60,
@,(C")=10/60-1=-50/60, @,(C")= 38/60—1=-22/60, and @,(C")=-1.

Note that Karos and Peters excluded player 7 (others) in the Porsche—Volkswagen
case. Others mean investors who hold less than 3% of the shares and are therefore not
mentioned in any reports. Thus they assigned to others a power equal to zero. Here, it
is different. Keeping player 7 results in a slight increase in the power of player 1 and,
what is interesting, a significant difference in the powers of players 2 and 3. In [13],
players 2 and 3 had equal power and here @,(C")<@,(C") and the difference is sig-
nificant.

Consider Example 2 (the Speiser—Baker case). Taking into consideration the Karos

and Peters model, we can describe direct control by a mutual control structure C. For
any coalition S < N ={1, ..., 6}, we have:

1leC(S) < 4eS, 3eC(S)={, =S or {L,5}cS or {2,5}cS

4eC(S) ={2,3tcS or {3,6}cS or {2,5, 6} S
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Now, taking into account indirect relationships, we obtain the invariant mutual
structure C*:
1eC(S) = 4eS or {2,3}cS or {3, 6} S
or{2,56}cS or{1,2}cS or {1,5,6}cS

3eC’(S)=o{L, =S or {,5}cS or {2,53cS or {2,4}cS
or {4,5}cS or {2,3}cS or {3, 5}cS,

4eC’(S) ={2,3}=S or {3,6}c=S or {2,5,6}c=S
or {1, 2}cS or{,5,6}c=S or {2,4}=S or {4,5,6}c=S

Given C*, for any ie N we define the following simple game: v/ (S)=1 if
ieC’(S) and v{"(S) =0 otherwise. Since players 2, 5, and 6 are not controlled by any
coalition, for i = 2, 5, 6 and any coalition S < N we have viC*(S) =0. For playersi=1,
3, and 4, the simple games vic* are defined by the following sets of minimal winning
coalitions W™ : W™ = {{4}, {1, 2}, {2, 3}, {3, 6}, {2, 5, 6}, {1, 5, 63}, W;" ={{1, 2}, {1,

5} {2, 5} {2, 4}, {45} {2, 3}, {3, 53} W," ={{1, 2} {2, 3}, {2, 4} {3, 6}, {2, 5, 6},
{1, 5, 6}, {4, 5, 6}}. In Table 8, we present the values of the Shapley—Shubik power

index calculated for each player in the simple games vic* ,i=1 ..,6.

Table 8. The o index calculated for each player
and simple game defined for Example 2

Player

Simple game ViC* 1 2 3 2 5 6
i=1 5/60 | 10/60 | 8/60 | 28/60 | 2/60 | 7/60
i=3 6/60 | 21/60 | 6/60 | 6/60 | 21/60 | O
i=4 5/60 | 22/60 | 10/60 | 5/60 | 14/60 | 4/60
i=2,56 0 0 0 0 0 0

Source: Authors’ calculations.

Now, we apply the index @to Example 2 with invariant mutual structure C*. Taking
into account the results from Table 8, we obtain @,(C")=-44/60, @,(C")=53/60,

@,(C")=-36/60, @,(C")=-21/60, &,(C")=37/60, &,(C")= 11/60.
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Players 2 and 5 both have 45% of the stocks of firm 3. Player 5 has only a 1.5% lower
share of stocks in company 4 than player 2, but in the whole shareholder structure, the dif-
ference in power, calculated according to the Karos and Peters index, seems to be greater.

4.5. The Mercik and Lobos approach

Mercik and Lobos in [15] proposed a measure of reciprocal ownership, called the
index of implicit power, as a modification of the Johnston power index [12]. Also, they
focused on application of this index to measure indirect power in cyclic shareholder
structures. The implicit power index takes into account not only the power of the indi-
vidual entities constituting the companies (investors), but also the impact of the compa-
nies themselves on implicit relationships.

Mercik and Lobos suggested a three-step algorithm to calculate the implicit power
index. They assumed that there should be at least two companies, i.e. stock corporations,
in the corporate structure. Here, we only give a brief sketch of this algorithm, for a full
description see [15]. Namely, in step 1, the absolute value of the Johnston index is cal-
culated for each company, taking into account only direct ownership. In step 2, for each
shareholder—company, each value of the power index calculated in step 1 must be divided
equally among all its shareholders. They call this first degree regression. In step 3, for each
company, the absolute value of the implicit power index is calculated by summing up
the appropriate values in the whole corporate network. For each investor, the absolute
value of the implicit power index is calculated by summing up the appropriate values
across the entire system of companies. Then, these absolute values are appropriately
standardized to obtain the implicit power index of each shareholder.

Table 9. Fractional critical defections and the value of the raw Johnston index

Vulnerable Investors in company
coalition 4 > 6
1 2 2 3 4 7 5
{1} 1 0
{1, 2} 1 0
{5}
{2, 3,4} 1/3 1/3 1/3 0 1
{3,4, 7} 0 1/3 1/3 1/3
{2,3,4, 7} 0 1/2 1/2 0
Raw Johnston index 2 0 1/3 7/6 7/6 1/3

Source: Authors’ calculations.

Let us calculate the implicit power index for Example 1 (the Porsche—Volkswagen
case) following the three-step algorithm mentioned above. Table 9 illustrates the neces-
sary calculations to realize step 1. More precisely, for any shareholder of a company,
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the raw Johnston index is calculated as the sum of the fractional critical defections over
all the vulnerable coalitions in which the given shareholder is critical.

The last row of Table 9 gives the distributions of absolute power in companies 4, 5, and
6, taking into account only direct control by shareholders. But indirect control is also con-
sidered in the calculation of the implicit power index. Thus, in step 2, the power of investors
is augmented by a fraction according to indirect control. For example, company 4 is a direct
shareholder of company 5 with absolute power 7/6. Since investors 1 and 2 directly control
company 4 and, consequently, indirectly control company 5, according to this approach, 7/6
units of power are shared equally between investors 1 and 2. Hence, in consequence, the
indirect absolute power of investor 1 in company 5 is equal to 7/12, and the power of inves-
tor 2 in the same company is 11/12 . The results of all the necessary calculations to complete
steps 2 and 3 are provided in Table 10. The Mercik and Lobos approach allows us to meas-
ure not only the influence of investors on companies but also the absolute and standardized
power of all the firms involved in corporate network.

Table 10. Absolute and standardized values of the implicit power index in Example 1

Investors (members of companies) S
Implicit index of a company
Company 1 2 3 7
Absolute | Standardized
24
4 2 0 0 2 — ~0.348
69
5 z U U 1 3 36 0522
12 12 6 3 69
6 0 1 1 1 §:0.75 iz0.130
4 4 4 4 69
Absolute implicit |31 5 gaq |\ 14 4 o7 117 4 497 | L oomga| &2
index of an investor | 12 12 12 12 12
_Standardlzeq implicit| 31 ~0.449 14 ~0.203 17 ~0.246 e ~0.101 1
index of an investor | 69 69 69 69

Source: Authors’ calculations.

Mercik and Lobos assessed the implicit power of investors and companies in the
Speiser and Baker case (Example 2). Here, we only recall, in Table 11, the values of
this index. For detailed calculations see [15].

Table 11. Values of the implicit power index in Example 2

. Player (company) Player (investor)
Power index 1 3 4 5 5 6
Standardized implicit index | 0.088 | 0.324 | 0.588 | 0.451 | 0.333 | 0.216
Absolute implicit index 0.75 | 2.75 5 3.833 | 2.833 | 1.833

Source: [15].
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5. Conclusions

In the context of game theory, various studies on indirect control have been made
in corporate shareholding systems. In this paper, we have critically examined the models
of Gambarelli and Owen [10], Denti and Prati [8, 9], Crama and Leruth [4, 5], Karos
and Peters [13], and Mercik and Lobos [15], taking into account two examples of share-
holding structure, one with cycles and one without. The reason that we chose these and
not other models is that we wanted to compare the Gambarelli and Owen approach (one
of the oldest pioneering methods) with those most recently presented in the literature. It
should be noted that Crama and Leruth [4—6] presented the broadest approach to meas-
uring indirect power/control in corporate networks. In particular, they took into account
not only the presence of cyclic shareholding relationships but also the collection of
small, unidentified shareholders called the float. Then, they also considered an aspect
of computing indirect power in real-world financial networks. Also, their algorithmic
approach allows us to efficiently deal with the complexity of computing power indices
in corporate networks, regardless of their size.

Reviewing the literature on the topic, it can be said that most methods use two pop-
ular indices (Shapley—Shubik and Banzhaf) or their modifications to measure indirect
control. An exception is the Mercik and Lobos [15] approach, which uses the Johnston
index. A different approach was proposed by Karos and Peters [13], who do not start
with a particular proposition of an index, but from axioms that determine a large class
of indices. The Denti and Prati approach only considers the determination of winning
coalitions.

There are some similarities between the considered approaches. The concept
of a stable pattern in the method of Crama and Leruth is closely related to the concept
of a consistent reduction in the method of Gambarelli and Owen. Also, the procedure
of making a mutual control structure invariant, as defined by Karos and Peters, shows
some resemblance to a reduction operation. As we saw in Example 2, a consistent
reduction based on the Gambarelli-Owen approach is not necessarily unique (in con-
trast to the minimal invariant extensions of Karos and Peters), but a consistent reduc-
tion (a vector of voting games over a set of investors) based on the Gambarelli-Owen
approach, as well as the simple games in a simple game structure according to the
Karos and Peters approach, can be improper. According to the Crama—Leruth and
Mercik—Lobos approaches, simple games are considered proper. By the way, simple
games in a simple game structure based on the Karos—Peters model are called com-
mand games [11].

There can be many differences between these approaches, and they might even re-
sult from using different power indices; but above all, however, from the proposed
game-theoretical structures describing indirect control. Tables 12 and 13 summarize the
measures of power in Examples 1 and 2, respectively.
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Table 12. Power of players in Example 1

. Player (company) Player (investor)

Power index 7 5 6 1 5 3 7
Shapley—Shubik — — — 0.417 | 0.083 | 0.417 | 0.083
Absolute Banzhaf
and Crama.Leruth 0.375 | 0.125 | 0.375 | 0.125
Johnston 0.389 | 0.111 | 0.389 | 0.111
Karos—Peters (@) -0.833 | -0.367 | —1.000 | 1.167 | 0.167 | 0.700 | 0.167
Standardized implicit | 0.348 0.522 0.130 | 0.449 | 0.203 | 0.246 | 0.101

Table 13. Power of players in Example 2

. Player (company) Player (investor)
Power index 1 3 7 > 5 6
Karos—Peters (@) -0.733 | -0.600 | —0.350 | 0.883 | 0.617 | 0.183
Standardized implicit 0.088 0.324 0.588 0.451 | 0.333 | 0.216
Crama-Leruth (2) — — — 0.625 | 0.375 | 0.125

However, it is difficult to compare the results obtained in these two examples, and
there may well be many reasons (even if the indices proposed have different ranges, for
example). The Karos—Peters and Mercik—Lobos approaches take into account all of the
firms involved in a corporate system in the calculation of a power index, and other
methods (Gambarelli-Owen and Crama-—Leruth) only consider investors. Subsequently,
the Gambarelli-Owen and Crama—Leruth methods calculate the power of investors in
a target company, while the Karos—Peters and Mercik—Lobos approaches consider the
entire system. We hope that considering the calculation of indices of indirect control
using different models in one paper is of value in itself. Of course, in our examples, we
noticed that all of these models rank the investors (in terms of control power over com-
panies) or companies (in terms of power in the whole system) in the same way. We
suspect that these indices always rank the players in the same way but this is an open
problem. Moreover, based on the methods of Gambarelli-Owen, Denti—Prati, and
Crama-Leruth, players 1 and 3 are symmetric, as players 2 and 7 are. However, taking
into account the whole system and the approach of Karos and Peters, as well as the
Mercik—Lobos approach, we see that player 1 is more powerful than player 3, which
intuitively seems to be correct. Regarding players 2 and 7, the index @ confirms the
previous statement regarding the symmetry of these players, while the implicit index
gives more power to player 2 (which also seems to be the most-expected result).
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