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Introduction

In the survey sampling the problem of estimation or prediction of
subpopulations’ (domains’) characteristics has become very important issue.
What is more, in the case of longitudinal surveys there is a possibility to increase
the accuracy of the estimators or predictors by using information from other
periods or even to estimate or predict subpopulation’s characteristic for the
period when the number of sampled domain elements equals zero. Domains with
small or zero sample sizes are called small areas. In small area estimation
empirical versions of Henderson’s [1950] best linear unbiased predictors
(BLUP) are widely used under different longitudinal area level models (see e.g.
Rao [2003] chapter 8.3 and Rao and Yu [1994]). In the paper the class of unit
level longitudinal models with auxiliary variables is proposed assuming that the
population and the domains affiliation may change in time. In the paper the
predictors which are empirical versions of Royall’s [1976] BLUP under some
special cases of the proposed model are derived. They can be used to predict the
domain total based on any longitudinal data (including e.g. random and
purposive samples, panel data and rotating samples) for any (including future)
periods. Their mean squared errors (MSEs) and MSEs’ estimators are also
derived. In the Monte Carlo simulation study the problems of the accuracy of the
predictor and biases of the MSE estimators are analyzed based on real data
including several cases of model misspecification. The results of the simulation
show that the proposed predictor and the proposed MSE estimator may perform
very well even in some cases of model misspecification.
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1. Basic notations

Let us introduce some notation presented earlier by Zadto [2009b]. In the
paper longitudinal data for periods ¢ = 1,...,M are considered. In the period ¢ the
population of size N, is denoted by €2, . The population in the period ¢ is divided

into D disjoint domains (subpopulations) Q , of size N, , where d = 1,...,D. Let

the set of population elements for which observations are available in the period
t be denoted by s, and its size by n,. The set of domain elements for which
observations are available in the period ¢ is denoted by s, and its size by ng.

Let: Q, =Q, =54, Ny = Ny —n,

-

Let M,, denotes the number of periods when the ith population element
may be potentially observed in the dth domain (when the ith population element
belongs to the dth domain). Let us denote the number of periods when the ith
population element (which belongs to the dth domain) is observed by m,, . Let

m,, =M, —m,. We assume that the population may change in time and that

one population element may change its domain affiliation in time (from
technical point of view observations of some population element which change
its domain affiliation are treated as observations of new population element).
It means that i and ¢ completely identify domain affiliation but additional
subscript d will be needed as well. More about this assumptions will be written
at the end of the next section.

The set of elements which belong at least in one of periods ¢ = 1,...,M to sets
Q), is denoted by €2 and its size by N. Similarly, sets Q,, s, s,, Q , of sizes

N,,n, n,, N, respectively are defined as sets of elements which belong at

least in one of periods # = 1,...,M to sets Q ., s, , s, , €, respectively. The

rdt
d*th domain of interest in the period of interest ¢ will be additionally denoted by
a symbol * in the subscript i.e. €, ., and the set of elements which belong at
least in one of periods ¢ = 1,...,M to sets Q ;... will be denoted by Q ., .

Values of the variable of interest are realizations of random variables Y,
for the ith population element which belongs to the dth domain in the period 7,
where i = 1,...,N, j = 1,...M,s, d = 1,...,D. The vector of size M, x1 of random
variables Yl.d/. for the ith population element which belongs to the dth domain

will be denoted by Y,; = [Y, " ] , where j=1,...,M,, . Let us consider values of
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the variables of interest Y., . ;+ for the i’th population element which belongs to

the d’th domain observed in periods ¢,

s where i’ = 1,..,n, j' = 1,...miy,

d’ = 1,...D. The vector of random variables Yl.,d,j, (where i’ = 1,...,n,
J'= Lywtigy d’ = 1,...,D) of size m,,,. x1 will be denoted by Y, ;.4 = ¥,.,0. |,
where j’ = 1,...,m;,. The vector of random variables Y, ;. It of size m.,. x1 for

the i ’th population element which belongs to the d ’th domain for observations
which are not available in the sample is denoted by Y, .4 = [Yl d,,j,,], where

JU= 1 my

The proposed approach may be used to predict the domain total for any
(past, current and future) periods. If the problem of prediction of the domain
total for the future period is considered, the number of periods M includes future
period or periods. What is more, in this case the division of the population into
domains and values of the auxiliary variables in the future are assumed to be
known.

2. Superpopulation model

We consider some class of superpopulation models (studied earlier by Zadto
[2009b]) used for longitudinal data (compare Verbeke, Molenberghs, [2000];
Hedeker, Gibbons [2006]) which are — what is important for further
considerations — special cases of the General Linear Model (GLM) and the
General Linear Mixed Model (GLMM). The following two-stage model is
assumed. Firstly:

Y =ZyBig + €4, (D

where i = 1,..,N; d = 1,...,D, Y,, is a random vector of size M, x1, Z,, is

known matrix of size M, xq, B,y is a vector of unknown parameters of size

id

gx1, e, is a random component vector of size M, x1. Vectors e,

id
(i =1,..,N; d=1,..,D) are independent with 0 vectors of expected values and

variance-covariance matrices R,;. Although R,, may depend on i it is often

assumed that Ry = O'eZIM. where I~ is the identity matrix of rank M.

d id

Secondly, we assume that:
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B = KiB+ vig, 2

where i = 1,...,N; d = 1,...,.D, K,, is known matrix of size ¢ x p, P is a vector
of unknown parameters of size px1, v,, is a vector of random components of
size g x1.1Itis assumed that vectors v,, (i =1,...,N; d = 1,...,D) are independent
with 0 vectors of expected values and variance-covariance matrix G,; = H

what means that G,; does not depend on i.

Similar assumptions to (1) and (2) are presented by Verbeke, Molenberghs
[2000, p. 20] but there are two differences. Firstly, in the book assumptions are
made for profiles defined by elements. In this paper assumptions are made for
profiles defined by elements and domains affiliation i.e. Y,, (of size M, x1)

what allows to take the possibility of population changes in time into account.
Secondly, in the book the assumptions are made only for the sampled elements
(i.e. i = 1,...,n). In this paper they are made for all of population elements

(i=1,...,N).
Based on (1) and (2) it is obtained that:

Y = XigB+Z,yvig +e, (3)

where i = 1,..,N; d = 1,...,.D, X,;, = Z,,K,, is known matrix of size M, x p.
Let V4 = D; (Y,,) - Hence,

Vi = ZidHZde +Ry- “4)

T
Let A, be a column vector and col,_,_,(A,) = [AIT . Al Ag]

be a column vector obtained by stacking A, vectors. Note that by stacking Y,,

vectors (i.e. Y =col_,,(col __ (Y,y)) from (3) we obtain the formula of the

GLMM. Let V = D; (Y) . Hence,

V= diangdSDdl‘agmsNd (Vi) )

Unknown elements of V will be denoted by 6. Let,
Y, = COZISdSDCOZISiSnd (Ysid) > Vss = sz (Ys) > Vssid = D§2 (Ysid) . Hence,

S
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V, =diag,,pdiag 1<i<n, (Vya) = diag,,.pdiag,.,., (Zsidezd +Ry) (6)

S

. . . ) .
where Z, is known matrix of size my, xq, Rg, =D;(e;) and e, is

m,, x1 random components vector.

3. EBLUP, its MSE AND MSE estimator

At the beginning let us compare BLUPs proposed by Henderson [1950]
and Royall [1976]. Firstly, Royall derived the BLUP assuming the GLM which
is generalization of the GLMM assumed by Henderson. Secondly, Royall
predicts linear combination of Y given by 6 = YTY what is more general then

linear combination of B and v given by 6. = 1"B+m"v studied by Henderson.
Thirdly, in both cases linear predictors are considered: 0= g;FYs by Royall

[1976] and és = aTYs + b by Henderson, which forms are equivalent because

b= 0 under unbiasedness. Hence, Royall’s BLUP may be treated as the
generalization of Henderson’s BLUP. In the paper the BLUP proposed by Royall
is studied (and its empirical version — EBLUP) where the element £ of the
vy vector is given by:

0 if igQ ..
Vi = (7

1 if ieQ .

To obtain the BLUP of ¢ th domain total in ¢ th period and its MSE for

model (3) general formulae proposed by Royall should be used with (7) and
block-diagonal form of variance-covariance matrix (5). If the unknown
parameters in the formula of the BLUP proposed by Royall are replaced by their
estimates, two-stage predictor called the EBLUP is obtained. Kackar and
Harville [1981] prove unbiasedness of empirical version of the BLUP proposed
by Henderson under some weak assumptions. The proof of unbiasedness of
empirical version of the BLUP proposed by Royall under similar weak
assumptions (inter alia symmetric but not necessarily normal distribution of
random components for the model assumed for the whole population), is
presented in Zadto [2004]. The approximation of the MSE and its estimator for
the empirical version of the BLUP proposed by Henderson are derived inter alia
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by Prasad and Rao [1990] and Datta and Lahiri [2000]. The approximation of the
MSE and its estimator for the empirical version of the BLUP proposed by Royall
are derived in Zadlo [2009a] based on results presented in Datta and Lahiri
[2000].

4. Special cases of superpopulation model

In the section we consider two special cases of the model (3). The first
model is longitudinal random regression coefficient model similar to the one
proposed in Dempster, Rubin and Tsutakawa [1981] and studied later e.g. in
Moura and Holt [1999] and for one auxiliary variable in Prasad and Rao [1990].
Unlike the proposed longitudinal model, these authors only consider a model
with domain-specific random effects (and for one period). We assume that:

Yid/' = (ﬂd + Vi )xid/ te, = ﬂdxidj T ViaXig T €y (®)
wherei=1.2,.,N;d=12,..D, j=1,2,...,M,, . Special case of (8) where

\ ﬂd =p )

will also be considered. What is more (similarly to Verbeke, Molenberghs
[2000]), we assume that e, and v, are mutually independent and

ey ~ (0, of) and v, ~ (0,57) . Hence,

0 if izi'vd=d'
2 2 2 : . .f . .f
COV;(Y,-djaK-W) =40, +x,0, if i=i'Aj=] , (10)
2 . . o ’ . o
XXy Oy M I=T'Ad=d"nj# ]

The second model is nested error regression models similar to the one
proposed in Battese, Harter and Fuller [1988]. Unlike the proposed longitudinal
model, these authors only consider a model with domain-specific random effects
(and for one period). We assume that:

Yic_l/ = Xiijd Vi T ey (11)
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where X, :[xl. gt Xagn e X p}, e, and v, are mutually independent

and e, ~ (0, o?) and v, ~ (0,07). Special case of (11) where:

ViBa=B (12)
will also be considered. Hence,

0 if izi'vd=#d'
Cov(zdj’ zld): O':+O'f if i:i'/\j:j’ . (13)
2

o if i=i'Ad=d' Anj=]

v

For all of the superpopulation models presented in this section the vector of
T
unknown variance parameters will be denoted by 8 = [062 o ] .

We have assumed that the population and the domain affiliation of
population elements may change in time. Observations of new element of the
population or observations of the population element after the change of its
domain affiliation are treated as realizations of new profile (3). Hence, because
of the covariance structure (5) where nonzero covariances are only within
profiles, we assume the lack of correlation of observations for some population
element before and after the change of the domain affiliation.

5. Prediction under a longitudinal random
regression coefficient model

Based on Royall’s theorem [1976], it is possible to derive the BLUP of the
d’ th domain total in the ¢ th (past, current or future) period and its MSE under

longitudinal simple random regression coefficient model (8). They are given by:

Idl

BLU_ z d't +ﬂ Zx +O_ Zx(u zdz zdz i‘j_xid*j’éd*)(lé‘)

l€§‘ **

i=1 i=1 Jj=1

" L, m m .
n d B id ) 5 id 5
where . = b ,d, b . ZYid*jxid*j , b.=0,+0, ind*j
Jj=1 1



On some problems of prediction of domain total in longitudinal surveys... 93

and
MSE.(0,,,) =g, (8) + g,(3) (15)

where:

g, (0)= N 0 + o0, ledt -0, Z X o ld lxi/ (16)

Jj=1

N S m 2 " m -1
RER DI R D5 BT

Let the unknown variance parameters in (14) be replaced by their maximum
likelihood (ML) or restricted maximum likelihood (REML) estimates under
normality. Hence, we obtain the two-stage predictor called EBLUP. Using
general theorems proved in Zadto [2009a] it is possible to derive the formula of
the MSE of the EBLUP and its estimators. Firstly, under assumptions presented
in Zadlo [2009a] (including the GLMM with block-diagonal variance-
covariance matrix and normality of random components) the MSE in this case is
given by:

MSE(0,,,) = g, (3) + £,(8) + g:(8) + o(D™") (18)

where g, (08) and g,(d) are given by (16) and (17) respectively and

g,(8) = Z X o ,d*Zx ( [V — 21626 + I V6 ) (19)

and

100 =2b Zij (led] ] , (20)

d=1 i=1
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D ny m;y
150 =207 >b} [Z Xy J (21)
j=1

d=1 i=1
1,0 =2b" f ((m, —Do.* +57), (22)

d=1 i=1

and

Secondly, under general assumptions presented in Zadto [2009a] (including
the GLMM with block-diagonal variance-covariance matrix and normality of
random components) the approximately unbiased (its bias is o(D’l)) estimator

of the MSE (18) for REML estimators of 8 in this case is given by:
MSE ( EBLU) g (8)+g,8)+ 2g3 () (23)

and for ML estimators of ¢ by

MSE.(0,3,,)) = £, (8) + 2,(8) +2g; () +

1 og, (6
2{ '®)col, ;. tr [ (5) ﬁ( )ﬂ 2 é ) (24)
where g, (8), g, (3), g (3) are given by (16), (17), (19) respectively where 8 is
. e gD
replaced by o, I;' = Iv(il) ]::) , where 107, ICD IUD are given by (20),

(21), (22) respectively, col,_, . qtr{ (6) 5(6)} and % are given by
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D g Mg - g Mg

1 2 ) 2
Z Zbid indj Zbid indj
d=1\_i=l = i=1 =

zmtr[ -1(5) B(ﬁ)} 1 | @5
Z(Zb,de,d,J [Zb(zj]
d=1\_i=l i=1 Jj=1

and
22,0 _[06,®) @] _
00 oo’ oo’
_O- Z xld[ ld* ldj
=1
=, (26)

vd' 1"

2
m. s« m_ s«
1 id By ] id Iy
Z - 1o, Z xdt b | 2 X — Dby ind’j
= -1

i=1

respectively, where 8 is replaced by 5.

Under assumptions (8) and (9) the equations presented above remain true
but f,. in (14) should be replaced by

D i ! D n id
1 -1
Z by 2%y 4 Z by idjidj |>
d=

d=1 i= J =

<
“5
<
3

g,(8) given by (17) should by replaced by

g.(9) = [Zx -0 Z b J (Zszdezd,}l

d=l i=l

0
and coly tr |: [;1 ) Y I, (8):| given by (25) should be replaced by:
k



96 Tomasz Zadto

col 1<k<q |: (8) (6):| ==

6. Prediction under a longitudinal nested
error regression model

Based on Royall’s theorem [1976], it is possible to derive the BLUP of the
d’ th domain total in ¢ th (past, current or future) period and its MSE under

longitudinal nested error regression coefficient model (11). The BLUP is
given by:

BLU_Z ,dt“'zx B +O— Zb Z( Xid'j )a (27)

i€es **

_ 2 2 T l
Whel‘e bid* — Ue +O-vml_d* d& (Zb X J [Zb sid” s]d J aIld

X .. is m .xXp known matrix of auxiliary variables. The MSE of the BLUP

sid
(27) is given by general formula (15), where

g®=N_.(c+0])=0l D blm, (28)

N s Noaw  moa T
rd t ) rd t . id
x[ > X -0 > by Xid*j] (29)
: : —
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If the unknown variance parameters in (27) are replaced by their ML or
REML estimates under normality we obtain the EBLUP with the MSE given by
general formula (18), where g, (8) and g,(6) are given by (28) and (29)

respectively and

e

N_d*t*
g®) =) bim, (1 0} -21 "0} +1"ct) (30)
i=1

where
D ny
150 =267 b0 m}, (31)
d=1 i=l
D ny
150 ==20"3">"b}m,, (32)
d=1 i=l
D ny
150 =267 ((my =)ot + b, ), (33)
d=1 i=1

n

and b = [z ((mid - 1)0;4 + bij )J (Z bijmii J - [z bi:izmidj

d=1 i=l d=1 i=1 d=1 i=l

=
<
<
S

—
—

The approximately unbiased (its bias is o(D™")) estimator of the MSE of
the EBLUP for the REML estimators of & is given by (23) and for the ML
estimators of & by (24) where g, (), g,(8), g;(8) are given by (28), (29),

. 1(—') I(—l)
. . -1 _ w ve (=1
(30) respecively where 8 is replaced by 6, I = L(l) o0 | where /7,

157, 10" are  given by (31), (32), (33) respectively,

ve ee

COIISkSqtr {IEI(S)ilp (8)} and % are given by
%
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ll<k<qtr|: _1(6) 3(6):|

Ztr(Zb,dlx;{d J_I(Zb XX j

—_ ' (34)
Ztr(Zb XE X, J [Zb_zm XE X, J
and
r N .. -o! 3 b;*ml, i
0g,(®) |0g,(8) g (8| _ p 35
% | o0> 0o’ | 33)

respectively, where 8 is replaced by 5.

Under assumptions (11) and (12) the equations presented above remain true
but B . in (27) should be replaced by

S

:(izb XX, jl[i D, ¢ dj

d=1 i=l d=1 i=l

and g,(0) given by (29) should be replaced by

d=l i=l

Nm*l* Nn/*l m ” D ny -1
gz<s>=[2xw—afz 1Sy, }(z N
i=1 i=1 =
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and col,_,_ qtr{ I (6) B (5)} given by (34) should be replaced by:

COlgyet { (5) b (5)}

D 1 p
7 (Z b, X;[ld j Z
d=1 i=1

=1 i=

<

[PazEaN }z

d=1 i=1 d=1 i=1

7. Simulation analyses

4

2xT

snd

d=1 i=1

The limited Monte Carlo simulation analyses are based on real data on
N = 314 Polish poviats (what is NUTS 4 level) excluding cites with poviat’s
rights for M = 4 years 2005-2008. Data are available at the website of the Polish

Central Staistical Office — www.stat.gov.pl.

The problem is to estimate

subpopulations (domains) totals for D = 6 regions (NTS 1 level) in 2008. The
variable of interest is poviats’ own incomes (in PLN) and the auxiliary variable
is the population size in poviats (in persons). Two simulations are conducted
using R (R Development Core Team [2011]). In the simulations the accuracy of
the proposed predictor is compared with accuracies of two calibration estimators
[Rao 2003, pp. 17-18] which will be denoted by GREG1 and GREG2. Both

calibration estimators are of the form HGREG

Z w .Y, but weights w_

I€ES %

are solutions for GREG1 of

dt
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and for GREG?2 are subsequence of weights obtained as a solution of

2
w.—-1/x.)
sit it b
Z —> min
ies. 1/ 7.
Z W Xid*t* = Z Xid*t*

iE€S « i€Q)
t t

where 7 . are inclusion probabilities in the period t". These calibration

estimators are classic model-assisted estimators which are known as good
alternatives for model-based methods especially in the case of possible model
misspecification.

The first simulation is design-based. In this case a sample of size n = 79
elements (c.a. 25% of population size) is balanced panel sample (each sampled
element is observed in all of 4 periods), which is drawn at random in the first
period with inclusion probabilities proportional to the value of the auxiliary
variable in this period. For this sample size it was possible to estimate all of
domain totals in each iteration even using direct estimators GREG1 and GREG2.
The number of samples drawn in the simulation equals 10 000.

The second simulation is model based. In this case one sample is drawn
using the sample design described above what gives the division of the
population into the sampled and unsampled part. Then 10 000 populations are
generated using model (11) — (with one auxiliary variable and constant) with
parameters computed (REML) based on real, whole population data and random
components with the following distributions: in the model denoted in the
simulation as N case — normal distributions of both random components, U case
— uniform distributions of both random components and E case — "shifted"
exponential distribution of both random components. What is more, to study the
problem of model misspecification, equations for linear model are used but
10 000 population are generated based on modified model (11) where instead of
the auxiliary variable its natural logarithm is used. Both random components
have the following distributions: Nm case — normal distribution, Um — uniform
distribution and Em — "shifted" exponential distribution.

What is important, the predictor presented for the model (11) simplifies to
the BLUP (i.e. does not depend on unknown variance parameters) for the

balanced sample. Hence, in the equation of the MSE estimator the g;(d)

element is omitted.
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Fig. 1. Relative model-biases (on the left) and relative model RMSE (on the right) for N case (in
%) for six domains
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Each point on the figures presents value of some statistic for one out of
D = 6 domains. Comparing prediction accuracy of the BLUP and GREGI and
GREG?2 (see Figures 1-6) it should be noted that the BLUP is better then both
GREG estimators even in the cases of model misspecification. The absolute
value of its relative bias does not exceed 10% for all of the considered cases of
model misspecification (see Figures 4-6). The bias of the considered MSE

estimator under normality is o(D™') (as proved in Zadto [2009a]) but for the

data interesting case is studied — the number of domains is very small, it equals
D = 6. It is known that for the big number of domains D the differences between
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biases of REML and ML MSE esimators (given by general equations (23) and
(24) respectively) are small. In the simulation study the REML MSE estimator is
(see Figure 7) less biased in all of the considered cases, what may have occured
due to the relatively big (comparing with D) loss of degrees of freedom when
ML method is used instead of REML to estimate &. Let us limit further
consideration to the REML MSE estimator. The absolute values of relative
biases of MSE estimators (see Figure 7) are small not only under normality
assumptions (N case), under which they were derived, but also for U and
E cases. For the proof of robustness of some MSE estimators of the EBLUP of
the form of Henderson’s BLUP in some cases of model misspecification see
Lahiri and Rao [1995]. The maximum absolute value of the relative biases of
MSE estimators are less then 2,1% for these cases. When the true model is non-
linear (the Nm, Um, Em cases) the biases obtained in the simulation are larger.

Results presented on the Figure 8 show that the design bias of the BLUP is
larger than the design bias of both GREG1 and GREG2. Comparing the design
accuracy for the data and large sample size (n = 79), the BLUP is better than
GREG2 but worse than GREG].

Conclusions

In the paper the EBLUP for longitudinal data is proposed. The predictor
allows to predict the domain total for any (past, current, future) period assuming
that population and domain affiliation of population elements may change in
time. Its MSE is also derived and some MSE estimator is proposed. Its accuracy
is analyzed for real data in the Monte Carlo simulation study.
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O PEWNYCH PROBLEMACH PREDYKCJI WARTOSCI GLOBALNEJ
W DOMENIE W BADANIACH WIELOOKRESOWYCH,
GDY SA DOSTEPNE INFORMACJE O ZMIENNYCH DODATKOWYCH

Streszczenie

W artykule wyprowadzono postacie najlepszych liniowych nieobciazonych predyk-
torow przy zatozeniu pewnych modeli bgdacych uogoélnieniami na przypadek danych
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przekrojowo-czasowych modeli znanych z literatury statystyki matych obszaréw. Ponad-
to wyprowadzono postacie bledéw sredniokwadratowych empirycznych wersji tych pre-
dyktoréw oraz zaproponowano ich estymatory. W symulacji Monte Carlo poréwnywano
doktadnos$¢ zaproponowanego predyktora z dwoma ogélnymi estymatorami regresyjny-
mi po planie losowania i po modelu nadpopulacji (takze w roznych przypadkach zlej
specyfikacji modelu). Ponadto analizowano obcigzenia zaproponowanych estymatoréw
btgdu $redniokwadratowego.



