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Addendum No. 1

ELEMENTARY EXPOSITION OF GAUSS’ FINAL 
JUSTIFICATION OF LEAST SQUARES

Oscar Sheynin

Summary: Legendre was the first to publish the principle of least squares in 1805, this 
principle was known to Gauss since 1795. But it was Gauss who introduced the method of 
least squares. He offered its final justification based on the principle of maximum weight 
(minimal variance) in 1823 and 1828. I begin with a few words about Legendre and Lapla-
ce and continue with describing Gauss’ final justification of least squares. It is extremely 
complicated, but modern authors removed this difficulty. My own exposition (§ 3) is quite 
elementary and, I think, methodically necessary.

Keywords: the principle of least squares, the method of least squares.

Legendre (1805) was the first to publish the principle of least squares 
(known to Gauss since 1795), but it was Gauss who introduced the 
method of least squares; he reasonably rejected his own first attempt 
(1809) and offered its final justification (1823b, 1828) based on the 
principle of maximum weight (minimal variance). I begin with a few 
words about Legendre and Laplace and continue with describing Gauss’ 
final justification of least squares. It is extremely complicated, but 
modern authors removed this difficulty. My own exposition (§ 3) is 
quite elementary and, I think, methodically necessary.

1. Legendre and Laplace
1.1. Legendre

Here is his crucial statement (1805, pp. 72–73): It is necessary that the 
extreme errors without regarding their signs be restricted between the 
shortest possible boundaries.

His equations can be written as
 aix + biy + ... + li = vi,   i = 1, 2, ..., n. (1)
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The free terms li are the results of physically independent observations 
whose number, n, is larger than the number of the unknowns, k. The 
coefficients ai, bi, … are given by the appropriate theory, and the 
linearity is not restrictive since the approximate values of the unknowns 
can be calculated (for example, from any k equations). For equations 
appearing in practice no solution is possible and any set of ˆ ˆ, ,...x y  
leading to reasonable residual free terms vi is assumed as the solution.

The optimal approach which he applied was to make the sum of the 
squares of the errors the least possible. This approach, as stated, was 
wrong: actually, Legendre minimized the sum of the squares of the 
residual free terms of his equations. His first statement implies that the 
principle of least squares is at the same time the minimax principle

|vmax| = min,

where the maximum allows for the appropriate magnitudes of all the 
equations, and the minimum is thought to cover any set of ˆ ˆ, ,...x y  
Actually, as it is easy to prove, the minimax principle is tantamount to 
making minimal the sum of 2n

iv  with n → ∞.

1.2. Laplace

He is known to have non-rigorously proved several versions of the 
central limit theorem and, accordingly, presumed that the observations 
were numerous and that their errors were normally distributed (a later 
term). Then, he based the adjustment of observations on minimal 
absolute expectation of error, which meant that calculations were only 
practically possible for the normal distribution. Each of the two 
assumptions made his method of adjustment barely useful and Gauss 
(1821) criticized it. Laplace did sometimes apply the mean square error 
(the root of the sample variance) as his criterion, but on the whole he led 
French mathematicians including Poisson away from Gauss; this was 
made easier by the priority strife between Legendre and Gauss.

2. Gauss

2.1. Prior to 1805

There is no direct proof that he applied the principle of least squares 
before 1805. Gerardy (1977, p. 19, Note 16) came close to achieving 
this, but regrettably he concentrated on elementary geodetic calculations. 
On the other hand, it is impossible to refute Gauss’ claim of having 
applied it. First, Gauss made many mistakes in his computations 
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(Maennchen 1918/1930, p. 65ff); one example is in § 2.2.2-1 below. 
Second, he could have assigned differing weights to his observations; 
third, he (1809, § 185) allowed himself some deviation from strict 
procedure; fourth and last, he could have well mostly applied least 
squares for trial computations unknown to us.

Add to this that his contemporaries including Laplace (1812/1886, 
p. 353) believed Gauss and that he informed his friends and colleagues 
about his innovation. Among those were Bessel (1832, p. 27), Wolfgang 
Bolyai (Sartorius von Waltershausen 1856/1965, p. 43), the father of 
János Bolyai, one of the discoverers of the non-Euclidean geometry, 
and the astronomer Olbers.

There still exists a misunderstanding about the last-mentioned. The 
main point is this: in 1812 Olbers agreed to confirm Gauss in that he 
had indeed come to know the principle of least squares from Gauss 
before 1805, but he only publicly stated that in 1816. However, the 
Catalogue of Scientific Literature published by the Royal Society lists, 
in its proper volume, Olbers’ contributions, and it is seen that during 
1812–1815 he did not publish anything suitable for inserting such  
a statement.

2.2. The year 1823

2.2.1. General remarks

In § 2 (with an explanation of a term in § 1) Gauss restricted his 
investigation by excluding systematic errors from consideration. He 
repeated this point in § 17 and promised to present a new investigation 
of the case in which systematic errors are not totally excluded, but he 
never fulfilled his intention.

Then, in § 18 Gauss offered his definition, although not quite formal, 
of independent functions of observations: they should not have 
contained common observations. In § 19 he specified that those 
functions were linear; otherwise his statement would have contradicted 
the Student–Fisher theorem on the independence of the sample variance 
and the arithmetic mean. 

Gauss (§ 6) introduced his measure of precision (the variance, as it 
is now called). In his letter to Bessel of 1839, he (W-8, pp. 146–147) 
stressed that an integral measure of precision was preferable to a local 
measure. In the same § 6 he indicated that the quadratic function was 
the simplest [from integral measures] and in his preliminary report he 
(1821/1887, p. 192) noted that his choice was connected with other 
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advantages but did not elaborate. I leave it at that. At the end of § 17 
Gauss somewhat elliptically explained that minimal variance was his 
criterion for adjusting observations.

The main body of Gauss (1823b) is extremely difficult to read, 
which had undoubtedly been one of the reasons for numerous textbook 
authors to discuss Gauss’ first substantiation of least squares (1809) 
rather than the second one. Those wishing to acquaint themselves with 
that main body without leaving aside his deliberations can consult 
Helmert (1872). Modern exposition is provided, for example, by 
Kolmogorov (1946) and Hald (1998, pp. 471–475).

2.2.2. The sample variance

Then, in § 38, Gauss derived his celebrated formula for the sample 
variance, as it is now called:

 

[ ]σ ,vv
n k

=
−

  (2)

where, in Gauss’ notation, [vv] is the sum of the squares of vi. More 
precisely, Gauss calculated the expectation of σ and had to assume that σ 
itself was equal to it. The reader can find the derivation in many sources, 
for example Helmert (1872/1924, pp. 102–104) and Kolmogorov (1946).

2.2.2-1. The precision of the sample variance

Gauss (§§ 39, 40) derived the variance of σ2. His direct approach was 
somewhat laborious but easy to follow and his final formula provided 
the boundaries for σ2. Additionally, he remarked that for the normal 
distribution

 

4
2 2σvarσ .

n k
=

−
  (3)

One of the boundaries was wrong; Helmert (1904) corrected that 
mistake and Kolmogorov et al. (1947) independently derived the same 
formula as Helmert did: 

4
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n k

ν -
-

 < var σ2 < 
4
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-

 + 
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n n k
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⋅
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for v4 – 3s4 < 0 with a similar formula for the alternative. Here, s2 = Eσ2. 
In a companion paper, Maltzev (1947) proved that both inequalities can 
be understood as being conditional.
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2.2.2-2. Unbiasedness

At least in geodesy, the estimator of precision is σ rather than σ2 and, 
unlike σ2, it is biased. Anyway, how important is unbiasedness? It seems 
that bias is now somewhat tolerated (Sprott 1978, p. 194) and in any 
case unbiased estimates sometimes just do not exist.

An additional consideration is interesting. Czuber (1891, p. 460) 
discussed the problem of bias with Helmert, and they concluded that the 
main point was not bias itself, but the relative value of varσ2/σ2.

Eddington (1933, p. 280) independently stated the same.
For a biased estimate of the sample variance, i.e., for k = 0 instead 

of k = 1, Cramér (1946, § 27.4) derived the formula

var σ2 = 
2 2 2

4 2 4 2 4 2
2 3

2( 2 ) 3
n n n

µ µ µ µ µ µ- - -
- +

in terms of the central moments μ2 and μ4. In case of normality he 
(Ibidem) additionally offered the formula

2 4
2

2( 1)varσ σ .n
n
−

=  

2.2.2-3. Application of the formula

As noted in § 2.2.1, Gauss did not consider systematic errors. In 
particular, this meant that formula (2) was practically inadequate, and 
Gauss understood it perfectly well. When performing geodetic work,  
he measured each angle as many times as he felt necessary, see W-9,  
pp. 278–281 or Schreiber (1879, p. 141). In at least three letters Gauss 
recommended, when the number of observations was not large, to 
derive a single value of σ2 for several stations. These letters were: in 
1821, to Bessel, see Gauss (1880/1975, p. 382); and in 1844 and 1847, 
to Gerling (1927/1975, pp. 687 and 744). At least once Laplace acted 
the same way even earlier, see Supplement No. 3 of ca. 1819 to his 
treatise (1812/1886) and another author (Ku 1967/1969, p. 309) 
expressed the same opinion. 

In spite of the above, geodesists have been applying formula (2), 
although only after completing work on a chain of triangulation. It is 
then possible to allow for the closures of the triangles, for the 
discrepancies between the baselines situated at the ends of the chain, 
and between the astronomically fixed end lines of the chain. In other 



44 Oscar Sheynin
ŚLĄSKI

PRZEGLĄD
STATYSTYCZNY

Nr 12 (18)

words, applying that formula only after having revealed the influence of 
systematic errors as much as it was possible. Supplemented with 
baselines and astronomical observations, a chain is to the most possible 
extent independent (in Gauss’ sense, see § 2.2.1) of the neighbouring 
chains.

2.2.2-4. Criticism

Bertrand translated Gauss’ contributions on the theory of errors and 
least squares into French (Gauss 1855). Note that Gauss, at least by the 
end of his life, agreed to have some of his work appearing in French; 
previously, owing to political reasons, he refused to publish anything in 
that language. Gauss died the same year, 1855, and Bertrand (1855) 
made known that he, Gauss, had no time for really studying the prepared 
translation.

Many years later Bertrand (1888) criticized the Gauss formula (2). 
Tacitly assuming the normal distribution, he provided an example in 
which his own estimate of σ2 was less than that provided by Gauss. He 
forgot, however, that formula (2) provided an unbiased estimate whereas 
his own estimate was biased. Then, he calculated σ2 forgetting formula 
(3). It was this episode that led Czuber to the discussion described in  
§ 2.2.2-2.

Later events seem to indicate that the Gaussian theory of errors 
remained for a long time almost forgotten. Chebyshev (1880/1936,  
p. 249) stated that recently, some authors had begun to apply formula 
(2). More generally, at least up to the middle of the 20th century 
statisticians of the ordinary rank did not know Gauss’ second justification 
of least squares (Campbell 1928; Eisenhart 1964, p. 24).

In other countries the situation had been likely about the same.
Indeed, Fisher (1925/1990, p. 260) thought that the method of least 

squares was a special application of the method of maximal likelihood 
which was only correct for the first justification of the method. And 
Poincaré (1896/1912, p. 188) stated that Gauss’ rejection of his own 
first justification of the method was assez étrange.

In Russia, however, the situation was somewhat different since 
Markov, citing Gauss, resolutely upheld the second substantiation. At 
the same time he stated that the method did not possess any optimal 
properties and thus contradicted himself: such methods do not require 
any substantiation. See Sheynin (2006, pp. 80–81).
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3. Conclusion: an alternative justification of the method  
    of least squares
After proving formula (2), Kolmogorov (1946) remarked in passing 
that it was only a definition of σ. Yes, if the number of the degrees of 
freedom is correctly allowed for. As I understand it, the formula seems 
plausible, but the proof is still required; after that, it can be interpreted 
as that definition. 

Many authors beginning with Gauss had provided the proof which 
is not difficult. The necessary restrictions are: linearity of the equations 
(1), independence of their free terms (the results of observation), and 
the unbiasedness of the estimators ˆ ˆ, ,...x y  The main point, however, is 
that the proof does not depend on the condition of least squares. On the 
contrary, this condition can now be introduced at once since it means 
minimum variance. 

The formulas derived by Gauss for constructing and solving the 
normal equations and calculation of the weights of ˆ ˆ, ,...x y  and of their 
linear functions will still be useful. Gauss had actually provided two 
justifications (of which I only left the second one), but why did not he 
even hint at this fact? I can only quote Kronecker (1901, p. 42) and 
Stewart (Gauss 1823b, 1828/1995, p. 235):

The method of exposition in the “Disquisitiones [Arithmeticae”, 
1801] as in his works in general is Euclidean. He formulates and proves 
theorems and diligently gets rid of all the traces of his train of thoughts 
which led him to his results. This dogmatic form was certainly the 
reason for his works remaining for so long incomprehensible.

Gauss can be as enigmatic to us as he was to his contemporaries.
Gauss himself actually said so. His eminent biographer, Sartorius 

von Waltershausen (1856/1965, p. 82) testified: He had used to say that, 
after constructing a good building, the scaffolding should not be seen. 
And he had often remarked that his method of description strongly 
hindered readers less experienced in mathematics. 

Finally, I note Gauss’ words (letter to W. Olbers 30.7.1806): Meine 
Wahlspruch [motto] ist aut Caesar, aut nihil.

Acknowledgement. A summary of this paper appeared in Math. 
Scientist, vol. 37, 2012, pp. 147–148.
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ELEMENTARNE PRZEDSTAWIENIE  
OSTATECZNEGO GAUSSOWSKIEGO UZASADNIENIA 
NAJMNIEJSZYCH KWADRATÓW

Streszczenie: Legendre był pierwszym, który opublikował w 1805 r. zasadę najmniejszych 
kwadratów, znaną Gaussowi od 1795 r. Ale to Gauss wprowadził metodę najmniejszych 
kwadratów. Pełne jej uzasadnienie, oparte na zasadzie maksymalnych wag (minimalna wa-
riancja) Gauss podał w pracach opublikowanych w latach 1823 i 1828. W niniejszej pracy, 
po prezentacji prac Legendre’a i Laplace’a, podaję elementarne wyjaśnienie tej metody.

Słowa kluczowe: zasada najmniejszych kwadratów, metoda najmniejszych kwadratów.




