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MULTIVALUED STOCHASTIC PROCESSES

Abstract. Multivalued random variables and stochastic processes can be use in integral 
geometry, mathematical economics or stochastic optimization. In the study of multivalued 
stochastic processes the some clue problem is the question of existing the vector-valued selection 
processes. Using the methods of selection operators it is possible to  show the existence of 
convergence in distribution selections and stationary selections for multivalued stochastic processes.
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1. INTRODUCTION

We present a concept o f  selection operators for multivalued random 
variables. For multivalued stochastic processes the some important problem 
is the question o f existing the vector-valued selection processes. In this 
paper we continue our work on properties o f  multivalued random variables 
(Trzpiot 1995a, b, c, 1999, 2002). First two sections contain basic definitions, 
next characterizations o f identically distributed multivalued random variables 
and the selection problem o f multivalued random variables converging in 
distribution. We show the existence of convergence in distribution selections 
and stationary selections for multivalued stochastic processes.

2. MULTIVALUED RANDOM VARIABLE

Given a probability measure space (Q, A, fx) random variable in classical 
definition is a mapping from Q to R. Multivalued random variable is 
a mapping from Q to all closed subset o f X.
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We have a real Banach space X  with metric d. For any nonempty and 
closed sets А, В с  X  we define the HausdorfF distance h(A, В) o f A and B.

Definition 1. The excess for two nonempty and closed sets be defined by

e(A, B) =  supd(x,  B), where d(x, B) =  inf || jc -  y|| (1)
xeA у eB

the Hausdorff distance o f  A and В is given by

h(A, B) =  max {e(A, В), e(B, Л)}, (2)

the norm || A || o f set A we get as

M U  = h (A ,  {0}) = supIIx II (3)
xeA

The set o f  all nonempty and closed subsets o f X  is a metric space with 
the Hausdorff distance. The set o f  all nonempty and compact subsets of 
X  is a complete, separable metric space with the metric h.

Definition 2. A multivalued function <p:Q —* 2X with nonempty and closed 
values, is said to be (weakly) measurable if <p satisfies the following equivalent 
conditions:

•  cp~l (C) =  {соe ň :  (p(a>)nG Ф 0 }  e  A for every G open subset o f X,
•  d(x, (p((o)) is measurable in со for every x e X ,
•  there exists a sequence {fn} o f measurable functions {/"„}: CŽ —► X  such 

that co(a>) =  c l  {fn(co)} for all coeQ.
Definition 3. A  measurable multivalued function cp: ň  —*■ 2х with nonem

pty and closed values is called a multivalued random variable.
A multivalued function ę  is called strongly measurable, if there exist 

a sequence {^л} o f simple functions (measurable functions having a finite 
number o f values in 2X), such that h(<p„(a>), <р(оз)) —> 0  a.e.

Since set o f all nonempty and compact (or convex and compact) subsets 
o f X  is a complete separable metric space with the metric h, so multifunction 
ip:il —*■ 2X is measurable if and only if is strongly measurable. This is 
equivalent to the Borel measurability of <p.

Let K ( X )  denote all nonempty and closed subsets o f X.  As the cr-field 
on K (X ) ,  we get the ст-field generated by q>~l (G) =  {coefi : (p(a>)r\G Ф 0 } ,  
for every open subset G of X.  The smallest ст-algebra containing these 
0>- 1(G) we de noted by A(p

1. Two multifunctions (p and у/ are independent if A<p and A y  are 
independent.



2. Two multifunctions <p and у/ are identically distributed if 
ц((р~1(С)) =  /*(^_ 1(C)) for all closed C c z X .

Definition 4. We say that a sequence o f multivalued random variables 
<pn: £2 —»■ 2K(X) is independent if so is {<p„} considered as measurable functions 
from (Q,A,  ц) to (K(X ) ,G) .

Definition 5. Two multivalued random variables (pij/:£l—* 2 Km are 
identically distributed if (p(co) =  a.e.

Particularly for ę„ with compact values independence (identical dist
ributedness) o f {íp„} coincides with that considered as Borel measurable 
functions to all nonempty, compact subsets o f X.

Definition 6. A selection o f the measurable multifunction <p:il —*■ 2X is 
a measurable function f : i l —* X ,  such that /(ш )б^(со) for all coeQ.

Let <p, у/ : ň  —► 2K(X) be two multivalued random variables, we define the 
following operation (Castaing, Valadier 1997):

•  (<p u  i//)(<u) =  с 1 (cp((ü) +  у{оз)), со e i l .
•  for a measurable real-valued function g:

(jgq>)((o) =  g(a))<p(ca), со e i l .

•  (čo <p)(co) =  čo со e  Q,
(čo-denote the closed convex hull).

3. MEAN OF MULTIVALUED RANDOM VARIABLE

Let LP(Q,A),  for l ^ p ^ o o ,  denote the X  -  valued LP -  space. We 
introduce the multivalued Lp space.

Definition 7. The multivalued space Lf[£l ,K(X)] ,  for l ^ p ^ c o  denote 
the space o f all measurable multivalued functions <p: Q —> 2 K(X), such that 
ll^ll =  II КО II is in U .

Then //[£2,К(А")] becomes a complete metric space with the metric Hp 
given by

Hp((p, V )  =  { \nh ( <p(co) , y/(a))pd n } 1/p, for 1 <  p  <  oo 

Н ш((5, у/) =  ess sup h(<p(co), if/(co),
шей

where ę  and у/ are considered to be identical if <p(co) =  y/(co) a.e.
We can define similarly other Lp space for set o f  different subsets of 

X  (convex and closed, weakly compact or compact). We denote by 
LP[ Q , K ( X )] the space o f all strongly measurable functions in Lp [£l,K(X)].  
Then all this space is complete metric space with the metric H p.



Definition 8. The mean E(tp), for a multivalued random variables 
<p:to —► 2K(X) is given as the integral \ Qq>dn o f cp defined by

E(v)  =  Jo<pdn {Ja fd n  :feS(tp)},  (5)

where

S(<p) =  { f e  L ‘[Q, X ] : f(o>) e  <p(co) e  <p(a>) a.e.}

The mean E(<p) exists, if S(tp) is nonempty. Multifunction cp is an 
integrable, if ||^(to)|| is an integrable. If ip have an integral, then E(<p) 
is compact. If // is atomless, then E(ę)  is convex. If <p have an integral 
and E(cp) is nonempty, then со E(<p) =  E(cocp), (со -  denote convex hull 
o f the set).

This multivalued integral was introduced by Aumann (1965). For detailed 
arguments concerning the measurability and integration o f multifunction we 
refer to Castaing and Valadier (1977), Debreu (1967), Rockefellar (1976). 
Now we present some properties o f mean o f multivalued random variables.

Let <р,ц/ :£1 —*■ 2K(X) be two multivalued random variables with nonempty 
S(<p) and S(y/) then:

•  clE(<puy/) =  cl(E(cp) -I- Е(ц/)), where (<p и  ц/)(со) =  cl(ę(w)  +  у/(сз)).
•  cl E(čo <p) =  co E(<p), where (čo <p)(co) =  Ш  <p(co), the closed convex 

hull.
•  h(cl E(<p),cl E(i//)) =  H j (p, у/).
Lemat 1. [2] Let tp:£l —*■ 2K(X) and 1 < p ^ o c .  If

Sp(<p) =  { f  e L ^ íi, X]: f(co) <  ę((o) a.e.} (6 )

then exists a sequence {fn} contained in Sp(cp) such that <p(co) =  c l { fn(cu)} 
for all cue Cl.

I^emat 2. [2] Let <p, ^ : Q - +  2K(X) and U p ^ o c .  If Sp((p) =  Sp(y/) Ф 0  
then (p{(ú) =  tp(oj) a.e.

This properties o f mean of multivalued random variables are in fact 
the properties o f the multivalued Aumann’s integral.

4. MULTIVALUED STOCHASTIC PROCESS

Let T  denote the set o f positive integers or nonnegative real numbers. 
Definition 9. Multivalued stochastic process is a family o f multivalued 

random variables indexed by T  {<pn, t e T } .
Supposing that P  are the certain properties o f stochastic processes.



Definition 10. A vector valued stochastic process {fn, t e T } will be called 
a P  selection o f {<p„,n^l},  if {fn, t e T } has the properties P and f„e<pn,
a.e. for each t e T .
Let { A „ t e T }  be an increasing family o f sub-a-algebras o f A.
A multivalued stochastic process {<pn, t e T }  is said to be integrable if for 
each t e T  is integrable bounded (respectively, A, measurable)

Definition 11. Let A” be a separable Banach space. The map 
Г :K ( X )  —► X  is called a selection operator if V ( A ) e A ,  for all A e K ( X ) .

1) Г is called a continuous selection operator (or measurable operator) 
if Tis continuous with respect to topology on K (X )  generated by the subbase 
{Л е К (Х ), a < d ( x , A ) < b }  (a , h e R , x e X }. Denote Borel a-algebra o f this 
topology by B. This is separable and completely mertizable topology space 
(K (X ) ,  W).

2) Г is called a linear selection operator if for any A, B e K ( X )

Г (a yA +  a 2B) =  о^Г (A) +  а2Г (В). (7)

3) Г is called a Lipschitz selection operator if there exists a constant 
к >  0 such that for any A, B e K ( X )

| |Г ( Л ) - Г ( В ) | |< Ы ( Л ,Я )  (8 )

Theorem 1. Let X  be a separable Banach space. Then there exists 
a sequence o f measurable selection operators {Г„} such that for each 
A e K ( X )

А =  с\{Гп(А)}.  (9)

Salinetti and Wets (1979) studied the distribution theory o f multivalued 
random variables in finite dimensional Banach spaces. They proved that 
multivalued random variables (pY and <p2 are identically distributed if and 
only if the real-valued stochastic process {d(x, i p ^ x e X }  and {d(x, <p2) , x e X  
have the same finite dimensional distribution.

If a sequence o f multivalued random variables { ę n} converges in dist
ribution to (p, then there exist selections {/"„} o f \ ę ' }  such that { | | / J }  
converges in distribution to | | / | | ,  where /  is a vector valued random variables 
with f  etp a.e.

Theorem 2. Let X  be a finite-dimensional Banach space, and let ę x and 
(p2 be two multivalued random variables. Then the following are equivalent:

1 . ę x and <p2 are identically distributed.
2. There exist selection sequences { f \ } and { f l } o f (py and tp2 such that

=  c l { f ‘„(čô )}, i =  1 ,2 .



3. The real-valued stochastic process and {d(x, tp2) , x e X }
have the same finite dimensional distribution.

Proof (1=>2) Suppose that cpt and cp2 are identically distributed, and 
let {Гя} be the sequences o f measurable selection operators as in Theorem 1. 

We define f ln =  Г„(^') for i =  1,2, so we have Г,(й)) =  cl{f[{ľo)}.
To prove that {fj;} and { f l } have the same finite dimensional dist

ribution, it is sufficient to show that for any positive integer 1 , 
dj...... and open sets Gl , . . . , ,G k one has

P { c o e Q : / i j e G j ,  1 k} =  P{a>eQ : f 2nkeGj ,  l ^ j ^ k ) .  (10)

According to definition we get

P{coeí l  : f ‘njeGj ,  1 =  P{ct>eil : r rt( ^ e G ;, 1 < j < /c }  =

=  P(coeQ : tpi e r ^ j 1(GJ), 1 k} =  P{coeCl :9 l e  f )  Г
J= i

Since r ^ G ^ e B O  k) according to definition of Г лу ,  so equation
( 1 0 ) follows from the assumption.
Proof (2=>3). Suppose that (2) is true, so we need to show that for any 
k ^ l ,  x l , . . . , x ke X  and nonnegative number a l t . . . ,ak one has

P{coe Q : d(xk, cpY) <  a*} =  P{a) e  Q : d(xk, (p2) < a kj. (11)

We check this firstly for к =  2, generalization is easy.
Because Г((со) =  cl{f!,(ľo)}, for í = 1 ,2 ,  so we know that

d(*k,q>d =  inf H jc* —/*|| •
П

Let
Al{  =  {<yeQ : II xk - f \ I  <  a*} (12)

and let

A ‘np = { c t í e Q : | x k- / i | |  < a j n  f |  A l( , n ^ l .  (13)
1= 1

For each fixed i and j  {A'J} is a sequence o f disjoint measurable sets and 
we have

{coeQ :d(xk,(pi) < a k, k =  1,2) = ( (J A l„l) n  A%) =
я- l  m= 1  ̂ '

u  U  (A*1 -  n A %) for í =  1 , 2 .
n= 1 m- 1



According to fact that {/^} and {f 2} have the same finite dimensional
distribution we get for each pair (n, m) Р (Л У  nA^,2) =  P ( A 21 п Л £ 2).

00 00

The point (11) follows from the tact that (J \J ( A ‘„l — п А % )  is the
Я=1Л1 = 1

union o f a sequence o f disjoint measurable sets.
Proof (3 => 1). This was proved by Salinetti and Wets (1979).
Theorem 3. Let X  be a separable Banach spaces and let {<p„} be a sequen

ce o f closed and convex multivalued random variables converging to dist
ribution (p. Then, there exist a sequence o f selection [fn} o f {^„} such that 
{/„} converges in distribution to f e ę  a.e.

Proof. We denote by K c(X )  all closed and convex subsets o f X.  We 
claim that <p(a>)eKc(X) a.e. Since K c(X )  is a closed subspace o f (K ( X ), W) 
so (pne K ( X )  a.e. for each 1. Let Г be the continuous selection operators 
on Kc(X ) .

Define

/ = Г ( < р )  and f„  =  Г (<pj. (15)

We can see that /„  and /  are measurable and f netpn, f e ( p  a.e. Let nfn and 
Hf  denote the probability measure on X  induced by /„  and /  respectively. 
To prove that {fn} converge in distribution to / ,  it is sufficient to show 
that for every bounded continuous function g . X  —*■ R one has

lim \ x g{x)dnfn =  \ x g{x)dnf  (16)
n -* 00

Let F(A) =  <?(Г(Л)) for each A e K c ( X ) .  Than F is bounded continuous 
function on Kc(X) .
We can write

\ x g(x)d.ßf ' =  \ a g(f(oi))dnf  and J x g(x)dnf  =  \ a g(f{(o))dP. (17)

Next

\Kc(X)F(A)dnft =  \ a F{(pn(ai))dP and \ KciX)F{A)dßf  =  f ü F(<p(a>))dP. (18) 

As { ęn} converges in distribution to <p it follows that

lim $x g(x)d^f, =  lim \ ng(f„(co))dP =  lim Jn g (Г (<pn(co))dP =
Л —♦ СО П -* CO n -* 00

lim \ ü F((pn(m)dP =  lim JKciX)F(A)dP =  F(A)d(if  =  \ n F(<p((o))dP =
n 00 n -» 00

$пд(Г(<р(со№Р =  \ a g(f(a>)dP =  \ x g { x № r  (19)

This proves (16) and the theorem follows.



Theorem 4. Let X  be a separable Banach space and let 
{(pv 1 бЯ  + } c /Z y p i,X]  be a regular and right-continuous with respect to 
topology space (K(X) ,  W). Then {$or,t e R  + } has a regular and right-con- 
tinuous selection.

Proof. Let Г be the continuous selection operator on Kc(X) .  Define 
for each t e R + and c o g £2, /,(co) =  r ( ę j , ( <y))-  It is  easy to check that 
{ f „ t e R  + } is regular and a right-continuous selection o f {<pt, t e R  + }.

REFERENCES

Artstein Z., Vitale R. A. (1975), “A Strong Law of Large Numbers for Random Compact 
Sets” , AnnaLi o f  Probability, 3, 879-882.

Auman R. J. (1965), “Integrals o f Set-valued Functions” , Journal o f  Mathematical Analysis 
and Application, 12(1), 1-12.

Berge С. (1966), Espaces topologiques, Dunod, Paris.
Borowkow A. (1977), Rachunek prawdopodobieństwa. Państwowe Wydawnictwo Naukowe, 

Warszawa.
Castaing C., Valadier M. (1977), “Convex Analysis and Measurable Multifunctions” , Lectures 

Notes o f Mathematics, 580, Springer-Verlag, Berlin.
Debreu G. (1967), “Integration of Correspondens” . In: Proceedings 5th Berkeley Symposium 

on Mathematics, Statistics and Probabilistic, 1(2), 351-372.
Engelking R. (1975.), Topologia ogólna, Państwowe Wydawnictwo Naukowe, Warszawa.
Hausdorff F. (1957), Set Theory, Chelsea, New York.
Hess C. (1991), “Convergence o f Conditional Expectations for Unbounded Random Sets, 

Integrands, and Integral Functionals” , Mathematics o f  Operations Research, 16(3), 
627-649.

Rockefellar R. T. (1976), “Integral Functionals, Normal Integrands, Measurable Selections” , 
Lectures Notes o f Mathematics, 543, 157-207.

Salinetti G ., Wets R. (1979), “On the Convergence of Sequences o f Convex Sets in Finite 
Dimensions” , S IA M  Review, 21(1).

Saporta G . (1990), Probabilités, analyse des données et statistique, Edition Technip, Paris.
Trzpiot G. (1994), “Pewne własności całki funkcji wielowartościowych (agregacja zbiorów 

w modelach decyzyjnych)” , Prace Naukowe Akademii Ekonomicznej Wroclaw, 683, 55-61.
Trzpiot G. (1995a), “Multivalued Limit Laws Applied to Stochastic Optimization”, Random 

Operators and Stochastic Equations, 3(4), 309-314.
Trzpiot G . (1995b), “O selektorach projekcji metrycznej” , Zeszyty Naukowe Akademii Ekono

micznej Katowice, 131, 23-29.
Trzpiot G. (1995c), ‘Twierdzenia graniczne dla wielowartościowych zmiennych losowych”, 

Przegląd Statystyczny, 42(2), 249-256.
Trzpiot G. (1996), “ Conditional Expectation of Multivalued Random Variables” , In: Proce

edings o f  15th International Conference on Multivariate Statistical Analysis, Absolwent, 
Łódź, 31-42.

Trzpiot G . (1997a), “Limit Law for Multivalued Random Variable” , Acta Universitatis Lodzien- 
sis, Folia Oeconomica, 141, 129-136.

Trzpiot G. (1997b), “Wielowartościowe aproksymacje stochastyczne”. In: Proceedings o f  16th 
International Conference on Multivariate Statistical Analysis, Absolwent, Łódź, 224-236.



Trzpiot G. (1999), Wielowartościowe zmienne losowe w badaniach ekonomicznych, Akademia 
Ekonomiczna Katowice.

Trzpiot G. (2002), “M ultivariate Multivalued Random Variable” , Acta Universitatis Lodziensis, 
Folia Oeconomica, 162, 9-17.

Grażyna Trzpiot

W IELOW ARTOŚCIOW E PROCESY STOCHASTYCZNE

(Streszczenie)

Wielowartościowe zmienne losowe i wielowartościowe procesy stochastyczne znajdują 
zastosowanie w geometrii różniczkowej, w matematycznej ekonomii oraz w zadaniach stochas
tycznej optymalizacji. W teorii wielowartościowych procesów stochastycznych ważnym prob
lemem jest pytanie o istnienie wektora selektorów procesu stochastycznego. W artykule wy
korzystując operatory selekcyjne, pokazujemy zbieżność względem dystrybuant oraz stacjonar- 
ność selektora wielowartościowego procesu stochastycznego.


