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1. Introduction

Economic data displays a varying degree of votgtilAt times time
series data produced by economic systems is ckassd by a very small
variance only to experience an unexpected transitiom to a newregime
characterised with a much higher variance. Examples explanations are
abundant ranging from time series data generatedinaycial markets and
exchange rate markets, to aggregate macro-levednaigss. In this paper, we
use a tractable general equilibrium model to exphaiy the degree of volatility
of an economy can be time-varying. More importantlye argue that the
volatility is fully endogenous and it reflects pate choices afational
economic agents. Specifically, we show that thecgmions ofrational
economic agents with regard to the volatility oé taconomy can serve as an
equilibrium selector. In particular, we argue tifatational economic agents
believe that the economy exhibits a significantrdegof volatility, then they
react, given their beliefs, appropriately and buwijd buffer stock savings. This
endogenously effects the process of physical dafotanation and in turn
resultant macro-level dynamics. Naturally, we eadinat the beliefs form an
equilibrium as well, ie we show that the ensuingradevel dynamics display,
in equilibrium, the degree of volatility equal tbat originally expected by
rational economic agents. On the other hand, we showfthational economic
agents expect the economy to be stable and thesfthube predictable, then
they respondationally and choose not to build up buffer stock savindsclv
endogenously affects the process of physical dajpitenation and in turn the
dynamics at the macro-level. We show, in this cabat the resulting
macro-level dynamics is characterised by virtuallyo variance verifying the
original beliefs ofrational economic agents and ensuring that the beliefgare
equilibrium. In other words, we show in this papeat the degree of volatility
of an economy is endogenous and it can be chos#rnnwihne system by
rational economic agents.

The approach presented in this paper differs sotregdy from that,
exemplified in a modern and sophisticated treatmehtBloom (2009),
employed in the rest of the literature. Specificalle model the process of the
selection of volatility endogenously and we do raly on exogenously given
probability distributions to trigger the transitidrom oneregimeto another.
More importantly, in our model the degree of vdiitiis selected consciously
by rational economic agents and is not driven by a specificiogh of the
underlying parameters. In other words, the obsema@dtility in our model
reflects the private choices, in response pe&rceived volatility, of actors
operating within the system and not a peculiar doawalues for the underlying
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parameters. Naturally, we formally construct anildgiium and ensure that the
actual and theperceiveddegrees of volatility coincide. Furthermore, insth
paper we present a novel mechanism that allowsléigeee of volatility to be

determined within the system without relying on #wstence of exogenous
coordination devices and, thus, our approach camidwed as distinct and at
the same time complementary to that describedarstimspot literature.

We cast our results in a simple framework thatvedldor endogenous
determination of the space of beliefs of econongenés. To achieve our
results, we allow without ever departing from coetelrationality for the
possibility of endogenous instability in our mode€his is done by introducing
naive agents, originally described by Grossman & Stgli1980), into the
space of beliefheld byrational agents. Formally, in our model all agents at all
times are fullyrational. However, the assumption of common knowledge of
rationality is relaxed, andational economic agents are allowedgesuppose
and in equilibrium they do, that some other ageats benaive Naturally, in
equilibrium all agents armational and no agent ieaive asnaive agents exist
only in the space of beliefof rational agents, not in reality. Naturally, in
equilibrium, the absence from reality naive agents cannot be detected by
rational agents as in equilibrium the observables behavierasve agents were
present even though in reality they do not exist.

In the conceptual sense, our paper is closelyeelti a very recent and
elegant contribution by Eyster & Piccione (2012)ovdtudy asset pricing when
economic agents are boundedftional and possess an incomplete picture of
the economy, but at the same time remain statilsticarrect and their beliefs
with regard to values of prices conform to thoseuaty observed. In this
paper, we utilise a similar approach; our agent fbeliefs with regard to the
operational structure of the economy; given théebglthey actationally and
their actions form reality. Moreover, given the ibfd, rational economic
agents are able to derive therceivedand, at the same time, complete structure
of the economy, ie our agents know the model. feuntiore, we show that the
dynamics generated by an economy described witlpeheeivedstructure can
be identical to that observed in reality. In thense, the beliefs @l agents in
our model are verified in equilibrium and remaimtwstically correct at all
times. Furthermore, the critical distinction betweeur model and that
of Eyster & Piccione (2012) remains as agents @irtmodel areboundedly
rational and agents in our model &uly rational.

In a similar vein, our contribution differs fromahof Kurz & Motolese
(2011) who explain the endogenoity of risk prentat rely on a framework
with heterogeneous beliefs and market dynamicschwhs by assumption too
complex to be learned by economic agents. In thgep we show, however,
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that volatility can be endogenous without limitiriige learning abilities of
economic agents. Moreover, in our model, agentsquilibrium, hold identical
beliefs.

Recently, Eusepi & Preston (2011), who study aissieally correct
feedback mechanism between private decisions ahitr®-level and aggregate
dynamics, contributed a sophisticated model thaival shifts in expectations
of economic agents to account for macro-level dynarand the expectations
themselves to be partially validated. The modek@nged in this paper shares
similar features; nevertheless, the key differemeenains. In our model
economic agents artully rational and are able to derive the correct link
between their private actions and aggregate dyramihereas in their
contribution, economic agents dreundedlyrational and do not understand the
link between their private actions at the microeleand aggregate dynamics
and must exclusively rely on statistical meansdofy the consistency of their
beliefs.

The contribution of Calvet (2001) shows how diffaréevels of volatility
can arise endogenously in simple OLG economies runak/ing degrees of
market incompleteness. The results of Calvet, hewevnge on the values of
the underlying parameters being numerically propethis paper, on the other
hand, we show that actors who operate within tiséesy can influence the
degree of aggregate volatility by taking specified aequilibrium-consistent
actions.

Our contribution from a formal perspective providesonstructive proof
that the notion of a self-fulfilling mistake origily described by Grandmont
(1998) canfind support in eational framework. Specifically, we show that
economic agents, by expecting a given degree oatilit} of aggregate
dynamics, can adjust their private actions accgigliand can in fact influence
aggregate activity sufficiently to ensure that dhservables conform to the
expected degree of volatility. In that sense, agemtour model are always
correct as their beliefs imply and remain consistent witle observables.
However, at the same time, agents in our mauelas their beliefs do not
correspond to the objective truth, as agents in model, in equilibrium,
presupposé¢hat some other agents ai@veeven though that it is not the case.

The main findings of our paper can be thought odma®xtension of the
results obtained by Sorger (1998) who shows that fttm of macro-level
dynamics can be selected by expectations of ecanagents. Specifically,
Sorger argues that the path followed by the intenra@® can be endogenously
shaped by the beliefs and belief consistent actareconomic agents, and it
can exhibit random behaviour if economic agentsekjt to be random. In this
paper we obtain analogous results, but with regatte degree of the volatility
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of an economy rather than with regard to the pdtthe interest rate. More
importantly in Sorger's contribution, agents boeindedly rationglwhereas our
results hold in a fullyational framework. Formally, Sorger derives his results
under a weaker equilibrium conce@E as defined by Hommes (1998); our
results, on the other hand, hold InREE as originally outlined by Lucas
(1972).

From the technical point of view, our results atgamed in a general
equilibrium model based on Matsuyama (1999) andeRy@010). Moreover,
our contribution extends the findings of Dudek (20&nd shows that more
profound results hold if one allows for risk aversiof economic agents.
Specifically, we show thaterceivedvolatility determines actions of risk averse
andrational individuals. Furthermore, we show that the impgddhe perceived
volatility on individual actions and the ensuinguéiprium dynamics can be
sufficient to ensure that the economy exhilaitsual volatility identical to the
perceived one, and, thus, ensuring that the betiefsconomic agents are in
equilibrium and at the same time determine theakegf aggregate volatility.

In addition, we want to emphasize that our contrdyu touches on
a different point than that brought in more tramhdl approaches to the issue of
endogenous instability and time-varying volatilithormally, authors, see
Brock & Hommes (1997), make a point that the econp@an be temporarily
attracted to a given region and display low valatibnly to escape, without any
external stimuli, to a different basin of attractiwhere the displayed volatility
is much higher. Such a process of endogenous sagichan continue
indefinitely, and the observed volatility can bmé+varying even if shocks do
not occur. In this paper, we make a drasticallyed#nt point. Our results do
not rest on the properties of the underlying dyramsystem; they are driven
by conscious actions ofational and fully optimising agents who form
expectations, verified in equilibrium, with regaadthe degree of volatility.

There are in total six sections in the paper. $ectivo outlines the
model. The following section defines the equililbniuConsistency of beliefs is
established in section four. Additional results discussed in section five.
Finally, section six concludes.

2. Model

We cast our nding in a standard general equilibriomacro model.
In particular, we rely on a version of the Diamofd®65) OLG model with
a continuum of measure one of agents entering ¢cbeoeny each period. We
assume that the preferences of ageat[0,1] born at timet are represented
with the following utility function:
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U(Ci,t' Cé,t+1) = —e "t — ﬁite_cé”l. (1)

where ;. is a random variable independent across time anolss agents,
representing a preference shock of agenf{0,1] at timet. To shorten notation
we denotelog(ﬁl-,t) with ¢; .. Furthermore, we assume that each petjeds
independently drawn for each agent from distribufiq( ) such that:

[oe)

f_oo Eit dEs(gi,t) = E. (2)

In addition, we assume that a given agent bormegttearns income,,,
which can be thought of as labor income in the fieriod of her life, and that
she receives incomg, .1, which can be interpreted as profit income in the
second period of her life. Naturally, the agentnsarin the second period,
a return on her saving. Consequently, we can egpties relevant budget
constraints as:

P1,tC{,t + st = Vit
| peKia=st 3)
Pz,t+1cé,t+1=(pt+1(1 -6) + rt+1)Ktl+1 + Y241

wherep, , denotes the price of a unit of consumption, vallgdoung agents,
in periodt, p,..,; denotes the price of a unit of consumption, valbgdld
agents, at time¢ + 1;r,,, denotes the rental price of capital at titne 1, and
finally p¥ andpk,,; denote the prices of a unit of physical capitdirae t and

t + 1, respectively. Observe that we have assumadptinysical capital is the
only saving instrument.

It is our desire to present our results in the $astpframework possible
even though our underlying problem is fundamentatip-trivial as it involves
searching for a fixed point in an environment chteased by heterogeneous
beliefs. Accordingly, to preserve analytic tractiypiof the model and to ensure
that the key equilibrium variables can be expressl closed form solutions,
we assume that physical capital depreciates féiér ane period, ie that:

5=1. (4)

The problem of agentborn at time is to form assessments of her future
income and to choose the optimal amount savedanatttiin general, agents in
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our model must deal with uncertainty as the fuiammes are not known in
advance. Consequently, we assume that agents peeted utility maximisers.
Now, given the assumptions we can express the groloif an agent € [0,1]
born at time whose information set is denoted with:

, . . i i ;
maxge \E[U(che chen)104] = —e~kt — B, E e~k 0], 5)
S.t.
i Yir Pt
Ci,t = Kt+1
Pit  DPit (6)
Ci — Tt+1 i I3’2,t+1
2,t+1 P2,t+1 t+1 Pz,t+1'

Obviously, we can rewrite the problem describechwguations (5) and
(6) in an equivalent form as:

Yit_ Pt r i Y2, t+1
( Km) (g, aze)
. _ P1t Pt t+1 i
maxg. - e BiE |e \Pzt+1 p2+1/ | QL. (7)

Naturally, the relevant first order condition ivgn by:

k
Yit_ Pt ) (r ) t+1)
k Yit_ P 41 i ,
t+1 Kiyq+ .
P, (Pu Pt ﬁltE[rt+1 P2t+1 T D241 |”él_ 8)

P1,t P2t+1

The above efficiency condition defines implicitlizet optimal amount
saved by agentat timet. The condition appears be, in general, non-tréetab
However, the specification of the supply side inr anodel, based on
Matsuyama (1999) (see Dudek (2010) for detail$dwed us to derive a closed
form solution fork}, ;.

Observe that to solve foi/,,, agenti must form assessments
of the values of two period+ 1 variables. In particular, the agent at tinmeust

assess the real value of the future real rentaépof capital% and the real
2,t+1
2,t+1

value of her future mcomg— Typically, those future variables of interest

are complicated functions of future fundamentalswever, in our model, again
based on Matsuyama (1999) and described in deyaiDidek (2010), the
relevant expressions take a very simple form. Sigally, we have:
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T,
Ve — = 4 9)
P2t+1
and
V224 = BAK, .4, (10)

P2,t+1

whereA andB are constants an ., denotes the value of period 1 capital
stock, given in equilibrium by, ,; = f t+1 . Naturally, the functional
form of (10) reveals that the aggregate producfum:tion assumes a linear
form at a certain stage of production, again se&siyama (1999) and Dudek
(2010) for a detailed description.

Furthermore, the specification of the supply sid@ur model allows us
to establish that:

Vi 2 -1 (11)
Pt
and
Yue _
Vt: o AKE, (12)

where 4 is a constant and € (0,1). Naturally, the functional form of (12)
reveals that the aggregate production functionraesua Cobb-Douglas form at
a certain stage of production, again see Matsuyd®@9) and Dudek (2010)
for a detailed description.

Obviously, our assumption of completgionality implies, in particular,
that all agents at all times are aware that prageei(©), (10), (11), and (12)
hold, which can be formally stated as:

. Tt+1 Y2,t+1 _ k 3/1t _

DP2,t+1 Pz t+1 P 1,t P1,t

which in turn allows us to express the first ordendition, (8), as:
e_(AKg—Ktiﬂ) = BiE [Ae_(AKti+1+BAKt+1)|_Q£]_ (14)

Now, using simple properties of the exponentialkction, we can, noting
thatK/,, € 02}, rearrange equation (14) to:

e—AKtaeKtiH = ﬁit/le_AKtiHE[e_BAK”l|.Q£], (15)
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which now allows us to identifif/,, as, recall that;, = log(By. ).
Klq= ﬁ{ei,t + log(A) + AKZ + log(E[e~B4Ke+1|0f])}. (16)

In what follows we assume for purely aesthetic oeashat the valdeof
A, defined with equation (9) and reflecting deeparameters of the model
described in detail in Dudek (2010), is equal t&€ansequently, we can rewrite
eqguation (16) in a more transparent form:

Kt = %{ei,t + AKZ + log(E[e B+ |0f])}. (17)

Observe that, given the simplicity of the modelstive explicitly for the
optimal amount saved/, ,, agenti must, at time, given her information set
0k, form an assessment of a sinfyleure variable K, ;.

In fact,K; ., = fol K,:j+1 dj is determined at timeand, naturally, it reflects
private saving decisions of all agents [0,1] taken at timd. Nevertheless, in

this paper we assume thgt, ; is not known to agerite [0,1] at timet; ie we
have:

Vt,i: Ky & 0L (18)

In other words, we assume that agents at tind® not knowk;,;
however, they are of course aware thhe actual value ofK,,

= J, K], dj reflects theirprivate actlons{Kt’H}jE[O’ﬂ taken at time, and

naturally they explore the link between thaiivate actions and the value of the
aggregate capital stock in their decision makingcess. Alternatively, we can
state that economic agents in our model understhadl private saving
decisions at timé determine the aggregate capital stock at timé.. However,
they do not not obser¥@rivate saving decisions of other agents at tirand
consequently are not able to firk, by a simple aggregation proces§,,

! Our choice of a numerical value fat just eliminates a constant from the equilibrium
equations without affecting the main findings.

2 It is impossible in this model to infer the amoimiested by observing the relative price of
capital as by assuming economic agents in our meae¢ the unconsumed part of their
purchases, and consequently the relative prickvesya equal to 1.
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= fol Ktj+1 dj, in real time at timé. Naturally, we assume that the valuekpf,

becomes common knowledge at tilme1, ie we have/'t,i: K., € 0%, .

The optimal amount saved by agenis dictated by equation (16).
Moreover, being fullyrational, agent is aware that analogous equations dictate
the behavior of other agents [0,1]. Consequently, agemntcan easily derive
the relationship that describes the evolution efdggregate capital stock across
all agents. In particular, we have:

1.7 .
Kiy1 = fo Kt]+1 dj =

%{fol & ¢dj + AKS + fol log(E[e BXe+1|0l]) dj}. (19)

We have already assumed tiat ; is not observable by agenat timet.
However, agent is aware that relationship (19) holds. Conseqyeiaifenti
can attempt to infer the actual value Kf,; by searching for a fixed point
defined with equation (19). Naturally, finding thetual value oK;,, need not
be simple, as the information sets are not idelnéiceoss agents, and typically
requires agents to form expectations of othersetgtions then averaging them
out and consequently solving an algebraic equat8uch problems are not
trivial as originally pointed out by Townsend (1983nd more recently by
Hellwig & Veldkamp (2009). However, in this papeevassume that agents do
embark on problems of that complexity.

3.  Equilibrium

The evolution of the state variable is describeithwguation (19), and the
individual behavior of agent € [0,1] is dictated by her best response
represented with equation (16). In this sectionuse the two equations to find
the evolution ofK;} in equilibrium.

Naturally, there is a well established procedurat thllows to solve
equation (19). Specifically, typically it is assuinthat all agents aneational
and that it is common knowledge that they astional. Given those
assumptions it is possible to identify, which weldow, the equilibrium path.
Occasionally, authotsdepart from the assumption eémplete rationalityand
postulate dierent forms difoundedly rationabehaviour and then solve for the
equilibrium accordingly. In this paper, we take &dhe ground. We always

® There exist numerous contributions that resottdonded rationality See Eyster & Piccione
(2012), Eusepi & Preston (2011), Kurz & MotolesBX2), and Sorger (1998) for examples of
approaches relevant to the topic of this paper.



Volatility as a Choice 81

adhere to the assumption obmplete rationalityon the part of all agents.
However, we relax the assumption ebmmon knowledgeof complete
rationality and solve for the equilibrium accordingly.

Observe that there is no extrinsic aggregate umiogytin the model. If
anything, we only have idiosyncratic noise that less out in equilibrium
subject to the qualication of Judd (1995). Themfdr might be reasonable to
assume thak,,, is not random. Formally, {{K;,} is not random and this fact
is commonly known (more precisely it constitutesnomon knowledge) then we
can simplify equation (19) to:

Keer = {J, gedj + AKE + [ log(e~B¥er1) dj}, (20)
which in turn reduces to:

1 1 .
Keer = 7= 1{f, &edj + AKE), (21)
and further, noting (2), to:
Kess = 5,5 (& + AKE). (22)

Naturally, equation (22) confirms that indedd,; is nonrandom,
verifying the initial belief commonly held by ecam&c agents. More
importantly, equation (22) implies that the econatopverges to a steady state
with a fixed value of physical capital implying pesisymptotic volatility.

In other words, the solution to our problem, thexfomf the equilibrium,
can take a particularly simple form. If economieaig areational, and it is
common knowledge that they percekg , as nonrandom from the perspective
of periodt, then indeed;,, is deterministic and converges to a steady state.
However, we argue below that it is not the onlygiafity. In particular, we
show thafK,} can exhibit permanent volatility consistent witfeats' beliefs.

Equation (19) that determines the evolution of thkie of the economy

wide capital stock is affected by the beliefs obreamic agents{!){'}je[0 "

Consequently, our assumptions about the structutleedbeliefs are crucial for
the determination of thactual law of motion. We have already argued that in
the case when all agents amdional and it is common knowledge that all
agents areational and perceivgK,,,} as nonrandom, then equation (19) can
be easily solved implying, in particular, a nonramdvalue ofK;,,} validating
the initial belief. However, agents while remainiiad)y rational can hold other
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beliefs with regard tdK;,,} and the behaviour of other agents. Specifically,
a givenrational agent,i € [0,1], who is naturally aware of the form of equation
(19), can express doubts about the ability of otngents toprivately solve
equation (19), which involves heterogeneous infaionasets. Observe that
agents in our model do not obseprévate actions of other agents. Therefore, it
need not be always proper to outright believerédional agent,i € [0,1], that
the remaining agents arational as well. If anythingrational agent,i € [0,1],
can eventually learn that remaining agentsrat®nal as well by performing
proper tests on observables, sefi€s},.;. Furthermore, if doubts with regard
to rationality of other agents are actually expressed, thenemgational agent,

i € [0,1], must take into account her beliefs and solve accorgfirffigt the
equilibrium. Naturally, it must still be the casegiven the assumemtionality

of agenti € [0,1], that the beliefs remain consistent with the olesiglas.

In other words, the solution to equation (19) isyv@mple if we assume
that all agents anational and it is common knowledge that they are. However,
as we argue below, the solution can be much mamplEx in the case when
one of the two assumptions is relaxed. Both assomgtcompleteationality
on the part of all agents and the fact that ibisimon knowledge that all agents
are rational have been criticized. In particular, in a recemntdbution
Strzatecki [22] explores how outcomes are affectiedhe assumption of
common knowledge afationality is relaxed. In this paper we follow a similar
path. We adhere to the assumptiorraifonality on the part of all agents, but
we choose to lift the assumption thaationality constitutes common
knowledgé&. Formally, we make the following assumption.

Assumption #1. At all times all agents are fudltional However, it is not
common knowledgéhat they are.

Let us now proceed by describing the mind set,bibléef structure, of
rational agenti € [0,1], who maintains at timethat:
* agentsj € [0,x] U {i} are fullyrational as well and share her view of
the world;
* agentg € [x,1]\{i} arenaive and use simplied rules to assess the
values of future variables;

* See Caremer et al. [5] for an illustration of whaturs if that is not the case.

® These words are being written at the time of th&@32North Korean crisis. Contrary to the
standard practice the US policy makers are hesitaassume that the other partyasional.
Consequently, theationality of the other side or its lack has become the key determinant of
the American best response.
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* agentg € [x, 1]\{i} arenaiveand are aected by a common preference
shock.

Furthermore, we assume thational agenti € [0,1] considersx to be
a time-invariant constant common to all agents. édwger, rational agent
i € [0,1] believes thahaive agents who exist in proportidn— x find equation
(19) to be too complex and are not able to sole éfuation in aational
manner. Consequently, they resort to basic ecorranestercises to assess the
value of K;,,. Specifically, agent believes thataive agents each period
estimate with a simple OLS technique the coeffigeof the following
relationship:

K‘L’+1 = I? + p(KT - I?) + V1, (23)

wherev,,, for T <t — 1, denotes the error term.

Let K andp denote the estimates Bfandp using the sample of available
data. The estimates simply correspond to the samm@an and first order
autocorrelation ofK, — K,.,_,; and are in equilibrium time-invariant. In
addition, letE,() be the distribution of the error term. Naturalye assume
that rational agent, i € [0,1], believes that naive agents are good
econometricians, ie that they usevall specified model with the error term,
v;4+1, UNcorrelated across time.

Naturally, a givenrational agent,i € [0,1], has the capacity needed to
mentally redo the exercise ohive agents who are jugtresupposedo exist.
Specifically, it is still true that the intertempdrchoice of a givemaive agent,

j € [x, 1], are dictated by an analog of equation (16), ghweliow:

1’(tj+1 = %{sj,t + AK® + log(E[e‘BKt+1|.(2£])}. (24)
However, now rational agent,i € [0,1], believes thatnaive agents,
j € [X, 1], use the results obtained with their economei@rases to assess the
value ofK;, ;. Consequently, we can write:

Kevn =K + ﬁ(Kt - 1?) + Vrt1 (25)

which when combined with equation (24) yields:

K! %{sj,t + AKE + log (E [e‘B(’?+’A’(Kt"?)+"T+1)|.(2£D}. (26)

t+1
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Now, using basic properties of the exponential fimmcwe can, noting

=

thatk + ﬁ(Kt - K) is not random, rewrite the above relationship as:

joo_
Kiyi =

1 - = _ ; (27)
~{ge + 4K - B <K +p(K. - K)) + log(E[e 2"+ 0]])},
which further reduces — note that we assume thataave agents follow the

same steps hence they share the knowledge of $trébdtion ofv,,,; — to the
following:

Kl =3{ge + AKE - B (1? +p(K, - 1?)) + 02}, (28)

where
o2, = log ([ e B¥+1dF, (ve41)) (29)

is a constarit

Equation (28) defines the optimal amount saved Igyvan naive agent,
j € [x, 1]\{i}. We want to emphasise again that no agent in thadehactually
behaves in line with equation (28), lagive agents whose behaviour equation
(28) captures are jugresupposedo exist. In fact, equation (28) represents the
imputed, byrational agents; € [0,1], behaviour ohaive agents € [x, 1]\{i}
who do not exist.

Now, rational agent,i € [0,1], can use equation (28) to find the amount
invested by alhaiveagents. Specifically, we have

X

1 i . 1 . - = A
Ky = J Kl dj =2 [ edj + =2 {AKE — B (1{ +p(K, -
R)) + a2}

Recall that the objective truth by assumption, #équna(2), is that
{eir = log('gi't)}ie[o ,; arei.i.d random disturbances such that the meas of

(30)

® Note that typically the distribution efis not normal. Hence, we cannot simplify equa(@29)
further. Moreoverg?, is not quite proportional to the variance wfthus, the subscrigt
rather tharv. Neverthelessr?, is always a constant.
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is equal tcee. Therefore, we can always write, subject to thaligation of Judd
(1995), that:

— ["dj = g, (31)

and, in turn, simplify equation (30) accordingly this paper, however, we
follow a dierent approach. Specifically, we assuha a giverrational agent,

i € [0,1], believes thahaive agents are impressionable and they are subject to
waves of optimism and pessimism similar in natoredgntiments described by
Angelatos & La’O (2012). Consequentlyational agents believe that the
preference parametefs;,} of naive agents rather than beirigid. in nature
evolve in a correlated manner. Note that thosenagBans are made on the
beliefs of therational agents with regard toaive agents who in fact do not
exist. For analytical convenience we assume tatinal agents believe that
naiveagents at a given point in time are all hit witle same preference shock.
Formally, we have:

vj € [x, 1\{i}|¢;; = &, (32)

wheree, is drawn from a specic distributigri?,( ). Naturally, we assume that
the preference shock purportedly affectingive agents at timet is not
observable byational agents at timg ie:

Vt,ile, & 0. (33)

Furthermore, we assume thaational agents believe that; is
uncorrelated across time.

Naturally, we can now, given thecorrect belief of rational agents,
translate equation (31) to:

1 1
1-x7X%

g cdj = E, (34)

which allows us to express the amount investeddiyeagents as:

" Observe that formally there is no reason to assimaig?, () is in anyway related té ()
as the former exists only in the space of beli¢fational economic agents and the individual
preference shocks of other agents are not observabl
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=

Ky =2{e + oF, + AKE — B (1? +p(K, - K))} (35)

So far we have characterised the behaviouradfe agents as perceived
by rational agents. Now, we determine the actual behaviouwatodnal agents.
Note that the individual investment @&tional agent,i € [0,1], is always given
by:

KL, = ;{ei,t + AKZ + log(E[e~B¥e+1|0i])). (36)

Furthermorerational agent,i € [0,1], recognises, given her beliefs, that
the value of the period+ 1 capital stockkK,, ;, is jointly determined by actions
of rational and naive agents. Consequently, we haie,, = KX, + K1,
whereKkf ; denotes the level of investmentrafional agents and& /., denotes
the level of investment ohaive agents. Now, using equation (35) and
recognising that alfational agents share the same view of the world, it is
straightforward to establish that (see AppendixoA details) the total amount
invested by rational agents — as perceivedalipnal agent; € [0,1] —is:

_ L s
KEy =——{ok +&— B0}, +(1-2B) AKS +
252 (R + (k- X))} =0
2 t :
where
o _pl=%
ofe=[__e BZed . (ep). (38)

Consequently, the total investment at timaccording to aational agent,
i € [0,1], is given byK, ., = K£.; + K}.;, which leads to:

X

2+BX

2 N 1-x 5 1 a 1-x =
(Ul'f + 5) * oz Oy T iz AK; 2+B)?B (K +

ﬁ(Kt - I?)) +1%f£t.

Kiy1 =

(39)

Naturally, now, we can write the amount investedabginglerational
agent, € [0,1], as:
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ZUfS—BZE—B(l—f)UfU 2—(1-%)B
2+BXx 2+BXx

p(K. - 1?))}

Recall that a giverrational agent believes thataive agents exist in
proportion 1 —x and are affected by waves of optimism and pessimis
modeled as a common preference shgck Accordingly, arational agent,

i €[0,1], believes that actions ofiaive agents destabilise the economy.
Specifically, given the mindset afational agent,i € [0,1], this instability

manifests itself with the error ternlclg—Jz &, In equation (39), which describes the

aggregate law of motion of state variablg}. In other wordsrational agents

believe that correlated preference shocks affestbgghaviour ohaive agents

and in turn feed into the aggregate dynamics. Méyyrational agents, given

their mindsets, take this uncertainty into accoumttheir decision-making
process. Believing that the aggregate capital stollaws a random process,
rational economic agents build buffer stock savings. Thtfonal response to
perceived uncertainty is captured, in particulay, d:fg in equation (40)

describing the optimal behaviour @tional agent; € [0,1].

Equation (39), describing the evolution of the estadriable, reflects the
mindset ofrational agent,i € [0,1]. In other words, it constitutes the perceived
law of motion of the aggregate variable. Nevertbgl¢he actual law of motion
is different. Recall that by assumption all agearsrational and some agents
are justpresupposedo benaive Therefore, the true value of the aggregate

variable at timet + 1 is given byK,,,; = fothini, where K}, ,, given by
equation (40), represents the investment of a eirgjlonal agent at timd.
Aggregating across all agents and noting that pespecific preference shocks
{e;+} arei.i.d. in nature, we can write the expression descritiregactual law
of motion as:

; 1
l —_
Kiy1 = E{Si,t +

2(1—% =~
AKZ + 24 ’”(K+

2+BX

(40)

1 — 1-x 1-x

2+BXx
X p? (1? +p(K, - 1?))}

The actual law of motion, equation (41), is affelctley a series of
parameters. Those parameters can be split intoradeeategories. Some
parameters:B, A, & and a reflect the fundamentals of the economy,
preferences, resources and technology, and areyslfiseed and cannot be

(41)
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changed by economic agents. The parameisrdifferent in nature. It reflects
the beliefs ofrational economic agents. Consequently, its value can desan
chosen by economic agents. Naturally, the choice miust be such so that the
beliefs remain in equilibrium themselves. In otheords, X is not really
a parameter but rather an equilibrium variable vehadue ensures thedtional

economic agents do not want to revise their beliefsthermoregy,, K andp
are not really parameters but rather endogenousbkes whose values are
determined in equilibrium and are time-invarianechll thatk andp are
obtained as OLS estimates of the cofficients equnatl3) using sample data,
anda/, captures the degree of variation of the erromnftoe same equation. In

other words, parametess,, K andp depend on the sample data obtained with
equation (41) but at the same time influence equgidl). Consequently, they
must be considered to be endogenous variables wtadses are not directly
affected by consumers. Finally, the parameferreflects the beliefs aftional
agents and, consequentby,priori it can assume any value. However, it also
affects the actual law of motion and its value nhessuch to ensure that values
generated by the actual law of motion are condistéh the assumed value of
o’ In other words, it must be again the case thabdliefs ofrational agents
remain in equilibrium.

In particular, note that agents' perceptions waidjard to the volatility of
the system affect the actual law of motion as tesfhsand g, capture the
rational response, which is buffer stock saving, of agettsperceived
uncertainty.

Naturally, the evolution of the state variable &ptured with equation
(41). However, to truly complete the descriptiontioé equilibrium, we must
show that the beliefs of agents remain in equilitorias well. We embark on
this task next.

4. Consistency of beliefs

Observe that, in fact, the true values of the staeable are always
dictated with equation (41), which is differentritrahe perceived law of motion
given by (39). Moreoverational economic agents are assumed to use standard
mathematical tools to derive equation (39) and aevinced that the state
variable follows (39), whereas in fact it obeys )(4Naturally, rational
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economic agents in our model are incoftedtherefore, to ensure that the
economy remains in equilibrium, we must show tiagibnal economic agents
do not have any incentive to revise their beliedswe must show that beliefs
held byrational economic agents remain in equilibrium.

First observe that thactual values of the state variable follow equation
(41) and are observable. Moreover, note tatibnal economic agents are not
aware that equation (40) exists. Neverthelesspmatiagents can, at tinte
collect data on observables, seque{ﬁ,e}m and can attempt to reconcile the

observables with the perceived law of motion. Sisdly, at any point in time
a rational economic agentj € [0,1], can confront her privately derived
description of reality, equation (39), with obsdnes {I?T}Tq. Such

a confrontation can always be successful. It sedfito assume that the
sentiment shocks affectin@iveagentsg;, assume proper values given by:

2 = 1 _ _ _ -~
(1-%)B (1? + ﬁ(KT - 1?))}
Naturally, equation (42), given observab{éTs}T<t, implies values ot,

and we must ensure that these values form a h@éstogonsistent with the
assumed distribution of shockg, (). Furthermore, given the assumed beliefs
of rational agents we must show that the implied values ofclshoare
uncorrelated across time. Finally, we must show tiina actual volatility of the
system corresponds to that expected by economiatsag8pecifically, recall
that parametersrfg and af,, capture the response of agents to perceived
volatility and at the same time affect the actaaV lof motion. We must show
that the true volatility of the system implies tithe values o7 and g,
implied by the actual law of motion correspondhoge assumed.

To prove that we are indeed in equilibrium we nmalstw that the set of
observables and the beliefs held by economic agemnts a fixed point in
a multidimensional and multilayer space. We startdescribing the set of
beliefs ofrational agents and then argue that the beliefs are irlileguim, ie
thatrational agents do not have any incentive to revise theliets or to alter
their perceptions of the world.

Recall tharational agents, in particular, believe that:

(42)

8 Furthermore, undetectable errors maderdmjonal agents in our model are non-trivial as
a givenrational agent would change her behaviour and thus incréasepayoff if the
objective truth was revealed to her.
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* at any point in time the fraction ohiveagents is equal tb— x;

* naive agents are affected by a common and time-indepénde
preference shock,, drawn from distributioi?, ( );

* naive agents use a simple OLS technique, equation @B8)their
assessments of the relevant future variables, imgplthe distribution
of the error termg, ().

Furthermore, recall that none of the above beliefsorrect, but as we

argue each of the above beliefs finds supporterdta.
Let us start by assuming that the values of thddorental parameters are

given by A =50, B =29.9285967, &= —52.0910063 and a =. Now,

imagine thatrational economic agents believe that the fractionrational
agents in the populationis given by:

% = 0.4887298. (43)

ie that there are about 49%rational agents in the population.
Moreover, imagine that rational economic agentsielsel that the

econometric estimates obtained on san{uﬁl[é by naiveagents are given By

p = 0.3230514 (44)
and

=

K = 2.609672. (45)

Furthermore, let us assume thedtional agents believe that the
distribution of the error termy,,,, in specification (23) is such, so that the
value ofaj,, which is determined with equation (29), is gilsn

o2, = 61.8662799. (46)
In addition, let us assume thational agents believe that the distribution

of the shocks that affect the preferencesaife agents¥,( ), is such so that,
given equation (38), the implied valuea#, is given by:

° The values presented below can appear to be pegiad. However, the given selection of
values is chosen only for illustrative purposes.phrticular, the listed values lead to the
steady state value of capitéf equal to 1. Moreover, our results are robust,udison in the
following section and Appendices B and C and do aepend on peculiar values of the
underlying parameters as they hold on a non-zeasuore set of values.
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of. = 396.0977657. (47)

Observe that at this stage the values of paramgiees with equations
(44), (45), (46) and (47) simply reflect the bediefrational agents (all agents).
Furthermore, those values, together with the valoésthe fundamental
parameterd\, B, & anda determine theactual law of motion, equation (41),
which generates the values of the observafites In other words, the beliefs
of agents define theactual law of motion, ie they determine reality.
Specifically, given the beliefs, thectual dynamics take the form depicted in
Figure 1.

The process that describes #wual dynamics is affected by the beliefs —
captured, in particular, with equations (44), (48)) and (47) — ofational
agents, and, naturally, it generates the obsersakitee series date{l?r}. In
turn, the observables can be used to estimatadtual data driven, values of

D, K anda},. Specifically, the estimates obtained with analdata,{I?T}, are
given by:

p = 0.3257326, (48)

K = 2.613967 (49)
and
62, = 61.9074768. (50)
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Figure 1. The Evolution of Capital Stock for= 1000000 iterations and for
A =50,B = 29.9285967, & = —52.0910063 anda = %

Observe that the actual estimates, given with (488) and (50)
correspond to the values assumed by economic aggwes by (44), (45) and
(46). Consequently, the beliefs are internally cstest, ie the beliefs affect the
data generating process and at the same time dipylost in the data. Clearly,
rational economic agents do not have any incentive to e\ikeir beliefs.

Furthermore, again, note that tharametersp, K and o/, play a dual
role. First of all, they determine tlatual dynamics but at the same time are
determined by thactual dynamics. In other words, these are fully endogsno
parameters, and their values are determined idiledquim. Formally, the values
of p, K and o/, correspond to a fixed point. This fixed point, fewer, is
a fixed point in the space of reality shaping Welief rational agents. Finally,
observe that, given the description of the modakametersp, K and oty
reflect presupposea@ctions ofnaiveagents who in fact do not exist. Therefore,

19 Note thatx is animaginary parameter and is not observable. Therefore, tierao
mechanical test for the consistency xf However, rational economic agents do check
whether the value of leads to actual aggregate dynamics consistenttidtiperceived one.
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the parameterssuch are purely imaginary but at the same timpesin@ality and
can be retrieved from observed data.

In addition, time series datf, }, can be used to construct the time series
data of the error term{v,,,}, in equation (23). In turn, it is possible to
construct the corresponding distribution of theoeterms,F,(),, and verify
that the autocorrelations of the error term are@utzero as originally assumed,
as shown in Figure 2.

The above observations indicate that indeed ihés dase that imputed
reality shaping behaviour ofaive agents who do not exist remains consistent
with the observables. However, to ensure that toma@my is in equilibrium,
we must show thatational agents do not have any incentive to revise their
private actions given the observables.

Recall that a givemational agent believes that reality is described with
equation (39) whereas, in fact, the true descmptibreality is given by (41).
To be in equilibrium, aational agent,i € [0,1], must be able to reconcile the
known perceived law of motion with the observaldetermined with equation
(41), which is not known to mational agent,i € [0,1]. Formally, data{I?T}m,

generated with theactual law of motion, equation (41), must satisfy the
perceived law of motion, equation (39), ie we naistultaneously have:

= 1 1-% 1-% =
Revs = ——{o& +&— B0}, + (1-2B) AR¢ + o1
2 = ~ =
=B (K +p(K, - K))}
and
= 2 1 a _ 1-X =
Kevq = 2+B% (Ulg 2+B% “’+2 B‘A t 2+BazB(K+ (52)

p(Kt K)) + 2.
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Figure 2: The Autocorrelations af.,, for T = 1000000 iterations and for

A =50,B =29.9285967, ¢ = —52.0910063 anda = é

Furthermore, given the assumption about the bebawbnaive agents
who are juspresupposedo exist, it must simultaneously be the case ghamnd

K correspond to the OLS estimates on the sampleofidhe coefficients of the
following equation:

Ky =K+ ﬁ(ﬁt - K) + V1, (53)
wherev, ., is uncorrelated across time.

Note that equations (51) and (53) describe thectibge truth, whereas
equations (52) and (53) reflect the beliefs of eric agents. Naturally, the
beliefs must be in equilibrium as well. Therefoagain, for the economy to be
in equilibrium, it must be the case that equati¢h$), (52) and (53) are
simultaneously satisfied, ie the beliefs are int fagpported by observables.
Moreover, error terms, andv,,, must have desired properties.
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Can we be sure that such equilibria exist? In plaiger, we answer this
question affirmativel}*. Nevertheless, we must acknowledge that our assert
that such equilibria exist relies on further tecahiresults. Observe that the
actual data generated with equation (51) is determinisfionsequently, as
implied by equation (52), we have:

- ~ 54
(1-%)B <K + (R, - K))]} 4)

ie error terme, is deterministic as well, which contradicts théidde of rational
economic agents in our model thatis drawn from distributio?,() and is
stochastic in nature. Nevertheless, it'édre the case that the values implied by
the right-hand side of equation (54) look as ifytlweere random even though
they are truly deterministic. Moreover, as pointad by Radunskaya (1994)
and Hommes (1998), it can be the case that datatelicby the right-hand side
of equation (54) can in fact be formally (statiatig) indistinguishable from
data generated by a purely stochastic process.egquaastly, in this paper, we
show that ifrational economic agents believe that the economy is cothgta
being hit by stochastic and time-independent distnces, then the actual
dynamics can look as if it exactly was the caseitieghe fact that the actual
dynamics are deterministic but sufficiently compliexnature. Formally, we
constructively address the challenge posed by G@Gmand (1998) who
necessitated a formal basis for a coherent tesfitige consistency of beliefs:

The ultimate test that this approach will have &sg however, is that
suchlearning equilibriamust, to be acceptable, exhibit a reasonable degfe
consistency with the agents' beliefs. In this regpene might envisage
situations in which agents think that they arerigzin a world that is relatively
simple, although subject to random (eg white nowsledcks, but in which
deterministiclearning equilibriaare complex ¢haotiQ enough to make the
agents; forecasting mistakes ss#lffullling in a well defined sense.

Recall that we have already assumed, equation tf#at)economic agents
in our model believe that’,(), the distribution ofe, is such so that
o/ = 396.0977657, which allows, together with assumptions captunéth
equations (44), (45) and (46), us to determineaitteal time series data. The

1 Appendix B provides technical details that allosvta construct such equilibria.
21n our paper the beliefs, reflected with the vatfiex, of rational agents are such so this is
exactly the case in equilibrium.
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actualtime series datdX,}, can be used to construct the implied with equatio
(54) values of the sentiment shock needed to rdéleotie beliefs with reality.
The implied values o¢, allow us to construct the empirical histogramegf
which in turn permits us to derivE.() — the data implied distribution af,,
which is depicted in Figure 3.
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Figure 3: The Distribution Function @f for T = 1000000 iterations and for
A =50,B = 29.9285967, £ = —52.0910063 anda = %

Now our knowledge ofZ.() can be used to calculate the valueogf
implied by the observables. Specically, in thisecas have:

67, = 396.0577987, (55)

which corresponds to the value originally assumed given with equation
(47). Therefore, again we can assert that belieésonomic agents with regard



Volatility as a Choice 97

to the form of¥, () affect the data generating process and more iupibyt

find support in the data, ie are internally coresist Finally, note that the
autocorrelations of the values of the shocks indplath equation (54) are
indeed zero (see Figure 4) as originally assumeed again confirming that the
beliefs ofrational agents (all agents) remain in equilibrium.

We have just constructively shown that agentsebgelvith regard to the
degree of volatility of a given economy can afféet actual volatility and the
actual volatility can be consistent with the assumed dyeecifically, as our
first example shows, it can be the case that amaung remains stable if
economic agents hold strong views about its stgblh particular, if economic
agents believe that the economy is stable andothatr agents share a similar
view then theactual behavior, which is affected by the beliefs, of ds®nomy
conforms to the beliefs and the economy convermgesstable steady state.

On the other hand, our second example shows ttliffeeent outcome for
the same values of the fundamentals is feasibleeis Specifically, ifrational
economic agents believe that the economy is velaild is being constantly
destabilised by actions oiaive traders who are affected by sentiment shocks,
thenrational economic agents respond accordingly by buildinduffer stock
savings. This in turn affects the actual dynamicthe economy. We show that
the change, induced by actions mttional agents, in the dynamics of the
economy can be significant. Specifically, we candively show that economy
can become volatile in response to perceived VityatMore importantly, we
argue that the actual dynamics displayed by thex@oy can be identical to
that expected byational economic agents. In other words, we show that
volatility can be endogenous and constitute anam&selected in equilibrium
by self-confirming beliefs ofational economic agents. We provide additional
numerical examples in the subsequent section.
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Figure 4: The Autocorrelations ef for T = 1000000 iterations and fdr= 50,
B = 29.9285967, & = —52.0910063 anda = %

The equilibrium described in our model is fragdespite the fact that it is
in fact stable in the traditional sense. The eQuidm exists only because
agents are expected to not engage in any sort of obuequilibrium
experimentation or thinking. Specifically, our ageould easily identify the
actual law of motion if they only decided to pl&t,,; in terms of K;.
Furthermore, one may expect that such a plot ptgkstiould be done when

rational economic agents perform an OLS estimatioiK aindp on behalf of
naive agents. Clearly, assuming thational economic agents fail to notice
such a simple relationship may appear to invalidateassumption of complete
rationality, but formally this is not the case. As argued loygsr (1998), the
equilibrium described in the model is an exampleadfelf-fullling mistake
originally defined by Grandmont (1998). In other rd® such a simple
identication of the model is possible only becauke original mistake
(misspecication of beliefs) was made, and onceai$ wade, the observables
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remain consistent with the originally misspecietldée. Consequentlyational
economic agents find their original mistake selfifing and do not have any
incentive to change their behaviour or to experimetth other possibly
simpler theories. Furthermore, we can easily elat@nthe possibility of such
a simple identication of the model by adding, aggested by Grandmont
(1998) and Hommes (1998), noise to the system.uincase, it suffices to
assume that individual preference shocks, are affected by a stochastic
factor common to all agents. Such a change woulklensample identication
impossible while leaving the main findings unafésttWe choose not to pursue
this path for purely expositional purposes.

5. Additional results

The type of equilibria described in the previoustisa exist in a variety
of economies. In this section, we provide some tamdil examples. More
importantly, we show that a given economy, chareg#d by a given set of
values of the fundamentals, can exhibit multipleildgoria. The equilibria differ
with regard to the degree of volatility and natlyahe degree of volatility is
selected by self-confirming and equilibrium coresigtbeliefs of fullyrational
agents (all agents).

Let us assume at this stage that the values diutifdamentals are given

by A = 2.5, B=28.741073, £ = —0.0304130 anda = g Furthermore, let us

start our description of feasible equilibria frohetsimplest case. Specifically,
let us assume thattionality is common knowledge and economic agents
expect the economy to be stable. As argued eariierthis case the
accumulation, botperceivedandactual equation is given by:

Kewr = 7,5 (€ + AKEY. (56)

Naturally, in this case the economy exhibits naatibty, which verifies
the initial expectations of stability and ensutest the beliefs are in equilibrium
as well. Theactual dynamics in this case is presented in Figure peupeft
panel. Note that in this case agents do not make emors, so the
corresponding autocorrelations are not definedremtaeported.

Now, imagine that the fundamentals assume the saltoes, ied = 2.5,

B =8.741073, &= —0.0304130 and azé. Moreover, imagine that

rationality prevails at all times, but it is not common knoage that it does. In
this case, as argued in the main part of the pdpergeconomy can exhibit
endogenous fluctuations consistent with the pribatigefs of economic agents.
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Specifically, let us assume thedtional economic agents rather than being
convinced that all agents are futigtional believe thatc = 0.0108779, ie that
the fraction ofrational agents is equal to about 1.1%. Moreover, let ssras
that economic agents believe that thetual data driven values of the
equilibrium variables are given by:

K = 0.1655897 (57)
and
5 = 0.2929922. (58)
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Figure 5: The Actual Dynamics for T = 1000000 iterations and the
Corresponding Autocorrelations when the Perceptainthe Riskiness of the

Economy Change for a Given Set of Values of thed&omentals:A = 2.5,
B =8.741073,& = —0.0304130 anda =§
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Moreover, assume that economic agents believe ghand v,,, are
uncorrelated across time and that the distributiming, andv,,; are such so
that:

o2, = 0.3199794, (59)
and?
o2 = —0.1870930. (60)

In this case, there is a discrepancy betweerpéneeivedand theactual
laws of motion, equations (39) and (41), respebtjMaut both lead to the same
observational dynamics ensuring that the beliets aways in equilibrium.
Specifically, the values of the observables geedratith the actual law of
motion, given the expectations embodied in (578),(%359) and (60) can be

used to estimate thectual data driven, values d, p, o/, anda?,, which are
given by:

D}

K = 0.1652142, p = 0.2906769, (61)
62, = 0.3195587 andg?. = —0.1851032.

Naturally, the estimates listed in (61) confirm tthihe beliefs are in
equilibrium. Theactual dynamics, in this case, is presented in Figurepper
right panel. The corresponding autocorrelationsvqf, are presented in the
lower left panel.

The two examples described above reveal that ntlgguilibria, with
different degrees of volatility, are possible. Speally, given the

fundamentals,A = 2.5, B =8.741073, £ = —0.0304130 and a = % it is

possible that the economy remains stable and expes no fluctuations.

Alternatively, it is possible, given the same fumdstals, that the economy
fluctuates and exhibits permanent oscillations. matire of the equilibrium is

chosen by equilibrium consistent and self-configniexpectations of the

agents. Consequently, the degree of volatilityhef €conomy constitutes and
outcome selected by conscious actions based ofibemumn consistent beliefs

of economic agents.

13 Recall that is not quite the variance of "; bubgarithmic transformation of a value of the
moment generating function of the distribution af Mence, negative values of are
permissible.
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Now, let us consider a different example. Imagina the fundamentals
assume the following valueg = 50, B = 30, & = —50.066692 and a = %

Furthermore, let us now consider yet another séiebéfs of economic agents.
Specifically, assume thatrational economic agents believe that
X = 0.6337861, ie that the fraction afational agents in the population is about
63% and that time series estimates of the relexanmnbles are given by:

=

K = 1.845676, p = 0.4234778,
2 _ 2 _ (62)
o, = 44.14143 anda, = 272.8047.

The values listed in (62) are sufficient to deterentheactual law of
motion and in turn to generate the observablesimgathis case as well, there
is a discrepancy between therceivedand theactuallaws of motion, equations
(39) and (41), respectively, but both lead to tame observational dynamics
ensuring that the beliefs are always in equilibritBpecifically, the values of
the observables generated with #utuallaw of motion, given the expectations

embodied in (62) can be used to estimateatiieal data driven, values of, D,
o/, anda/, which are given by:

K = 1.844378, p = 0.4234778, (63)
62, = 44.04518 andéZ, = 272.9976.

Again, in this case as well, the estimates liste@6i3) confirm that the
beliefs are in equilibrium. The actual dynamics,this case, is presented in
Figure 6, upper left panel, and the correspondungcorrelations o, are
depicted in the lower left panel.

Now, assume that the values of the underlying forefdals are
unchanged, ie we continue to hade= 50, B = 30, § = —50.066692 and

azé. However, agents choose to hold different belidfan before. In

particular, economic agents believe that the ecgnannow riskier. This
manifests itself in a lower value afthan before. Specifically, agents believe
thatx = 0.4142131, ie that the fraction ofational agents in the population in
now smaller and equal to about 41%. Finally, ecan@agents believe that data
driven values of the equilibrium variables are givgy:

K = 3.084889, p = 0.2803963,

64
of, = 70.81305 ando?, = 437.3945. (64)
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Naturally, the values of the fundamentals togetégh the beliefs of
economic agent embodied in equation (64) allonoudetermine thactual law
of motion and in turn generate the observablesimAdgheactuallaw of motion
differs from theperceivedlaw of motion. However, both lead to statistically
equivalent dynamics ensuring that the beliefs obnemic agents are in
equilibrium. Specifically, the values &, 5, o7, ando/, implied with the data
generated by thactuallaw of motion, are given by:

K = 3.084944, 5 = 0.2800912, (65)
62, = 71.40100 andéZ, = 441.3849
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and naturally conform to the expected values agasuring that the economy
is equilibrium. Theactual dynamics in this case, are presented in Figure 6,
upper right hand panel, and the corresponding attelations ofv,,, are
presented in the lower right hand panel.

The above examples show that thetual dynamics can be shaped by
self-confirming and equilibrium consistent beliefSsurthermore, economic
agents can in equilibrium select the degree of tiitya of an economy.
Specifically, expectations with regard to the degoé volatility of an economy
influence private decisions and affect the levebfefr stock saving. This in turn
affects the equilibrium process of physical capiggicumulation and the
resultant macro-level dynamics, which, as the alexanples illustrate, can be
consistent with the original expectation. Consetjyethe degree of volatility
of an economy can be formed by equilibrium consisteeliefs of economic
agents. If agents expect the economy to be relgtstable then the resultant
dynamics can be relatively stable, on the othedh&nthe economic agents
expect the economy to exhibit a higher level ofatibty then the economy
responds, without any changes in the values ofuhdamentals, accordingly
and theactual dynamics becomes more volatile verifying the bgliand
ensuring that the economy is in equilibrium.

6. Conclusions

The volatility of economic systems has been suljech concern both
from scientific and policy perspectives. Intuitiyelit appears that modern
economies fluctuate more than we wished and maoae the can credibly
account for. Not surprisingly numerous contribusidrave attempted to resolve
the issue and to explain why modern economies draracterised by
time-varying volatility. Most contributions dealingith the issue essentially
ignore the most critical problem and simply assuha exogenous probability
distributions govern the evolution of volatility ewv time. Alternatively, the
volatility is endogenised, but at a cost of depaduromrationality or under
the assumption that agents, despite being stalisticorrect, fail to derive the
link between their private actions and equilibridgnamics. In this paper, we
provide an alternative explanation that does ndfesurom the standard
shortcomings.

Specifically, we present a model in this paper, avhallows us to
understand why the degree of volatility of an ecopiccan evolve over time
even though the economy does not experience amststal changes. We argue
that the degree of the volatility of an economyhea than being imposed, can
be chosen endogenously @ational and fully optimising agents. In particular,
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we illustrate in a general equilibrium frameworkatththe perceptions of
aggregate volatility formed bgational agents can be self-confirming, ie can
result inactual outcomes that correspond to those expected. Sdiyif we
show that an economy can remain stable if econ@gents expect it to be
stable. On the other hand, we show that an econtenydisplay a certain
degree of volatility if economic agents expect gmonomy to be volatile.
Naturally, at all times we ensure that the belled&l by economic agents, with
respect to the degree of volatility, remain in éqtium themselves.
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Appendix A

In this appendix we derive the equilibrium equasiotescribing the
behaviour and reflecting the thinking ofational agent,i € [0,1]. First, let us
start by assuming thatrational agent,i € [0,1], believes that the total amount
invested by altational agents is given by:

KR, =x(n+ mK, + MKY), (66)

wheren, m andM are constants and denotes the share odtional agents in
the population.

Consequently, according torational agent,i € [0,1], the total amount
invested at timé, K, = KR, + K} ,, is given by:

p(K. - 1?))}

(67)
which simplifies to:

K +
3 2 (68)

Observe that all terms with exception gf in the right-hand side of
equation (68) are non-random. Furthermore, re¢wdt the optimal amount
saved by aational agent,i € [0,1], is given by equation (17). Consequently,
noting that only; is, given the beliefs aftional agents, random with a known
distribution®, (), and using some basic properties of the exporidntiation,
we can, using equation (68), rewrite equation €isr)

Ky = 2{ee + AKE — B {Z(n + mK, + MKE) + 22|02, +
_ _ (69)
AKE — B <K + ﬁ(Kt - K))]} + afg},
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wherec/, is given by:

o _pl=%
o/ = log (f_ooe B= Etd‘}’g(gt)). (70)

Recall that by assumption,rational agent,i € [0,1], believes that there
are onlyx rational agents who share her view of the world. Consedyent
according to a rational agentg [0,1], the amount invested by aiational
agents at time is given byKR, = x [> K/,;dj, which, given equation (69),
translates to:

KE1 =3y &edj +5{AKE = B{Z(n+mK, + MK&) +
5o, + kg — B (R + p(K, ~ B) )|} + o2} D
2 Lv t p t Lef-

Furthermore, recall that we have assumedrhate agents are aected by
sentiment shocks. However, we assume tatbnal agents are not influenced

by such innovations. Consequently, we héo\’gej,tdj =& since{g]-,t} are truly
i.i.d. Therefore, we can write equation (71) as:

KEy =2{AKE — B{Z(n + mK, + MKZ) + =2 |a?, + AKE —

= o (72)
B (K +p(K, - K))]} +of, + ).
Now, we can simplify equation (72) by rearrangieqrs to:
KEy =2{-B{tn+ 2|0k, - B - K|} + of + 5 - 73

B (¥m—2Bp) K, — B (M +=24) Kg}.

Matching the coeffcients of equations (66) and (%8¢ can find the
values ofn, mandM, which are given by:

0 +E-B— "0, +—B2(1-p)K
n=— '

2+BX

m = L% B%P (74)

2 2+Bx’
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Observe that the values nf m andM are indeed constant as originally
assumed and, thus, confirm to the beliefsabional agents. Therefore, we can
write the amount invested bgtional agents as:

X 1-Xx o

R __%X (2 =_ pl=X% _1=x a
Ky =s—{ok.+e—B="0f, + (1 -"B) AKE +

=552 (R + (k- F))} 7o)
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Appendix B

In this appendix, we derive formal mathematicahtiehships that are
satisfied in the model. However, some of the refathips, even though
formally valid, are not known taational economic agents, but remain
consistent in the observational (statistical) sengh the beliefs ofrational
economic agents.

Recall that theperceivedaw of motions is given by:

1
2+BXx

1-X
2+BX

1-x
2+BX

ﬁ(Kt — I?)) +1%f£t.

X
2+BX

Kiyr = (o% + &)+ of, + AKF — B (1? +

(76)

where innovations{e;,;} are aasumed to be uncorrelated across time.

Furthermore, as assumed earlier, parame‘?elandﬁ are OLS astimates of
relationship:

Kevn =K + ﬁ(Kt - 1?) + V1, (77)

wherev, ., is a mean zero, time independent, error term.

Note thatrational agents believe that preference shocks affecataige
agents{e;} feed through the system and, as a result, imgectaggregate
activity. Consequently, preference shocks affeet dbservables. As a result,
they influence the estimates and error tdwn, ;} obtained with relationship
(77). In other wordsiational economic agents understand that shdeksand
{v,+1} can be dependent. This dependence, however, darbenverifiedex
post as the OLS regression can only be performed withgaonceK;,
becomes known. In other wordsational economic agents cannot use the fitted
value,{v;,}, of the error term at time+ 1 to assess the valuesf,, which is
relevant for their decision making at tirne

The actual law of motion is different from thperceivedlaw of motion
and is given by:

Kevs = {02+ £— B=202, + (1 - 2B) AKE +

2+BX 1%9?32 (I? . ﬁ(Kt B 1?))} (78)
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Morover, the OLS estimates must remain valid in fanple of the
observables generated with tetuallaw of motion, ie we must again have:

Key1 = K+ ﬁ(Kt - 1?) + V1, (79)

Clearly, economic agents in our model believe tthet economy is
described with equations (76) and (77), but theecbje truth is that the
economy is actually described with equations () @9). Naturally, from the
formal perspective, agents in our model are incbras theperceivedlaw of
motion is different from theactual law of motion. Neverthelesgational
economic agents can be in equilibrium, ie they imaye no incentive to revise
their biased views, when the actual data generai#id the actual law of
motion fits into theperceivedaw of motion. In other wordsational economic
agents are in fact in equilibrium when:

Revn = g5z (0 +8) + 3570l + 55 AKE — 5B <I? ' (80)
p(R.—K)) + e,
R =K+ ﬁ(ﬁt - 1?) + Ves1, (81)
and
I?t+1 2+1B‘{Glzs + e B%fofv + (1 B 1_xB) AKS +
1 Xp2 <K + ﬁ(l?t - 1?))} >

Where{l?t} denotes the sample generated withatieial law of motion.

Again, economic agents are aware of equationsgi80)81), but they are
not aware of equation (82). Nevertheless, for tpaldrium to exist, all three
equations (80), (81) and (82) must be satisfiedvhat follows, we manipulate
the above equations to identify more informativéatienships between the
equilibrium variables. Our manipulations are foripahlid, but cannot be done
by economic agents within the model, as they doknoiv that equation (82)
holds.

Equating the left-hand sides of equations (80) #8#8) and then
rearranging the terms yields:
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_ 1
"~ 2+Bx

& {2(0.+2) - 2+ B)o, — B|ARE — (B +2) (1? +

p(Re=R))}

Similarly, equating the left-hand sides of equati¢8l) and (83) and then
rearranging the terms leads to:

(83)

1
2(2+Bx)

%))B|ARE - (B +2) (1? + (R, - 1?))]}

{2(c2.+2)- B -D)o?, - (2-(1-

Vty1 =

(84)

Observe that theactual law of motion, equation (82), is purely
deterministic; therefore, observables, the valués{i}, are nonrandom.
Consequently, we must, given equations (83) an)l (®&hclude that, andv;
are nonrandom as well, which formally invalidatesr assumptions and
formally prevents our equilibrium from being constied. Nevertheless, the
actual law of motion can exhibit chaotic dynamics, andah be the case that
the observableél?t} can look as if they were random. Consequentlyh lapt
andv,,, can look as if they were random. Furthermoreait be the case that
both £, and v,,, are uncorrelated across time. Thus, both, see riR&dya
(1994) and Hommes (1998), can be perceived as nandormally, we can say
that bothe; andv,,, can be indistinguishable from random processes fro
a purely statistical perspective. Therefawjonal agents in our model can be
convinced that their beliefs conform to observab#e®l, thus, remain in
equilibrium. Furthermore, note that equations @3 (84) actually reveal that
&, andv,,, are in fact dependéfit However, this knowledge cannot be used by
economic agents in real time as estimates, of obtained with the observables
are available one period after they are needed.

Let K~ denote the steady state level of capital stockuraing that it
exists, implied by thactuallaw of motion. Naturally, we must have:

1-% 5

« 1 2 4 z_pl=x _1=x )
K _2+Bx{a,,g+e B L,,+(1 _ B)A(K) n

Xp? (1? +p(K" - 1?))}

(85)

14 Operationally, agents may fail to notice that thuthe presence of rounding errors.



Volatility as a Choice 113

Now, by subtracting equation (85) from equation) @8d dividing byK’,
we can establish that:

Bea g 2 20008 eyt [(5)" ] 02 5K _q) (gp)

K* 2(2+Bx) 2(2+Bx) K*

Now, letz; = % and equation (86) can be simplified to:

(1-%)B?
2(2+Bx)

Zear = 142828 A(k)*1[(z)% - 1] + p(ze—1).  (87)

2(2+Bx)

We want economic agents to consideandv, ., to be random. This can
only happen when the values{df;} look random and this can happen when the
actual law of motion exhibits chaotic dynamics, ie wheuation (87) exhibits
chaotic dynamics. This last requirement, togethi¢h the requirement that,
andv,,, be uncorrelated across time, imposes restricoonthe coefficients of
equation (87). In other words, we mutoose® the coefficients of equation
(87) to ensure that the implied dynamics{gaf} have the required properties.
Note that the values ¢f,} are observable. Furthermore, given the definitibn

z; We can uséz,} to identifyp andu, = Kﬁ by running an OLS regression on:

Zeyr = g + (2 — 1) + vpyy. (88)

Recall again thap andyu, are in fact endogenous. Both shapedabeial
law of motion, equation (87), but also must be esieat with observables
generated by thactual law of motion and, in particular, must be equathe
OLS estimates on the observed sample of the coffg in the relationship
(88).

Let us rewrite equations (83) and (84) as:

_ 2(ofe+8)-(2+B)o}, 2BK* [2-(1-%)B No—1 «
t = 2+BX T 2-(1-%)B [ 2(2+B%) AK)* ()% - (89)
(1 _ ﬂ) (4 + (2 — ))]
2(2+BJZ') MZ p t MZ !

5 In fact, in this model we are able to choose the-cients as they depend, in particular, on
imaginary parameter x; which can assume any vatt@den zero and one.
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and
_ 2(of.+8)-B(1-X)af, « [2-(1-%)B o1 o
Vte1 = 2+Bx t+K [2(2+B}?) A (20" - (90)
(1_ﬂ)( + p(z, — ))]
2(2+BJZ') l’l'Z p t nuZ .
Let us denote the coefficients of equation (87hwit
_2-(1-x)B yx—1
0= 2(2+B%) AKX, (91)
and
_ (1-2B?
= 20+ P (92)
Now equations (87), (89) and (90) can be written as
Zgp1 = 1+60((z)" — 1) +n(z. — 1), (93)
_ 2(o}.+8)-(2+B)at, 2BK* n ~
g = = B0 - (1-2) (e + PG — )|, (94)
and
2(02,+8)-B(1-%)0?, .
Viy1 = (ot 3+B}? Dy K [‘9(Zt)°c - (1 - %) (Ilz +

(95)
Pz — )|

Let us reiterate thaf andn must be such so thdk,} defined with
equation (93) looks random despite being detertiéngsd{e,} and{v,,,} are
uncorrelated across time. Finally, it must be thgecthat the OLS estimates of
the coefficients of equation (88) correspond to\thkies ofp andu, used in
the expressions describiagandv,, . These restrictions on the valueadnd
n are just preconditions for the equilibrium to éxis

Note that oncé@ andn are fixed, thedz,} is defined uniquely. Moreover,
p andu, are defined uniquely. Consequently, the followwagiable:

ye = 0(z)* = (1= 2) (e + Pz — 1)), (96)
is well defined and looks as if it were random. [g|6,77) denote thepdf of

{v:}. Note thatf, (|6,7) is now well-defined.
Clearly, we can, but agents in the model cannatewimat:
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_ 2(ofe+e)-+B)af,  2BK*
& = 2+BX 2—-(1-%)B Ve, (97)
and
2(0?.+8)-B(1-%)0?
Vper = (o +8)-B( x)al'v+K*yt. (98)

2+Bx

Now, recalling the definitions of? and¢?,, equations (38) and (29),
respectively, and noting the relationships betwggi), f.() and f,(), and

introducing changes of variables implied by equeig97) and (98), we can
write:

2 .= 2
_31—7<2(al,£+5)_(2+B)Ul,v 2BK*

oo T —a-28Y
ofe =log| [_,e ° 2mamns t)fymle,n)dyt, (99)

and
2(0%;2)—3(1—2)0%,, .

o T FKY
Gl?v = log f_oo e ( e t>fy()’t|0:n)dyt (100)

We can now use some basic properties of the expahdanction to
write:

2

al,s =
B(1-%)[2(07:+8)-(2+B)o?,] w Q-BB’K (101)
- [(ZE'M)@ =+ log (f_mez-“-my " el0,mdyy ),
and
2(ofe+2)-B(1-%)0f, ©  _po
of, = ~B XS IOD | 1o ([ oKV, (310, mdy,)  (102)

Equations (101) and (102) form a system that alloa/go solve fow/,
anda}, as:
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Ol = %{(1 — J_C)B[log(f_moo e KL (yel0,mdy.) — €] +

- (1-X%)B2K* (103)
[2 - (1 - X')B]log (f_oo e 2-(1-X)B e fy(ytler n)dyt>}l
and
Gl?v =
) © o—BK*y: 9,m)dy,) —
B — 0
m [S + log (f_oo e 2—-(1-x)B Ve fy(ytlg, n)dyt> .
Furthermore, note that equation (85) definifigcan be written as:
. _ 2(cf+8)-B(1-%)af, « [2-(1-%)B “o—1 , (1-%)B?
K™= 2(2+B%) +K [2(2+B9?) AR + 2(2+B%) (ks + (105)
pU - 1)),
which, using equations (91) and (92), can be wri#te:
. 1 2(ofc+8)-B(1-%)af,
k== 1—9—%(uz+ﬁ(1—uz)) 2(2+B%) (106)

We can now use equations (103) and (104) to signelifuations (106)
further. Specifically, we have:

K* =
(1-%)B2K*
1 1 |- R (107)
I —(1-Xx)
1—9—%(Hz+ﬁ(1—uz)) 2+B [S +log (f—oo e zmop fy(ytlg'n)dyt>l'
. _ (1-x)B? #yo—1 ;
Furthermore, noting thaé% =3 (ZHW)A(K ) we can rewrite the above
equation as:
K* =
1 1 [ o LAK)y, (108)
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where of cours@ andn are given by:

_2-(1-®B syo—1
0= 2(2+B%) AKX, (109)
and
_ (1-x)B?
- 2(2+B)E)p' (110)
Now, equation (109) implies that:
«_ 12-(1-0B o
K" = 6 2(2+Bx) AKD%, (111)
and equation (110) leads to:
n _ [2=(1-%)](2+B)
1- »  202+Bx) (112)

Combining equations (108), (111) and (112) allowsaiestablish that:
1 _n K\
(1 ﬁ)A(K )% =

.

1 . o ARt
1-0—2(u, +p(1-11,)) [S +log (f—w e fyGrel®.m)dy t)]

(113)

which implicitly defines® A(K*)~.

Equations (108), (109) and (110) define the equilib for a given set of
coefficients, 8 and n. Note thatA, B and « reflect the values of the
fundamentals of the economy and are given as dichthe other hand is an
imaginary parameter and its value can be adjusted as loitg@®ains within
[0, 1] interval. Finally,K" is free as long as it remains positive. Cleantgnf
a technical point of view, the system that defittes equilibrium, equations
(108), (109) and (110), is a system, for given galwfd andn, of three
equations with two unknownst,(K’) and as such typically does not have
a solution. Therefore, equilibrium does not exat & given set of parameters
6 andn. Naturally, it may exist if we allow parametérsandn to vary as well.

Even if it is the case that the equilibrium does e¥ast for givend andn
and givenA, B and «, it can still be the case that the equilibriumseéxifor
special values of the underlying parameters. lemo#ords, we can ask a much
more modest question. Is there an economy for wihierequilibrium described

16 Assuming a solution exists.
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with equations (108), (109) and (110) exists? Obsiip, once we decide to free
A, B and «, then the system of equations (108), (109) and)(Xiecomes
a system of three equations with five unknowns asdsuch typically has
a solution. We provide examples of such solutionthe main part of the text.
In fact there will be a multitude of economies wattuilibria that are of interest
to us in this paper. In other words, for a givkandn we are always able to
provide examples of economies with equilibria treathibit the desired
properties. However, a randomly chosen economynweillhave an equilibrium
that is of interest to us for a given set of valoé® andn. Nevertheless, an
equilibrium with the desired properties may stikist if we allow for an
adjustment’ in 6 andy. Finally, even if our results are not generic dogiven
set of values o andn it may still be the case that our results hold on
a non-degenerate set of values of the underlyimgnpeters. We substantiate
our claim in Appendix C.

" An adjustment must be done carefully as the vabfi®sand; must induce desired properties
of {z,} defined with equation (93).
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Appendix C

In this Appendix we describe the set of values lo¢ tunderlying
parameters that allow us to construct the equdliloi interest in this paper.
Recall that the underlying properties of the eguilim dynamics hinge on the
properties of the following recursive equation:

Zerr =1+ 60((2)* =D +n(z — 1). (114)

Specifically, it is a precondition for our resuttsobtain that the valu&s
of & andn be such so that the valuesmfdictated by equation (114) display
chaotic dynamics.

Observe that our choice éf andn determines the actual dynamics of
{z;}. Moreover, oncef andn are fixed and the dynamics ¢£,} become
known, then the coefficients of the following sgeation:

Zeyr = e + P(Ze — o) + Vegs (115)

can be retrieved, given the assumptions, with apleinOLS technique.
Consequently, our choice 8fandn determine$ andg;.

Furthermore, we want economic agents in our maxbktconvinced that
the observables confirm their beliefs. This, intjgatar, requires that the error
termsv,,; and e, be uncorrelated across time. This, in turn, isusss by
requiring that the following, see Appendix B, atay variable:

=0 — (1= (, + 5z, -
e = 002"~ (1= 3) (ue + 2z 1) (116)

be uncorrelated across time.

Clearly, to ensure feasibility of our results, wasnfind such values df
andn and the resultant values @fandu,, so that{z,} are chaotic andly,} are
uncorrelated across time. It turns out that suchrpaters exist as demonstrated
in Figure 7.

Our choice o andn allows us to determing, (|6,7), the impliedpdf of
Vs and, in turn, given the values Afandé, the steady state value of the capital
stock, which is implicitly given by:

18 We always keep the value ofgat
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(117)
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Figure 7. An Example of the Values of Parameterandn that lead to the
Desired Dynamics oz, }.

Now, having foundk’, we can use the definitions 6fandn, equations
(109) and (110), respectively, to establish that:

B=2"(1- %) _2, (118)

and
p2-21

¥x=—= (119)

B2+
p
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Recall that equation (117) determingé&k*)*, ie it determine” up to
a scaling factor. Consequently, equations (118)(4t48) determine the values
of B and x needed for the equilibrium to exist givén andK', and given
specific choices of andn.

Naturally, the above reasoning does not yet prbaeresults presented in
this paper are robust. Formally, the valueBaé given and cannot be adjusted
to ensure that an equilibrium with the desired praops exists. Therefore, so far
we have shown that there exist economies with #qiail described in this
paper. We can do more, however. Recall #aB, A and « constitute the
fundamentals in our model. In other words, the eslofé, B, A and« are
given and cannot be altered. Howeveis different in nature as it reflects the
beliefs of rational economic agents and as such is purghaginary
Consequently, it can assume any value between Q.anderefore, we can ask
a different question. Is it possible, givenB, A and «, to find a value of
X € [0,1], such that the equilibrium has the desired proggrUnfortunately,
for a random choice of, B, A and « the answer remains negative, ie the
equilibria described in this paper are not gendtiowever, if we restrict the
values ofB to a subset of a real line, then the answer t@thestion is positive.
In fact, for a given choic@ of B there are many equilibria as Figure 8 indicates.
Consequently, we have just argued that the equailidescribed in this paper, if
not generic in nature, exist for a non-degenerate o$ the values of the
parameters, ie for a wide variety of the valuethefparameters. Figure 9 shows
combinations of, & andB that lead to equilibria of interest whén= 50.

9 We implicitly hold the values of the remaining flamentalst, A anda constant. A similar
exercise can be done for a fixed valu8aind allowing for exampla to vary.
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Figure 8. The Values of that ensure that the Dynamics{af} have the Des
ired Properties given the Value of Fundamenkl for A =50, &=
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Figure 9. Combinations of, & andB that lead to equilibria of interest when
A =50.



