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Summary: Social cohesion is the ability of territorial communities to ensure the welfare of 
all its members, to reduce social stratification and avoid polarization (EU/EC/CE 2004,  
p. 3). The assessment of social cohesion of the Lower Silesia region in the cross-section of 
counties in the period 2005-2015, was performed based on the variables from the following 
areas: income and economic activity of the population, living conditions of the population 
and the availability of services and public space. Multidimensional scaling combined with 
linear ordering and Theil decomposition were applied to measure and assess changes in the 
level of social cohesion of the Lower Silesia region in the cross-section of counties in the 
period 2005-2015. The level of social cohesion of all the counties (although in varying de-
grees) was increased and the degree of differentiation of social cohesion was slightly de-
creased during this period. The calculations were made with scripts prepared in R environ-
ment. 

Keywords: social cohesion, multidimensional scaling, linear ordering, GDM1 distance, 
Theil decomposition, R program. 

Streszczenie: Spójność społeczna to zdolność terytorialnych społeczności do zapewnienia 
dobrobytu wszystkim swoim członkom, zmniejszania rozwarstwień społecznych i unikania 
polaryzacji (EU/EC/CE 2004, s. 3). W ocenie spójności społecznej regionu dolnośląskiego 
w przekroju powiatów w latach 2005-2015 uwzględniono zmienne z następujących dzie-
dzin: dochody i aktywność ekonomiczna ludności, warunki mieszkaniowe ludności, dostęp-
ność usług i przestrzeni publicznej. Do pomiaru i oceny zmian poziomu spójności społecz-
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nej województwa dolnośląskiego w przekroju powiatów w latach 2005-2015 zastosowano 
skalowanie wielowymiarowe w połączeniu z porządkowaniem liniowym oraz dekompozy-
cję Theila. 

Słowa kluczowe: spójność społeczna, skalowanie wielowymiarowe, porządkowanie linio-
we, odległość GDM1, dekompozycja Theila, program R. 

1. Introduction1 

Due to the fact that social cohesion is a multifaceted problem, its unambiguous iden-
tification and measurement offers diverse possibilities (cf. e.g. [Chan, To, Chan 
2006; Jenson 2010; Ryszkiewicz 2013]). The definition of social cohesion used by 
the Council of Europe was adopted in the article. The Council of Europe guide de-
fines social cohesion as “the capacity of society to ensure long-term prosperity for all 
its members, including ensuring equal access to resources, respect for human dignity 
and diversity, personal and collective autonomy and responsible participation” 
[EU/EC/CE 2005, p. 23]. This definition reflects four main aspects of prosperity: fair 
and equal access to resources, individual and collective dignity, individual autonomy 
and participation in social life. 

Social cohesion can be analysed and assessed in relation to more or less complex 
territorial arrangements, including e.g. regions, counties, municipalities and even 
individual cities and rural locations. 

The purpose of the study is to measure and assess changes in the level and the 
degree of differentiation in the social cohesion of Lower Silesia counties in the pe-
riod 2005-2015.  

The measurement and assessment of changes in the level and the degree of dif-
ferentiation in social cohesion requires a multivariate approach. To solve the empiri-
cal problem we have applied in research methodology a hybrid approach combining 
the results of multidimensional scaling and linear ordering. Such an approach, with 
the visualization of its results, enriches the interpretation. Additionally measure (6), 
with Theil’s decomposition, was used for the overall assessment of changes in the 
level and degree of social cohesion differentiation of the Lower Silesia region in the 
cross-section of counties in the years 2005-2015. 

The subject literature provides studies presenting the application of multivariate 
statistical analysis methods in the study of social cohesion in the cross-section of 
territorial units at a different scale. Polish literature, e.g. [Balcerzak 2015], presents 
the analysis of social cohesion in European Union countries using the taxonomic 
measure of development by Z. Hellwig [Hellwig 1968; 1972]. Multidimensional 
scaling, structural equation modelling (SEM) and composite index were applied to 
measure social cohesion in, respectively, 47 and 33 European countries in various 
studies [Dickes, Valentova 2013; Dickes, Valentova, Borsenberger 2010]. The au-
                     

1 Based on [Walesiak, Obrębalski 2017]. 
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thors of the study [Rajulton, Ravanera, Beaujot 2007], based on the results of factor 
analysis and standardization, developed a composite index to measure social cohe-
sion for 49 metropolitan areas of Canada (Census Metropolitan Areas). 

2. Research methodology 

Multidimensional scaling along with linear ordering and the Theil measure were 
applied to measure and assess changes in the level of social cohesion of the Lower 
Silesia region in the cross-section of counties in the period 2005-2015. 

A two-step research procedure, allowing the visualisation of linear ordering re-
sults, presented in the study by Walesiak [2016b], was used in the article to order the 
analysed objects in terms of the level of social cohesion in the years 2010-2015. 
First, as a result of multidimensional scaling, the visualization of the objects’ ar-
rangement in two-dimensional space is developed. Next, the linear ordering of ob-
jects is carried out using composite measure based on Euclidean distance from the 
development pattern. 

The research procedure, allowing the visualization of linear ordering results of 
the set of objects, covers the following steps (see [Walesiak 2016b]): 

1) The choice of a complex phenomenon, which is not directly measurable (so-
cial cohesion level). 

2) Defining the set of objects and the set of variables substantively related to the 
analysed complex phenomenon. The variables used to describe objects are measured 
on metric scales (ratio, interval scale). Preference variables2 (stimulants, destimulants 
and nominants) are included among the variables. 

3) Due to the fact that the data refer to two periods t and q ( qt > ) the procedure 
should: 

a) change nominants into stimulants, 
b) determine the joint pattern and anti-pattern of development3 based on the data 

matrix ][ ijx  covering data from t (matrix ][ t
ijx ) and q (matrix ][ q

ijx ) periods. There-
fore, ][ ijx  matrix has mn ×+ )22(  dimensions, where ni ,...,1=  is the object’s num-
ber and mj ,...,1=  stands for the variable number, 

c) perform the normalization of variable values for the joint data matrix from t 
and q periods, i.e. for ][ ijx  matrix. 18 normalization methods of variable values were 
presented in the article [Walesiak 2014]. 

4) The distance between objects is calculated and presented as [ ]ikδ  distance ma-
trix. The following distance measures can be applied here: city-block, Euclidean, 
                     

2 The definitions of a stimulant and a destimulant were presented in [Hellwig 1981, p. 48] and of 
a nominant in [Borys 1984, p. 118]. These definitions are available in e.g. [Walesiak 2016a, p. 18]. 

3 The pattern (upper pole) includes the most favourable variable values, whereas the anti-pattern 
(lower pole) the least favourable values of the preference variables. 
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squared Euclidean, Chebyshev, GDM1 (see [Walesiak 2016a, pp. 27, 43]). When 
calculating distance either equal or different weights can be adopted. 

Multidimensional scaling is performed: ikik df →d:  for all pairs ( ki, ). Multi-
dimensional scaling is the method for representing distance matrix between objects 
in m-dimensional space [ ]ikδ  as distance matrix between objects in q-dimensional 
space ( mq < ) [ ]ikd  for the purposes of graphical presentation (visualisation) and 
interpretation of the relationships occurring between the analysed objects.  

The distances ikd  are always unknowns. That is, MDS must find a configuration 
of predetermined dimensions q on which the distances are computed. 

The particular choice of f specifies the type of multidimensional scaling model 
(MDS). For metric data in particular: 
• ikkiik dbf =⋅= dd )(  – f stands for ratio MDS, (1) 

• ikkiik dbaf =⋅+= dd )(  – f stands for interval MDS, (2) 

• ikikkiik dcbaf =⋅+⋅+= 2)( ddd  – f stands for spline MDS. (3) 
In practice )( ikf δ  equals roughly ikd  and therefore ikik df ≈)(d . In multidimen-

sional scaling ikik df ˆ)( =d  ( ikd̂  means: d-hats, disparities, pseudo distances – see 
[Borg, Groenen 2005, p. 199]).  

Dimensions (q) are not directly observable. They represent latent variables, 
which allow for explaining similarities and differences between objects. Due to the 
possibility of the graphic presentation of linear ordering, result q equals 2. Iterative 
procedure in smacof algorithm is presented in the study [Borg, Groenen 2005,  
pp. 204-205]. 

The solution allowing the choice of an optimal multidimensional scaling proce-
dure was used in the article due to the application of the variables normalization 
method, distance measure and scaling models, according to the procedure presented 
in [Walesiak, Dudek 2017c]. The procedure available in the mdsOpt package 
[Walesiak, Dudek 2017b] of R program applies the smacofSym function of the 
smacof package [Mair et al. 2017]. 

Finally, as a result of the optimal multidimensional scaling procedure, the appli-
cation the data matrix in two-dimensional space 2)22(][ xnijv +  is developed. 

5)  Depending on the position of pattern and anti-pattern in two-dimensional 
scaling space 2)22(][ xnijv +  the rotation of coordinate system is required by ϕ  angle in 
line with the following formula [Bronsztejn et al. 2004, p. 206]: 

  (4) 

where: 2)22(][ xnijv +′  – data matrix in two-dimensional scaling space after the rota-
tion of coordinate system by ϕ  angle, 
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D  – rotation matrix. 

6) Graphic presentation and interpretation of the results in two-dimensional space 
(multidimensional scaling results) and one-dimensional space (linear ordering results): 
• two points, standing for anti-pattern and pattern, are joined by a straight line into 

the so-called set axis on the picture in two-dimensional space (multidimensional 
scaling results). Isoquants of development (curves of equal development) are de-
termined from the pattern point. The objects between isoquants present the simi-
lar level of development. The same development level can be achieved by the ob-
jects located in different points along the same isoquant of development (due to  
a different configuration of variable values). Owing to such presentation of the 
results, the interpretation of linear ordering results is more extensive. 

• +
id  composite measure values are calculated following the formula below (cf. 

[Hellwig 1981, p. 62]): 
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jij vv  – Euclidean distance of i-th object to the pattern object 

(upper pole of development),  

( )∑
=

−+ −
2

1

2

j
jj vv  – Euclidean distance of the pattern object (upper pole of 

development) from the anti-pattern object (lower pole of development). 

The higher +
id  value, the higher the social cohesion level of the analysed objects. 

The analysed objects are ordered by the descending values of composite measure (5). 
The Theil measure was used for the assessment of changes in the level and de-

gree of social cohesion differentiation of the Lower Silesia region in the cross-section 
of counties in the years 2005-2015. 

The Theil measure was calculated for the comparable values of composite 
measures in  formula (6) from the years 2005 )( +

iqd  and 2015 )( +
itd , which measures 

not only the range of standard deviations from the values of the comparable +
itd  and 

+
iqd  composite measures, but also the range of deviations  resulting from [Walesiak 

1993; 2016a, pp. 89-90]: 
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1) the difference between the mean values of +
itd  and +

iqd , composite measures, 

2) the difference in the dispersion of +
itd  and +

iqd  composite measure values, 

3) the inconsistency in the direction of changes of +
itd  and +

iqd  composite meas-
ure values. 

The Theil measure takes the following form: 

 ( )∑
=

++ −=
n

i
iqittq dd

n
W

1

22 .1  (6) 

2
tqW  measure takes 0 value when there are no differences in the values of +

itd  and 
+
iqd  composite measures. The square root of formula (6) informs about the average 

range of deviations for the comparable values of +
itd  and +

iqd  composite measures. 
The value expressed by formula (6) can be divided into the sum of three compo-

nents: 

 ,2
3

2
2

2
1

2 WWWWqt ++=  (7) 

allowing to define more specifically the “range” and “nature” of differences in the 
values of +

itd  and +
iqd  composite measures. 

Partial measures 2
3

2
2

2
1 WWW   and  ,  (carrying information listed in points 1), 2) 

and 3)) are presented by the following formulas: 

 ( ) ,22
1

+
•

+
• −= qt ddW  (8) 

 ( ) ,22
2 qt SSW −=  (9) 

 ( ),122
3 rSSW qt −=  (10) 

where: ( )qqtt SdSd ,, +
•

+
•   stands, respectively, for the arithmetic mean and standard 

deviation of t-th (q-th) value of +
itd  and +

iqd  composite measure; r – Pear-

son’s linear correlation coefficient between ( ) +++
• = nttt ddd ,...,1  and =+

•qd

( )++
nqq dd ,...,1 . 

The decomposition of formula (7) into three components was taken from Theil’s 
decomposition of the MSE [Theil 1961]4. 

                     
4 In Polish subject literature see e.g. [Pawłowski 1973, p. 119; Zeliaś 1984, p. 184]. 
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3. Empirical research results 

According to Bernard (see e.g. [Dickes, Valentova 2013, p. 829]) social cohesion is 
analysed in three spheres: economic, political and socio-cultural. The conducted 
study did not cover the political sphere due to unavailability of data. 

Three areas crucial for social cohesion were taken into account in the analysis: in-
come and economic activity of the population, living conditions of the population and 
the availability of services and public space. The variables reflect the main aspects of 
prosperity mentioned in the definition of social cohesion of the Council of Europe. 

The assessment of social cohesion in the Lower Silesia region in the cross-
section of Lower Silesia counties was carried out using 28 metric variables measured 
using a ratio scale [Walesiak, Obrębalski 2017]: 

I. Income and economic activity of the population: 
x1 – Average gross monthly salary (PLN) – stimulant, data for 2005 and 2015. 
x2 – People in households (below income criterion) benefiting from social assis-

tance per 1000 population – destimulant, data for 2009 and 2015. 
x3 – Demographic burden index (non-productive population per 100 working-

age population) – destimulant, data for 2005 and 2015. 
x4 – % share of women in working population – nominant (50% nominal value), 

data for 2005 and 2014. 
x5 – % total unemployment rate – destimulant, data for 2005 and 2015. 
x6 – % share of young people (aged up to 25) among the registered unemployed 

– destimulant, data for 2005 and 2015. 
x7 – % share of the long-term unemployed (i.e. longer than 12 months) among 

the registered unemployed – destimulant, data for 2005 and 2015. 
x8 – Job offers per 1000 registered unemployed – stimulant, data for 2005 and 

2015. 

II. Living conditions of the population: 
x9 – Average usable floor space per capita in m2 – stimulant, data for 2005 and 

2015. 
x10 – Average number of people per room – destimulant, data for 2005 and 

2015. 
x11 – Percentage of total dwellings equipped with water supply installations – 

stimulant, data for 2005 and 2014. 
x12 – Percentage of total dwellings equipped with a bathroom – stimulant, data 

for 2005 and 2014. 
x13 – Percentage of total dwellings equipped with central heating – stimulant, 

data for 2005 and 2014. 

III. Availability of services and public space: 
x14 – Doctors and dentists per 10 thous. population – stimulant, data for 2006 

and 2014. 
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x15 – Outpatient clinics per 10 thous. population – stimulant, data for 2005 and 
2015. 

x16 – Population per public pharmacy – destimulant, data for 2005 and 2015. 
x17 – Places in stationary social welfare per 10 thous. population – stimulant, da-

ta for 2005 and 2015. 
x18 – Children in pre-school facilities per 1000 children aged 3-5 – stimulant, da-

ta for 2005 and 2015. 
x19 – Students in elementary schools for children and adolescents per division 

(class) – destimulant, data for 2005 and 2015. 
x20 – Students in middle schools for children and adolescents per division (class) 

– destimulant, data for 2005 and 2015. 
x21 – Students as compulsory English learners in primary and middle schools for 

children and adolescents (% of total students) – stimulant, data for 2008 and 2015. 
x22 – Students in secondary schools for adolescents per division (class) – des-

timulant, data for 2005 and 2015. 
x23 – People practising in sports clubs per 1000 population – stimulant, data for 

2006 and 2014. 
x24 – Public library books collection per 1000 population (vol.) – stimulant, data 

for 2005 and 2015. 
x25 – Participants of cultural events (organized by centres, homes, culture cen-

tres, clubs and community centres) per 1000 population – stimulant, data for 2007 
and 2015. 

x26 – Area of public green spaces (parks, greenery and residential green areas) 
per 10 thous. population (ha) – stimulant, data for 2005 and 2015. 

x27 – Length of municipal and country roads with hard improved surface per 10 
thous. population (km) – stimulant, data for 2005 and 2014. 

x28 – Sewage treatment plant users – stimulant, data for 2005 and 2015. 
The statistical data for the majority of variables were collected for the years 2005 

and 2015 from the Local Data Bank (LDB) of the Central Statistical Office in Poland 
(GUS). Due to the absence of statistical data for ten variables the data available for 
the proximate years were used. In the period 2002-2012 Wałbrzych did not have the 
status of a city with county rights as it was one of the urban municipalities of 
Wałbrzych county. The Local Data Bank and the County Employment Office in 
Wałbrzych provided data for the majority of the analysed variables in 2005 for 
Wałbrzych and Wałbrzych county. There are gaps in data for the following variables: 
x1, x5, x14 and x28. In such a situation the data adopted for Wałbrzych were the 
same as the ones for Wałbrzych county. 

In accordance with the research methodology presented in point 2 for ][ ijx  data 

matrix covering data matrices from t (matrix ][ t
ijx ) and q (matrix ][ q

ijx ) periods: 
a)  x4 nominant was changed into a stimulant in accordance with the differential 

formula [Walesiak 2016a, p. 19]:  
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 ,N
ij ij jx x nom= − −  (11) 

where: N
ijx  – the value of j-th nominant observed in i-th object; jnom  – nominal 

level of j-th variable; 

b) the joint pattern and anti-pattern of development was defined based on the ma-
trix covering data from t and q periods, i.e. matrix ][ ijx , 

c) when calculating distances between objects equal weights were adopted for 
sub-criteria (domains), but differentiated for the variables presented in Table 1.  

Table 1. Weights for sub-criteria (domains) describing the level of social cohesion 
in the Lower Silesia region 

Specification 

Sub-criterion 
income and economic 

activity of the 
population 

living conditions 
of the population 

availability of services 
and public space 

Weights for domains 1/3 1/3 1/3 
Number of variables 8 5 15 
Weight for 1 variable 
within one domain 1/24 1/15 1/45 

Source: [Walesiak, Obrębalski 2017]. 

The article uses the mdsOpt package of the R program [Walesiak, Dudek 
2017b] allowing the choice of optimal multidimensional scaling procedure in ac-
cordance with the procedure presented in the study [Walesiak, Dudek 2017c].  

The monograph authors [Borg, Groenen, Mair 2013] indicated in Chapter 7 that 
Stress-1 goodness-of-fit measure cannot remain the only choice criterion as it shows 
pooled error for all studied objects only. Apart from that, also the percentage shares 
of objects based on the value of Stress-1 (stress per point) goodness-of-fit measure 
and the interpretability of multidimensional scaling results should be taken into con-
sideration. 

Ten normalization methods (n1, n2, n3, n5, n5a, n8, n9, n9a, n11, n12a)5, five 
distance measures (city-block, Euclidean, squared Euclidean, Chebyshev, GDM1) 
and two scaling models (ratio and interval MDS) were taken into account in the 
choice of an optimal scaling procedure. 

Ten methods of variable values normalization, five distance measures and two 
scaling models applied in the analysis produce 100 multidimensional scaling proce-
dures. Multidimensional scaling is carried out for each procedure separately. Next, 

                     
5 Due to the fact that some normalization methods produce identical results (see [Walesiak 

2016c]), 10 out of 18 methods were finally included in the study. 
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the procedures are arranged by the ascending values of Stress-1 goodness-of-fit 
measure (cf. e.g. [Borg, Groenen 2005, p. 42]): 

 
( )
∑

∑ −
=

ki
ik

ki
ikik

p d

dd
Stress

,

2
,

2ˆ

1− , (12) 

where: 1001,...,=p  – the number of multidimensional scaling procedure. 

Based on the percentage shares of objects in the value of Stress-1 (spp – stress 
per point) goodness-of-fit measure, the Hirschman-Herfindahl index is calculated 
[Herfindahl 1950; Hirschman 1964]: 

 ∑
=

=
n

i
pip sppHHI

1

2 , (13) 

where: ni ,...,1=  – object’s number. 

pHHI  index takes values in the interval 



 000,10;000,10

n
. The value 

n
000,10  

means that error distribution for individual objects is uniform (
n

sppii

100
=∀ ). Maxi-

mum value occurs when the pooled error (Stress-1) results from an error for one 
object only. For other objects the error will equal zero. From the perspective of mul-
tidimensional scaling the lowest value of pHHI  index is desirable. 

A graph is developed (see Figure 1) on which along the axis of abscissae the  
value of pStress 1-  fit function is presented, while on the axis of ordinates the values 
of pHHI  index for 100=p  multidimensional scaling procedures are marked.  

Among the acceptable multidimensional scaling procedures (for which
)( 1-median1- StressStress p ≤ ) the one was selected for which }{min pp

HHI  occurs. 

This is the 40 procedure: n5 normalization method (normalization in the interval [–1; 
1]), scaling model (interval), distance measure (GDM1). 

Figure 2 (left panel) presents ikd  and ikd̂  residual plot ( 9303.02 =R ). Figure 2 
(right panel) shows the Shepard diagram which confirms the correctness of the se-
lected scaling model (Pearson’s linear correlation coefficient 9645.0=r ). 

Finally, as the result of optimal multidimensional scaling procedure application 
the data matrix in two-dimensional space 2)22(][ xnijv +  is developed. 

The results of multidimensional scaling of 62 objects (30 Lower Silesia counties 
in 2005, 30 Lower Silesia counties in 2015, pattern and anti-pattern), in terms of 
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social cohesion level, are presented on Figure 3. The rotation of coordinate system by 

8/πϕ =  was performed. 
The anti-pattern (object 62) and pattern (object 61) were connected by a straight 

line into a so-called set axis. Six isoquants6 of development were defined by dividing 
the set axis into six equal parts. 

Next, the values of composite measure (5) were calculated. Table 2 presents the 
ordering of 30 counties in the years 2005 and 2015, in terms of social cohesion level, 
by descending values of (5) measure for 2015. The calculations were performed us-
ing the clusterSim package [Walesiak, Dudek 2017a] of the R program [R Core 
Team 2017]. 

 

Fig. 1. pStress 1-  fit function values and pHHI index values for p multidimensional 
scaling procedures 

Source: author’s compilation using the R program. 

                     
6 The course of isoquants of development was visualized using draw.circle function of the 

plotrix package [Lemon et al. 2017]. 
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(dik – Configuration Distances, ikd̂  – Normalized Dissimilarities (d-hats), ikδ  – Dissimilarities) 

Fig. 2. Residual plot and Shepard diagram 

Source: author’s compilation using the R program. 

 
Description: 61 – pattern, 62 – anti-pattern, 1-30 – numbers of objects in 2005, 31-60 numbers of 

objects in 2015, numbers of objects are explained in Table 2. 

Fig. 3. Multidimensional scaling results of 62 objects (30 Lower Silesia counties in 2005,  
30 Lower Silesia counties in 2015, pattern and anti-pattern) in terms of social cohesion level 

Source: author’s compilation using the R program. 
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Table 2. Ordering of Lower Silesia counties by the level of social cohesion ( +

id measure values) 
in 2005 and 2015 

No. 
2005/2015 County 

2015 2005 
+++ −=∆ iqiti ddd  Position 

change +
itd  No. +

iqd  No. 
29 / 59 Wrocławski 0.8683 1 0.4269 2 0.4414 1 
20 / 50 Ząbkowicki 0.7286 2 0.2897 13 0.4390 11 
26 /56 Średzki 0.7279 3 0.3302 7 0.3977 4 
3 / 33 Jeleniogórski 0.7160 4 0.4130 3 0.3030 –1 
30 /60 Wrocław 0.7124 5 0.3661 4 0.3463 –1 
7 / 37 Zgorzelecki 0.7080 6 0.3326 6 0.3753 0 
9 / 39 Jelenia Góra 0.6981 7 0.4300 1 0.2682 –6 
1 /31 Bolesławiecki 0.6972 8 0.3183 8 0.3790 0 
28 / 58 Wołowski 0.6950 9 0.3136 9 0.3814 0 
24 / 54 Oławski 0.6751 10 0.2990 11 0.3761 1 
16 / 46 Dzierżoniowski 0.6711 11 0.2268 27 0.4443 16 
18 / 48 Świdnicki 0.6659 12 0.3102 10 0.3557 –2 
27 / 57 Trzebnicki 0.6630 13 0.2661 20 0.3969 7 
25 / 55 Strzeliński 0.6578 14 0.2371 25 0.4207 11 
17 / 47 Kłodzki 0.6546 15 0.2899 12 0.3647 –3 
22 / 52 Milicki 0.6492 16 0.2811 17 0.3681 1 
12 / 42 Legnicki 0.6447 17 0.2856 14 0.3591 –3 
5 / 35 Lubański 0.6407 18 0.2525 23 0.3882 5 
15 / 45 Legnica 0.6398 19 0.3402 5 0.2996 –14 
4 / 34 Kamiennogórski 0.6341 20 0.2349 26 0.3992 6 
2 / 32 Jaworski 0.6171 21 0.2646 21 0.3526 0 
13 / 43 Lubiński 0.6142 22 0.2831 16 0.3311 –6 
14 / 44 Polkowicki 0.6081 23 0.2627 22 0.3453 –1 
23 /53 Oleśnicki 0.6025 24 0.2674 19 0.3351 –5 
6 / 36 Lwówecki 0.5988 25 0.2801 18 0.3187 –7 
19 /49 Wałbrzyski 0.5858 26 0.2835 15 0.3023 –11 
8 / 38 Złotoryjski 0.5702 27 0.2219 29 0.3483 2 
10 / 40 Głogowski 0.5691 28 0.2450 24 0.3241 –4 
21 / 51 Wałbrzych 0.5618 29 0.2250 28 0.3368 –1 
11 / 41 Górowski 0.5067 30 0.1830 30 0.3237 0 
Parameter 2015 2005 Increase 
Mean 0.6527 0.2920 0.3607 
Standard deviation 0.0669 0.0587 0.0082 
Median 0.6519 0.2833 0.3686 
Median absolute deviation 0.0661 0.0488 0.0173 

Source: author’s calculations using clusterSim package of the R program. 
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By applying the script of the R program the results of the Theil measure decom-
position were obtained, as presented in Table 3 (q stands for 2005 and t for 2015). 

The average deviation range of id +  comparable composite measure values in 
2005 and 2015 (W Theil measure) was 0.3633. This primarily resulted from the 
mean value increase in id +  composite measure ( 2

1 0.13013W = partial measure), thus 
the significant increase in social cohesion level (the increase of mean composite 
measure value by 0.3607). There was a slight increase in the variation of id + compo-
site measure value showing the increase in the degree of disproportions between 
counties in terms of social cohesion ( 2

2 0.0000678W =  for 0.06689tS =  and 
0.05866qS = )7. Figure 4 presents the relationships between the level and degree of 

social cohesion disproportions for Lower Silesia counties in the years 2005-2015. 

Table 3. The results of the Theil measure decomposition 

Specification 2015=t  2005=q  
Composite measure mean values 0.65274  0.29201 
Standard deviations from composite measure values 0.06689478 0.05866117 
Pearson correlation coefficient between composite measure 
values in 2005 and 2015 0.7719240 

W  Theil measure value 0.3632959 
2W  Theil measure value 0.1319839 (100.00%) 
2

1W  Theil partial measure value 0.1301261 (98.59%) 
2

2W  Theil partial measure value 0.00006779226 (0.05%) 
2

3W  Theil partial measure value 0.001789998 (1.36%) 

Source: author’s calculations using the R program. 

The relatively high consistency in the direction of +
id  composite measure value 

changes against the comparable periods ( 0.00179=2
3W  partial measure for r = 0.7719). 

The geometric interpretation of correlation coefficient is illustrated in Figure 5. 
The +

id  measure values for the particular Lower Silesia counties in the analysed 
period were subject to diverse changes (see column +++ −=∆ iqiti ddd  in Table 2). The 
relatively most extensive range of changes in the analysed areas of social cohesion, 
i.e. in terms of income and economic activity of the population, living conditions and 
the availability of services in public space refers to the following counties (bold-
printed values in Table 2): Dzierżoniowski, Wrocławski, Ząbkowicki and Strzeliński, 
whereas the smallest range to the following cities with county rights (underlined 
values in Table 2): Jelenia Góra and Legnica as well as Wałbrzyski county. 

                     
7 Similar indications are observed using median absolute deviation (see Table 2). 
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Fig. 4. Level (di) vs. degree of differentiation (sd) in social cohesion 
for Lower Silesia counties in the years 2005-2015 

Source: author’s compilation using the R program. 
 

 
 

Fig. 5. Geometric interpretation of the correlation coefficient 
( 2015_2015 dixdi ==+ ; 2005_2005 dixdi ==+ ) 

Source: author’s compilation using the R program. 
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4. Final remarks 

The article discusses the methodology allowing the measurement and assessment of 
changes in the level and degree of social cohesion differentiation in regions. 

The article proposes a hybrid approach combining multidimensional scaling with 
linear ordering to measure and assess changes in the level of social cohesion of the 
Lower Silesia region in the period 2005-2015.  

The main advantage of this two-step approach (first step – multidimensional scal-
ing, second step – linear ordering), enriches the interpretation by the visualization of 
the results of linear ordering carried out based on composite measure (5). 

On the other hand the main limitation of the presented approach is the use of 
multidimensional scaling in the first phase of the study. The presentation of the re-
sults in two-dimensional space causes partial loss of information. At the start point 
objects were described by 28 variables. 

The overall assessment of social cohesion differentiation degree in Lower Silesia 
counties, in the period 2005-2015, was performed based on measure (6) with Theil’s 
decomposition. 

The level of social cohesion increased in all the counties in the years 2005-2015 
(even though its degree varied) and the degree of disproportions between counties 
went up in terms of social cohesion. 

The author’s own scripts, prepared in R environment, were applied in the calcu-
lations. 
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