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ABSTRACT 

Mojena and Wishart criteria are methods of selecting the optimal grouping result 
of agglomerative cluster analysis methods (hierarchical). Two criteria were 
proposed by Mojena in the 70’s of the 20th century: the upper tail rule and 
moving average quality control rule, both based on an analysis of the fusion 
levels of objects in the dendrogram with the aim to determine the cut-off point of 
it, i.e. to choose the optimal clustering result. The third criterion: tree validation 
was created by Wishart and evaluates the randomness of the objects clustering in 
the dendrogram. 
The purpose of this paper is to present the results of the empirical analysis of the 
effectiveness of Mojena and Wishart criteria for the number of clusters selection, 
in comparison to other applicable criteria in this area, including those proposed 
by: Baker and Hubert, Calinski and Harabasz, Davies and Bouldin, Hubert and 
Levine. The empirical analysis has been carried out in ClustanGraphics 8 
Program and selected packages in R environment for the generated data sets. 

Key words: upper tail rule, moving average quality control rule, Mojena criteria, 
Wishart criterion (tree validation), ClustanGraphics 8. 

1. Introduction 

The assessment methods of the grouping result – in the broad sense – are 
related to the three issues of cluster analysis, respectively: determining the 
number of clusters, comparing two (or more) classification results and the 
grouping result quality assessment. The grouping result evaluation stage, i.e. 
selecting the number of clusters in the analysis which is based on the hierarchical 
clustering algorithms is one of the last steps here, however, it is extremely 
important in the classification process. In fact, when the classification 
sequence 110 ,...,, −nPPP  is given, on the basis of some formal criteria a decision on 
the final grouping result selection should be taken. 
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The article aims to present the results of an empirical effectiveness analysis of 
the two Mojena criteria [Mojena 1977], both based on the distance analysis of the 
objects fusions in the graph tree – best cut significance test (upper tail rule, 
moving average quality control rule) and the Wishart criterion [Wishart 2006] 
which evaluates the randomness of objects clustering in the dendrogram – tree 
validation. The above mentioned criteria have been compared with other 
procedures for selecting the number of clusters, including the following: Baker 
and Hubert (BH), Caliński and Harabasz (CH), Davies and Bouldin (DB), and 
Hubert and Levine (HL). All criteria are based on determining the number of 
classes and the structure of the grouping result. The article discusses different 
cases of clusters generated on the basis of the same (identical) covariance matrix 
of variables. 

2. Methods of determining the number of clusters  

The cluster analysis literature widely presents and describes in detail many 
methods that aim to select the number of clusters [see Gan et al., 2007; Gatnar, 
Walesiak 2009; Mikulec 2012].  

The two Mojena criteria and the Wishart criterion, which are the basis of this 
work, can be found among very few procedures for (determining) the number of 
clusters (in addition to the following indices: Beale, Duda and Hart, RMSSTD or 
RS) that are dedicated to the hierarchical classification methods, for example the 
agglomeration one. Nonetheless, also other procedures mentioned in the 
introduction can be used as the selection criteria for the number of clusters in the 
agglomeration methods (see Table 1) – they differ due to the construction of the 
internal criterion for the grouping result assessment. 

Table 1. Chosen methods of determining the number of clusters in the data set a 
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Table 1. Chosen methods of determining the number of clusters in the 
 data set a  (cont.) 

CRITERION Formula, confidence interval Criterion of selecting 
the number of clusters 

Upper tail rule 
(Mojena I) 
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Tree validation 
– the criterion 
on the 
randomness of 
objects 
clustering in the 
dendrogram 
(Wishart) 
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a −n number of objects ( )ni ,...,1= ; −m number of characteristics ( )mj ,...,1= ; 
−u number of groups ( )usrq ,...,1,, = ; −qK q cluster; −−+ SS ,  number of the 

distance pairs, consistent and inconsistent respectively; ( )uBtr , ( )−uWtr trace of 
the covariance matrix, between-groups ( )uB  and within-groups ( )uW  respectively; 
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/1  measurement of dispersion for objects in the q  

group ( )qK , where for 1=t  it is the average distance of objects in the q  cluster 
( )qK  from the center of gravity, i.e. the medoid in the group, and for 2=t  it is a 
standard deviation of distance of objects in the q  cluster ( )qK  from the center of 
gravity, i.e. the medoid in the group (for the r  group the measurement rS  can be 
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,  measurement of the distance 

between the gravity centers, i.e. medoids ( )rjqj zz ,  of the q  and r  groups, 
respectively Manhattan distance for 1=p  and the Euclidian distance for 2=p ; 
( )−uD  sum of all within-groups distances; −wl  number of within-groups 

distances; −maxmin , DD  within-groups distance, respectively the smallest and the 
largest; [ ]iooix d

<
= minα , ( )−−= xnoi ,...,1,  measure of dissimilarity (of distances) 

between the clusters; −+1xα level (distance) of groups fusion in the step 1+x , 
−α average level (distance) of groups fusion, −αs  standard deviation of the level 

(distance) of group fusion; constant k , ( )2,75; 3,5k∈ ; −y  number of values of 
the level (distance) of classes fusion α in a given case, which is used to calculate 
the moving average; −xα  moving average of the α parameter value calculated in 
the step x ; −xL  correction for the delayed “trend” level (distance) of classes 
fusion calculated in the step x ; −xb „moving” meansquare slope of the trend line 
for the level (distance) of classes fusion in the step x ; −xs „moving” standard 
deviation of the α  parameter (distance) value. 

Source: based on [Mojena 1977; Wishart 2006; Gatnar, Walesiak 2009]. 

3. Assumptions and the empirical analysis scheme 

The empirical analysis of the effectiveness of two Mojena criteria and Wishart 
criterion against other four criteria, namely Baker and Hubert (BH), Caliński and 
Harabasz (CH), Davies and Bouldin (DB), and Hubert and Levine (HL), was 
conducted for: 

• 2-5 clusters, 
• 2-5 variables, 
• clusters with the following structure (100 objects): 

o 2 clusters containing 50 and 50 objects respectively, 
o 3 clusters containing 30, 30 and 40 objects respectively, 
o 4 clusters containing 10, 20, 30 and 40 objects respectively, 
o 5 clusters containing 5, 10, 15, 30 and 40 objects 

respectively, 
• clusters without noisy variables, 
• clusters generated on the basis of the same (identical) covariance 

matrix of variables, 
• Euclidian distance measure, 
• the three most popular agglomeration methods – the complete 

linkage, the average linkage and the Ward’s method. 
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As a result, 16 data sets1 were analyzed, the authors took into account 4 
variants of the number of clusters and 4 variants of the number of variables. Three 
agglomeration methods were used here, one of the analyzed data sets is presented 
on the Figure 1. 

The calculations were performed on the data sets generated with 
cluster.Gen function of clusterSim package [Walesiak, Dudek 2012] 
working in the R environment and using the ClustanGraphics 8 software 
application [Wishart 2006], and the computations scheme looked as follows: 

• Step 1, the data sets were generated on the basis of the assumptions (16 
sets) for which the correct clusters structure was known (2-5 clusters), 

• Step 2, in the ClustanGraphics 8 application the cluster analysis was 
carried out using three agglomerative clustering algorithms (48 results 
obtained), and each dendrogram result with all clustering sets of objects 
was written to a file, 

• Step 3, in the ClustanGraphics 8 application the correct number of clusters 
was determined – as a result of grouping, according to two Mojena criteria 
and the Wishart criterion, 

• Step 4, in the R environment (clusterSim) other indices for determining the 
number of clusters were calculated – Baker and Hubert (BH), Caliński and 
Harabasz (CH), Davies and Bouldin (DB), Hubert and Levine (HL) for 
divisions of 2 to 10 clusters, and the optimal result was chosen according to 
each criterion for selecting the number of classes: BH (max), CH (max), 
DB (min), HL (min), 

• Step 5, with the given result of cluster analysis – the clusters structure 
indicated by the chosen criteria of determining the number of clusters for 
each analyzed dataset – adjusted Rand index was calculated in order to 
assess consistency of objects belonging to the cluster formed on the basis of 
each criterion, and the factual cluster of the analyzed set of objects (the 
known structure of the classes), 

• Step 6, taking into account all clustering results, i.e. correct in the structure 
and objects belonging to the cluster – the Rand index values close to the 
unity, and incorrect in the structure and objects belonging to the cluster – 
the Rand index values close to zero, the assessment of the effectiveness of 
the analyzed criteria for selecting the number of clusters was done by 
averaging the Rand index values for each agglomeration method and each 
criterion. 
 
 

                                                           
1 The complete characteristic of all analyzed data sets cannot be presented in the article as it is very 

wide. 
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Figure 1. The data set generated for 4 clusters and 4 variables, and for 5 clusters 
and 5 variables a 

 
 a In the case of sets with the structure 4 clusters vs. 4 variables and 5 clusters 
vs. 5 variables, the best criteria for determining the number of clusters 
(independently from the agglomeration method) were the following ones: BH, 
CH, DB, and the Wishart criterion, all determined the correct number of clusters 
and the grouping result structure (in 100%). The upper tail rule was effective for 
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the sets above only when the Ward’s method was used. The moving average rule 
criterion determined incorrect number of clusters and incorrect clustering result 
structure for a set of clusters vs. 4 variables when the Ward’s method was used. HL 
criterion incorrectly determined the number of clusters and clustering result structure for 
the sets above. 

Source: own study using R environment clusterSim package. 

4. The results of the empirical analysis 

The Table 2 below presents, for each analyzed criterion of the number of 
clusters selection, the number of correct and incorrect indications according to the 
agglomerative clustering methods for the 16 analyzed data sets, where the clusters 
were generated on the basis of the same (identical) covariance matrix of variables. 
The results were summarized to create a basis for the assessment of the validation 
of indications determining the number of clusters for different criteria. 

Table 2. Assessment of the number of clusters according to the number of 
clusters selection criteria 

Method 
The indication 

correct incorrect 

Baker and Hubert (BH) 

Average 
linkage 10 62.50% 6 37.50% 

Complete 
linkage 11 68.75% 5 31.25% 

Ward’s 12 75.00% 4 25.00% 

Caliński and Harabasz (CH) 

Average 
linkage 13 81.25% 3 18.75% 

Complete 
linkage 12 75.00% 4 25.00% 

Ward’s 12 75.00% 4 25.00% 

Davies and Bouldin (DB) 

Average 
linkage 6 37.50% 10 62.50% 

Complete 
linkage 10 62.50% 6 37.50% 

Ward’s 12 75.00% 4 25.00% 
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Table 2. Assessment of the number of clusters according to the number of 
clusters selection criteria  (cont.) 

Method 
The indication 

correct incorrect 

Hubert and Levine (HL) 

Average 
linkage 1 6.25% 15 93.75% 

Complete 
linkage 3 18.75% 13 81.25% 

Ward’s 0 0.00% 16 100.00% 

The upper tail rule (Mojena I) 

Average 
linkage 1 6.25% 15 93.75% 

Complete 
linkage 1 6.25% 15 93.75% 

Ward’s 7 43.75% 9 56.25% 

The moving average rule (Mojena II) 

Average 
linkage 13 81.25% 3 18.75% 

Complete 
linkage 13 81.25% 3 18.75% 

Ward’s 3 18.75% 13 81.25% 

Tree validation – the criterion on the randomness of the objects clustering in the 
dendrogram (Wishart) 

Average 
linkage 10 62.50% 6 37.50% 

Complete 
linkage 12 75.00% 4 25.00% 

Ward’s 14 87.50% 2 12.50% 

 Source: own computations. 

Baker and Hubert criterion – independently of the agglomerative clustering 
method – in about 2/3 to 3/4 cases indicated the correct number of classes. 

More correct results on the indications of the number of clusters were 
obtained on the basis of Harabasz and Caliński criterion, its accuracy level of the 
correct number of clusters selection, independently of the agglomerative 
clustering method, was at least 75.00%. 
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Davies and Bouldin index more often indicated the correct number of clusters 
for the analyzed data sets when the complete linkage and the Ward’s methods 
were applied, whereas for the average linkage method the validation level of 
indications did not exceed 37.50%. 

The next two criteria of Hubert and Levine, and the upper tail (Mojena I 
criterion) did not give the correct solutions for the number of clusters selection in 
the analyzed data sets, where the clusters were generated on the basis of the same 
(identical) covariance matrix of variables. 

The level of incorrect clusters indications in the case of Hubert and Levine – 
independently of the agglomerative clustering method – exceeded 81.25%, and in 
the case of the upper tail rule misclassification rate was equal to 56.25% (the 
Ward’s method) and 93.75% (average linkage and complete linkage methods). 

On the basis of the correct indications results of clusters number for Mojena II 
criterion (moving average rule) it can be stated that in the case of average linkage 
and complete linkage methods in most cases (81.25%) it is able to determine the 
correct number of clusters for the analyzed data sets. It is specific that the moving 
average rule completely failed in the agglomerative clustering with the Ward’s 
method. 

The last of the analyzed criteria, the tree validation rule, which evaluates the 
randomness of the objects clustering in the dendrogram, indicated correctly the 
number of classes for the average linkage agglomeration method in about 2/3 
cases, whereas in the case of complete linkage and the Ward’s methods 
percentage of the correct number of clusters indications, where this decision rule 
was also used, it was equal respectively to 75.00% and 87.50%. Therefore, next to 
the Baker and Hubert and Harabasz and Caliński criteria, it should be recognized 
as the most stable and effective one. 

It should be emphasized that the correctness (frequency) of the number of 
clusters indications by the different criteria is the main, however not the sufficient 
premise for the “quality” assessment, i.e. relevance of the considered criterion for 
selecting the number of clusters. The most important is the consistency of the 
grouping result in the term of objects belonging to the respective cluster, and 
therefore consistency of the clustering result with the known clustering structure 
in the generated data sets, for which the assessment based on the adjusted Rand 
index was taken. 

Therefore, Table 3 presents the consistency assessment of the clustering result 
with the known clustering structure, which is based on the average of adjusted 
Rand index values with respect to each of the agglomeration methods and each 
criterion. 

The averaging operation was made with taking into account clusters structure 
for all clustering results, i.e. the correct and incorrect number of clusters 
indications for each criterion, that are related to all 16 data sets (see Table 2). 

Thus, in the effectiveness assessment two aspects should be included – the 
number of "good" and "bad" solutions (clustering results) indicated by different 
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criteria for selecting the number of clusters and the consistency of each grouping 
result with the known structure of the classes. 

Table 3. Consistency of the grouping result according to the number of clusters 
selection criteria 

METHOD Criterion 
Average value of  
adjusted Rand’s 

index 

Average linkage 

Baker and Hubert (BH) 0.904 
Caliński and Harabasz (CH) 0.919 
Davies and Bouldin (DB) 0.871 
Hubert and Levine (HL) 0.713 
The upper tail rule (Mojena I) 0.459 
The moving average rule (Mojena II) 0.945 
Tree validation – the criterion on the 
randomness of objects clustering in the 
dendrogram (Wishart) 0.946 

Complete 
linkage 

Baker and Hubert (BH) 0.888 
Caliński and Harabasz (CH) 0.887 
Davies and Bouldin (DB) 0.859 
Hubert and Levine (HL) 0.778 
The upper tail rule (Mojena I) 0.354 
The moving average rule (Mojena II) 0.905 
Tree validation – the criterion on the 
randomness of objects clustering in the 
dendrogram (Wishart) 0.890 

Ward’s 

Baker and Hubert (BH) 0.894 
Caliński and Harabasz (CH) 0.894 
Davies and Bouldin (DB) 0.905 
Hubert and Levine (HL) 0.622 
The upper tail rule (Mojena I) 0.771 
The moving average rule (Mojena II) 0.602 
Tree validation – the criterion on the 
randomness of objects clustering in the 
dendrogram (Wishart) 0.943 

 Source: own calculations. 
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5. Conclusions 

Taking into account the results of the analyzes (see Table 2, Table 3) it can be 
stated that from the selected procedures aiming to determine the number of 
clusters, the most effective for the agglomeration methods are two of three criteria 
which are dedicated to the agglomerative clustering algorithms. 

In the case of using medium linkage rule, high correctness in the indications 
of the number of clusters and the highest average consistency of the clustering 
result with the known clustering structure were obtained for the Wishart rule – the 
criterion of the randomness of the objects clustering in the dendrogram (0.946). 
Also, Mojena II criterion of the moving average gave high correctness and 
consistency (0.945). Moreover, in the cluster analysis using the complete linkage 
method high correctness of the grouping result and the highest average result 
consistency with the known classes structure was guaranteed by the same 
criterion (Mojena II, 0.905). The Wishart criterion on the randomness of the 
objects clustering in the dendrogram was characterized by a comparable high 
correctness and consistency (0.890). However, in the classification using the 
Ward’s method, only Wishart criterion – tree validation (0.943) gave high 
correctness for the number of clusters indication and the highest average grouping 
result consistency with the known classes structure. 

The conducted study shows that Mojena I criterion of the upper tail is 
absolutely ineffective in correct determination of the number of clusters, and 
recognition of the structure of objects belonging to the clusters. The grouping 
result consistence for the analyzed data sets and the mentioned criterion in the 
case of the medium linkage, complete linkage and the Ward’s methods were equal 
to (0.459), (0.354) and (0.602) respectively. 

Among other methods of selection of the number of clusters in a given data 
set, the following two criteria should be mentioned: Baker and Hubert (BH) and 
Caliński and Harabasz (CH), both characterized by high correctness of the 
number of clusters indications and consistency of the grouping result with the 
known class structure. Moreover, Hubert and Levin criterion usually erroneously 
determines the number of clusters. 
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