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ANALYSIS OF THE"POWER OP THE IHDEPBHDENGE TEST
BASED OH THE HUMBER OP RUNS
IH THE OASE OP THE SECOND-ORDER MARKOV CHAIN

1. Introduotlon

Moat of the publieatlona oonoerning the applloatlon of run
teata to rerify random Tariablaa independencie hypotheaia basa oa
tha theorjr ot tha firat-order MarkoT ohalna. In thla papar we
praaant aa attanpt to a8timate tha power ot run taata under tha
aaaumptdon that tha random Tariablaa ganarata a aeoond-order
Marko? ohain. It oonoerns tha altuation when tha Information
about tha Talua of tha random Tariable at tha previoua pariod not
fully dataroinea Ita diatrlbution at tha ourrant pariod.

tat

&) Xg, ee# ™n—1e "n* n > 2

ba a aaquanoa ot random Tariablaa auch thatt
1= aaoh of tha Tariablaa haa a zarojona diatribution

(@) P(Xt « 0) + P(tj = 1) -1 for t m1, ..., n,

2= tha Tariablaa XA ara aaid to form a aeoond-order MarkoT
ohain, 1i.a.

)] ?2(XJ, » *tixt-1 m NL,2 N XE=2F eeey

- P(XE - . X*..,, Xt.2 -

. * _Leoturer, Inatitute of Eoonometrioa and Statiatioa, UniTer-
aity of todz,.



fort - 1, 2, n and arbitrary eeee xj €
3= the ohain Xt ia atationary

|
@ RO wm i mer* "
“P(XN = Xg * cee, An-t-1 " *nA*

tet us consider a random variable whloh la a number of runa
in the aequenoe (1)

5) 8" m 1+ oard{t t2 <t<n, Xt-1 i Xt}
*

In aocordance with [2] we ahall aasume the following aymbola
for atationary probabilltleai

Pghd * *At-2 " *g-1 * *5 XA e ),
(M phj - P(Xt-1 - h, Xt . i)

®) Pj - P(Xt = i),

forg, h, 1-0, land t -1, 2, .... n for t >3 In (6) and \>2
m (7). Tranaition probabilitieai

(€)) pJlgh " P&t ““" xt-2 " *t-1 " A

for g, h, j - 0, 1] t M3, 4, ** M of oourae

(1) P~j - Pgh e Pjigh-

The ooefflcient of the firat-order autooorrelation la

J0 0 ’~pii%;ml' "P*mpiit*

The eeoond-order autooorrelation ooeffiolent for linear regreaa-
lon of the firat kind la



a , Cp0 110 + P110QJ5 (p 1100 + POILL >
(12) es 1 - 4 L0071, 0 ——————==-

2. The number of runa dlatrlbution

We ahall preaent the dlatrlbution of the number of runa
Rn (of. (5)) in the aeaguenoe (1). tet Qh”(n,r) be the probablllty
of the aeguenoe (1) to oontaln r runa and Ita two laat elementa
to be h and J. Henoe

03) ry - KRn-r, Xn_, - h, Xa-J), h-0,1

and

14 Q(n. r) = £ ~ QhJ(n*
h 3

Por na 2, of oourae.

2* D. poo*
QOi(2» 2 * por*
19 910272 - p1o+
Q11(2» D - pn .
S
(16) Q@2, 1) Mpgo + P11

Q2. 2) = po1 + p10

In [2] we have given a generat fornula

1
@an *) o £ Qgfi(* — 1% » —~hj)Cl —J + (23 — Dw?),
g-0

In whloh

1-3+ (ZB3- 1)wr -,P(In - 4|12 - g, xa-1 . h) -



<h tor imoO

wgh for 3 " 1%

la partioular

1, Nuw e " *e riuio*

Qm (o, r)

Q0l(a> *0 — -1, r —Dw” Q10U -1, r — D*10.

d
a) Q10(a, r) —Q0l(a -1, v — t)«Q1 «Qtl(a -1, r - Ou,,,

a”~Cn, r) « Q0l(a 1. r)*01 e QliCa — 1, *)wn~*

The formuta @with the initial ooaditioaa @ha* beaa the
basia for the nuaerioal deteraiaatioa of th« probability of the
aumber of ruaa Rfl la tha aeoond«order Marko* proaeaa.

3» tha raadomlued runteat

tat ua aaauae that wa ara Yerlfyiag tha hypotheaia of tha
indepandenoe of tha aequenoa of random Tarlablaa (1) ohained la
a aeoond-order Marko* ohala. By way of aimplifloatloa wa ahall
aaauaa that tha ooadltlOA of tha linearity of ragreaaioa ia
aatlaflad (oonaldaratloAa for tha generat oaa* ara Aot aubatan-
tlally diffarant)

(19) W, - wlQ - wQl ¢ Wqq mO.

Uaiag tha taat baaad on the atatiatio (of. (5)) wa ara to
Terlfy tha hypotheaia of tha Indepandenoe of

ao *6 " 2" >
Aooording to tha altematifa hypotheaia (H1 » p < O,H.j t# >0,
H”?1i g m o) we ahall aaauae reapeotirely a right-aided, left~
-aided, or a two-aided oritioal regioa for tha xun taat.
la oomparatiTO atudiea of IAdepeodeAoe teata wa oaA oonaidar

raAdouised teata, whigh enaure identioal probabllltiea of makia*
a typa I error (of. -



Por a left-sided region we hava the crltioal yalue

(20) - max {r * p0™Rn <r)<a}

and
a-P@®R ~"r)
(2D Poi * p’(R=J rQ + 1)

where PD denotes probabillty oaloulated for HO asaumed to bo true.
The test Is aa foliowat
1= Hq Ib rejected when Rfl < ra + 1,
2< Bl a accepted when Rpg > rgpt 1=
3 Hq la rejeoted with the probabillty p®, when Rn » ra + 1.
The power of the randomlzed run test lIs

(22) 1- @-PAI~ $ 1) + PaPRjj, « *a + D.

Ali the probabilities, the power of run test inoluded can be
oaloulated frora the reouralTe formutae (17)*

4« Soope of the atudy
&

In the three-pararaeter stoohastio prooesa the power of a run
teat is a function of five paraoetera* n, p, e, a, where n ia
the aample aise, a ia the slgnlfloanoe level, and p « P-|*£ and
g2 have been deflned by (8), (11), and (12), reapeotively.

Wo have replaoced the parameter”~g by *he differenoe

(23) S-£2-£2

meaaurlng the "dI8tanoe” of the glven prooeaa front the firat-
-order prooeaa, beoauae we hare £2 * (of. [2]) In the aecond-
-order Markov ohain.

So the power of a randomized run test oan be ezpresaed aa the
function

(24) P(Rft™ ra) + p~ P(RQ - ra) - (pin, p, g, S, ob).



The guantlles ra and pa oorreapond to the slgnlflcance level
according to the formulae (20) and (21).

It seoraa Imposslble to fiad the analytloal form of the funo-
tion (@ (24). That ia why we have attempted to formulate sone oon-
olusiona concernlng the power of test obtalned frora numerioal
experlments. The values of the power funotlon (24) have been
detenalned for

n « 5, 10, 20, 30, 50, 100, 150, 200,

p - 0.5, 0.6, 0.7, 0.75, 0,8, 0.9, 0.95,
£ -0, 0.5, 0.9,

5 *0, 0.1, 0.2,

a* 0.02, 0.05, 0.10.

Beoause of the oost of oomputatlona, we have United our oon-
slderations to posltive autooorrelatlon, 1l.e. £ > 0, and ao-
cordingly, we oonslder only a left-slded run test (a smali number
of runs la the evldenoe of posltlve autooorrelatlon). The oase of
negatlve autooorrelatlon Is preaented only for a symmetrloal dla-
tributlon p - 0,5, oaloulatlons belng mad* also for p - -0.9 and

-0.5.
Rememberlng the faot that not for all trilples (p, £, S) there
are statlonary dlstrlbutlons

(25)  (Xt-2, Xt-1, X*)

we hare derlved respeotlve Inegualltles In the aubsequent part of

thia paper.
*

5. Constralnts on the parametera
of the eecond-order Markoy ohaln

There 1Is no loss of generality In assumlng that p ~ 0.5. Due
to the tradltlonal notatlon g > 1 - p we asaurae

(26) p Ja.
We also Include the Inequalltles

@7) 1£1€1  and < 1»



In some of the aubaequent ezpreaaions we oon find zero in the

denomlnator (in ertrene caaasj p m1, i£ | =m0, qr\ 1" 1).SinAca
it does not have a.ny influence on finat reaulta, we have omitted

detailed oommenta on this problem.

5.1. Gonatrainta on g with given p

Tranaition probabilities (28)

fulfil the following inegualitiea
(28) 0 Pjlh~1 for h» 3 m<»

Since

oh+ph"1 frh-QL

(28) will hotd if and only if

0 < P10 *1 814 0 *pOll 5 1*

In light of III (p- 4>the formulae (].ZD), we have

(29) P110 - P(1 -£> PO 1 * *(A ““£>e
Gonaequently, by virtue of (26) and (27)
0 PO |1 < P1l0*

So, for (28) to hold-it ia neoeaaary and auffioient that

P110 < U

In light of (29) and ufter solTing the laat ineguality with
regard to p we obtain the oondition for which we have aearohedt

(30) £ £ - ag/p.



5.2. Conetrainta on with p and £ given

Like in the former oase, oonditional probabilitiea are the
conatraint here*

(€D 0< pjlgh K 1 for s* h* i " < 1*

Since (of. [1], p- 8, formulae (31))

piioo mp(1l - - ypno»
Pilol » (p + m yi»i 11 *
oo “ (E+ gy mrrat*
piiii — (1'-£>* — ypoll»
where
, 1 "A2
1 * >

the inequalitles (31) are equivalent to the following

pjlh<f for h» i " S 1

and these in tum to the oonditiona
p(l -£) v, p+ag -~

(becauae pQ | ~ Pno 40,1 POI0 * p1ll1™ »bi<b can be written aa

y«li

where
m - max{pd -£>), p + q#}.

Por 0 "p(@ -£) <p + qg, henoe

(32) e2 51 - *<r £>0,



otherwlae m e p(1 - #), bo

(33) £2* 1 for £ < °*

6. Reaulta and oonoluaiona

In aooordanoe with the Information given in 5 4, the atudy of
the power of teat baaed on the number of runa in the oaae of the
aeoond-order Markov ohain haa been oonduoted in dependenoe on
five parametera (n, p, £, S, ot). We have pioked up several valuea
of theae parametera and we have found the power of run teat in
different aectiona. Some of them are preaented in Tab. 1-6. On
the baaia of the reaulta ahown in the tablea we oan formulate the
following oonoluaionat

1) for £ =m0 there ia a differenoe in power of the dependenoe
of 5; with the inoreaae of p the power deoreaaea for amall n, and
it 1a etable for large n (of. Tab. 1)]

2) when g =m0,5 the differenoe of power depending on S ia
amalll the power of the teat deoreaaea (of. Tab. 2)|

3) when g inoreasea the differenoea of power oaused by S
deoreaaei for n ~ 50 and £ > 0,5 the power of the test Is 1,
regardleas of S (of. Tab. 3)}

4) for p =m0,5 iff£ m-0,5 the power of the teat inoreaaea
together with the inorease of n (of. Tab. 4)4

5) the power of the teat for£ » 0 doea not depend on n
regardlea of p (of. Tabl. 5 and Tab. 6)1

6) for amall n(n $ 50) the power of the teat deoreaaea toge-
ther with the inoreaae of p.

Theae oonolusiona glve an idea of the power of run teat in
the oaae of the second-order Uarkov ohain espeoially of the
dependenoe of the reaulta on the parameter S . Howeyer, in order
to, obtaln more precise reaulta,further and more detalied reaearoh
ahould be oonduoted.



Tha power of the run teat (per mllle) for g « 0 and a =m0.05
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-0.2

26
31
38
41
43

23
83
24
25
25

22
22
23
23
24

-0.1

36
40
44
45
46
48

35
35
36
36
36
37
37

35
35
35
35
35
36

5
0.0

50
50
50
50
50
50
50

50
50
50
50
50
50
50

50
50
50
50
50
50
50

eTab1le

0.1
67
62
57
55
54
52
51

68
68
67
67
67
67
64

68
68
68
68
68
68
67

0.2
86
77
65
61
58
53
52

89
89
88
88
89
88
83

89
89
89
89
" 89
89
89
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Table 5

The power of the run test (per mille) for P - 0.05
*0*05

O O O o o o o oo O o o o o o

O O O o o o o

.50
.60
.70
.75
.80
.90
.95

.50
.60
.70
.75
.80
.90
.95

.50
.60
.70
.75
.80
.90
.95

and a

0 6
-0.2 -0.1 0.0 0.1 0.2
5 191 221 253 288 327
. 219 245
- 112 123 134 147
87 93 100 108 116
75 . 84 89 94
. . 63 64 66
. 56 56 57
50 997 991 980 963 941
. . 945 919
. 9 H 884 854 824
855 824 796 771 747
709 680 667 656
. . 356 390 425
179 210 248
200 1000 1000 1000 1000 1000
. 1000 1000
. 1000 1000 1000 1000
1000 1000 1000 1000 997
1000 1000 993 984
877 848 819
. 564 569 575
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The power of the ran test (per mille) for p » 0,5 and p - -0.5

n c* 5
-0.2 -0.1 0.0 0.1 0.2
5 0.10 319 348 380 415 455
10 618 617 615 614 613
15 803 777 754 *733 715
20 902 871 842 814 787
30 979 960 938 112 883
50 1000 997 992 982 967
100 1000 1000 1000 1000 999
150 1000 1000 1000 1000 1000
200 1000 1000 1000 1000 1000
5 0.05 191 221 253 288 327
10 390 410 430 451 472
15 602 600 598 596 595
20 765 743 723 705 689
. 30 933 904 - 875 846 . 817
50 997 991 980 963 941
100 1000 1000 1000 999 997
150 1000 1000 1000 1000 1000
200 1000 1000 1000 1000 1000
5 0.02 77 88 101 115 131
10 232 267 302 338 374
15 388 408 427 446 464
20 557 559 560 562 563
30 818 789 764 741 719
50 985 968 947 922 893
100 1000 1000 999 997 992
150 1000 1000 1000 1000 1000

200 1000 1000 1000 1000 1000



The power of the run teat (per mil¥e) for p - 0.5
and p m0.0
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10
15
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50
100
150
200

10
15
20
30
50
100
150
200

The power of the run teat (per mille) for (n, 8)

(P> £)

©, 5, 0.5)

o, 75, 0.0)

il

©, 75, 0, 50)

and (p, /o) ot m 0.05

-0.2

191
390
602
765
933
997
1000
1000
1000

29
29
26
26
25
24
23
23

87
148
248
371
561
855
998

1000
1000

-0.1

221
410
600
743
904
991
1000
1000
1000

45
38
38

37
36
36
35
35

93
173
277
379
565
824
990

1000
1000

.S
0.0

253
430
598
723
975
980
1000
1000
1000

50
50
50
50
50
50
50
50
50

100
203
308
422
569
796
978
998
1000

Table

0.1

288
451
596
705
946
963
1000
1000
1000

55
65
65
67
66
68
68
68
68

108
239
342
445
571
771
960

993
1000

0.2

327
472
595
689
917
941
997
1000
1000

61
84
84
87
86
88
89
89
89

116
281
379
467
574
747
937
985
997
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Czestaw Domanski, Andrzej Stefan Tomaszewioa

ANALIZA MOCY TESTOW NIEZALEZNOSCI OPARTYCH NA LICZBIE SERII
W PRZYPADKU LANCUCHA MARKOWA DRUOIEGO RZ&DU

Artykut przedstawia numeryczny analize mooy testu losowoc-
oi préby losowej (niezaleznoSci elementéw proby), _opartego na
liczbie serii, w przypadku tancuoha Markowa drugiego  rzedu.
W przypadku procesu stochastycznego o trzeoh parametrach moo te-
stu serii jest funkcjag pieciu niezaleznych zmiennych (n, p, £,
B2 <» 6dzie n jest wielkoscig préby, p - stacjonarnym prawdopo-

dobienstwem, p - wspotozynnikiem _autokorelaojl pierwszego rzedu,
£2 - wspotczynnikiem autokorelaojl drugiego rzedu w przypadku re-

gresji liniowej ﬁierws;ego_rodza'u, a - poziomem Istotnosol. Na
podstawie naszych badan mozna sformutowaC, migdzy Innymi, naste-
pujace wnioskit o

1) dla g =m-0,5, p * 0,5 moo testu ros$nie wraz ze wzrostem nt

2) moo testu dla p =m0 nie zalezy od n, bez wzgledu na"pi

3) dla makych n tn $ 50) moo testu zmniejsza sie ze wzrostem

0
4) gdy £ rosnie roznica w mooy spowodowana przez 5 -£2 -£

(miara odlegtosSci miedzy danym procesem i procesem pierwszego rze-

du) maleje. i i
Dlam 501 £ > 0,5 moo testu wynosi 1, bez wzgledu na 6.



