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LIMIT PROPERTY OF THE COMPOUND DISTRIBUTION
BINOMIAL-GENERALIZED TWO-PARAMETER GAMMA

Abstract. In 1920 M. Greenwood and G. U. Yule presented a compound distribution
Poisson-two-parameter gamma and gave some interesting applications of this compounding.
In 1973 H. Jakuszenkow published a compound of the Poisson distribution with the generalized
two-parameter gamma one. In 1982 T. Gerstenkorn demonstrated a compound binomial-
generalized beta distribution and in the limit procedure received a compound binomial-
generalized three-parameter gamma one. Now there is presented a limit property of that
distribution when one of its parameters takes a special constant value, i.e. if we have a particular
two-parameter generalized gamma, giving the theorem of Jakuszenkow.
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1. INTRODUCTION

In 1920 M. Greenwood and G. U. Yule presented a compound of the
Poisson distribution

P(X = x;J =" exp(—A), 49>0, x=0,1,2,... 1)
with the two-parameter gamma one:
a' ,
= N exP(- 04), 0<4A< oo, v,a>0,

obtaining the negative binomial distribution
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It was the first paper in the field of compound probability distributions
demonstrating also some interesting applications of the given method. Since
that time there have been published many papers having respect to the
compounding problem. For the most part they are mentioned in the com-
prehensive elaborations, as e.g. Patil et al. (1968), Johnson et al. (1969),
(1992), (1997), Wimmer and Altmann (1999).

In this paper we refer to the paper by Jakuszenkow (1973) who gave
a compounding of the Poisson (1) and generalized two-parameter gamma
distributions, the last given in the form

0<p< + 00 ap>o, (2)
obtaining the distribution
p+x
P{X = x) = o 2 -(p+ x)exp (3)
floT
where x = 0,1,2,..., a, p> 0, and Dp(z) is the so-called parabolic cylinder

function, i.e. it is a particular solution of the differential equation

2. LIMIT PROPERTY

In 1982 T. Gerstenkorn published a compound binomial-generalized beta
distribution. It is known that if one parameter of the generalized beta
distribution tends to infinity then one obtains the so-called generalized
three-parameter gamma distribution:



axp 1
[(*;a, b,p)= “""/N'expf x,a,b,p> 0, 4)

bir® ~ b>

(cf. Stacy 1962, p. 1187; Srodka 1973, p. 77).
The compound binomial - (4) distribution

f>(x;a, b.c.np)=R) - %y - D*(bc-)Ar[Ltizi]. (5)

where a, b, p, ¢> o0, n - a fixed natural number, is obtained in the same
limit procedure.

For the aim of further discussion, that is for a comparison with the
result of H. Jakuszenkow, we simplify that distribution by one parameter,
assuming a —2, i.e. taking

n«,»b,, P)=(;) | ] («

va2/

The gamma function occurring in () is next presented in the integral form
for convenience of further transformations and we obtain

t
Next by putting y2 = i, we have

[ = 2]t ++-1e"*A.
0

X . L
Then we assume n= -, where A is a finite constant greater than zero
c

and we calculate the limit of (6) when n—* 0o. We have in the first place



We notice that

-~

,;(D\N X and (Iim ﬁ Ik\]ij /o
In consequence

limee) = —T-r— 1 =
rg ox!4"00 k* r(?)xte ©=0 k-

2b4x * f- 2b4* | £47? X TBAA 4 M
yr—Jip exp(- 12- AVb)dt=~/p\- 2 r(P+ *)exP(-g-JO6-p-*("W j}
2 W 1

(1>

The last relation is obtained by the known formula (Ryzyk, Gradsztejn
1964, 3. 462; Pbbkuk, [pagwreiH 1971):

Ix',-ie\p(-Bx2-yx)dx = (2B)

B,v>0, by putting: v=p+x, B=\, y= A%
In the end, the limit of (s) is expressed by

2A*  [2\-Eii IbA2\ !/ Ib\

\2J

and for A= 1 we obtain

(?)-4"r0,+,)exp
i* ol K
27

the same formula as given by Jakuszenkow (1973, formula 13, p. 71).
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Tadeusz Gerstenkorn

WEASNOSC GRANICZNA ZLOZONEGO ROZKELADU
DWUMIANOWEGO Z UOGOLNIONYM DWUPARAMETROWYM GAMMA

(Streszczenie)

W roku 1920 M. Greenwood i G. U. Yule przedstawili ztozony rozktad Poisson - dwu-
parametrowy gamma i podali interesujgce zastosowanie tego ztozenia. W 1973 r. H. Jakuszen-
kow podata ztozenie rozktadu Poissona z uogélnionym dwuparametrowym rozktadem gamma.
W 1982r. T. Gerstenkorn opublikowat ztozony rozktad dwumianowy z uogdlnionym beta
i w przejSciu granicznym otrzymat ztozony rozktad dwumianowy z uog6lnionym trzyparamet-
rowym gamma. Obecnie przedstawiona jest wihasno$¢ graniczna tegoz rozktadu, dajaca twier-
dzenie H. Jakuszenkow, jedli jeden z parametréow tego rozkiadu a = 2, tzn. przy ograniczeniu
sie do szczegblnego dwuparametrowego uogélnionego rozktadu gamma.



