
A C T A  D K I T E R S I I A T I S  L O D Z I E N S I S  

POLIA OECONOMIGA 68, 1987

Bogusław Guzik*
4r

SAMPLE GENERATION POR SIMULATION STUDIES 

OP HOH-LINEAR ECONOMETRIO MODELS

The practically used methods for estimation the parametsrs ot 

a non-linear econometrio model usually produce approzimate solu- 

tiona (estimates). So, the problem arises, how muoh the results 

obtalned by meana of approzimate methods differ from the ezaot 

ones. The anawer may be searched for elther by formal analysis of 

oonvergenoy of algorithms or by simulational exporlments. The 

seoond approaoh is dealt with in the paper.

Łet ua oonsider aa approximate method U, for estimation the 

parametera of a non-linear econometrio model1* On the b&sis of 

a numerioal ezperiment the results produoed by method M are to be 

oompared to the results produoed by an ezaot method2, whioh is 

the ordinary least sguare method* '

One oan propose the following standard prooedurei

1) fix a Teotor of observational results on a dependent 

Y&riable, and a matriz of obserrational results on ezplanatory 

▼ariableo,

*Assistant Professor, Eoonomio Aoademy in Posnań.

1 "Model" will be understood as a function adjusted to the 
obserrational results*

o
The oomparisons oan oonoern e.g. a degrea of adjustment, 

undetermination parametera, stoohastio oharacteristios.etc* We 
assume that the method M is not identioal to the standard method. 
This non-identity of methods can be the result of the differenoe 
of approzimation (or estimation) criteria. or - if the method M 
criterion is (at least intetionally) identioal to the criterion 
in the standard method - It may be tne result of a different pro
ceduro of finding out an eztreme point (or rather a point olose 
to the eztreme point, beoause the methods of searohing for the 
minimum of the non-linear approzimation oriteria are usually 
iteratiTe methods).



2) derive the vector of parameters of a given non-linear 

function by means of the ordinary l.s.m. and by means of the 

method M,

3) compare the results derlyed by means of both methods. 

However, many diffioulties arise there.

Firstly, the eatimation of the parameters of a non-linear 

function ia numerically difficult beoause it needs solving many 

(raore or leaa) oomplioated systems of non-linear eąuations. Por 

example, even in a very aimple case where the funotion is a power 

a2
one f » a^x the aystem of equationst

have to be solved with regard to a^ and Tbe symbol 1 denotes 

a yariable nurobering the obBervational results ( 1 - 1  ***** L), 

and Ł p  y.̂  denote the 1-th obserrational result on the explanatory 

Yariable and on the dependent yariable, reapectiyely.

Secondly, this type of aystems oan usually be solved only 

approiimately. Conseąuently, the results of the method M would be 

compared with approximations of the results of the ordinary l.s.m.

Por theae reasons another approaoh to the type of simulation 

in ąuestion is suggested. The generał soheme of this approaoh oan 

be formulated as followst

1) t±x the vector au of the parameters of given non-linear 

function;
2) having the vector au and the matrix X of observational 

results on the ejplanatory variables find suoh a reotor y8 of the 

dependent variable values, that applioation of the ordinary l.s.m. 

directly to the numerical data {y^jlj.proyides a yaotor ag identi- 

cal to au ;
3J approadLmate method M is employed to statistioal data 

{y^;X}, vector of model parameters is deriyed, and veotor a**

is corapared to yector au .

1 1

1 1



Thia approach, therefore, ia of an indireot oharaoter. The 

problem ia not in determining a Teotor of parametera au by meana 

of the ordinary l.a.m. in terma of matrix X and veotor y, but in 

generation of a veotor y of the valuea of the dependent yariable 

in terma of matriz X and veotor of the parametera au .

The approach auggeBted here poaaesaea aome important adyanta- 

gea. The given veotor au ia an exaot onej diffioultiea oonneoted 

with aolution of non-linear syatema of equationB are avoided, the 

problem - aa we ahall aee later - oonaiata in aolving a system of 

homogenoua linear eąuationaj beBides the yaluea of aome oharao- 

teriatioa of apeoial intereat related to the atandard method can 

be eaaily planned (malcing the analytical ezperiment aomething 

like a oontrolled experiment).

The aim of thia paper ia to preaent a method of generating 

the vector y®. In order to aroid miaunderatandinga it ahould be 

emphaaized that we are not intereated ln any apeoial method M of 

eatimation of the parametera of a non-linear model, or in any 

prooedure of oomparing reaulta of thia method with reaulta of the 

ordinary l.a.m. Inatead, we ahall fooua on a way of generation of 

the veotor y® auoh aa to aatiafy certain oonditiona.

’ 1

Before formulation of a way of generation of y®, it might be 

useful to mention the baaio ideaa of the ordinary l.s.m.

Łet f(a, x) be the examin*d non-linear funotion with the
p

parametera a - explanatory ▼ariablea x ■ (Xj),b1.

Taking for. granted that the vector y* - (j^), 1 • 1, ..., L of 

the obaervational reaulta on the dependent ▼ariable and the 

matrix X 1 - 1 ,  ...» L| j - 1, .... P of the obaervational

reaulta on the explanatory variablea are given, let ua aaaume for 

the time being that we are going to eatimate the veotor a by 

meana of the ordinary l.a.m.

We aaaume that L > K. Let x^ atanda for the 1-th row of the 

matrix X and e^ for the reaidual

(1) ®i - y^ — fi



where

(2 ) f-̂  » f(s, x^), 1 ■ 1, •••* L. 

The residual sum of sąuares

C3) 3 - Z  *1 •
1

reaohes the minimum yalue if the relation

(4) -r— ^ ■ 0 for i ■ 1, .... K
i

holds.
Sinoe 3S/3a1 - £  aef/da.,. - - £  2e1 relation (4) oan be

1 1 1
represented as

(5) ^  ®il®l " ® (i ■ 1» «••* K)

1

where

3il " 3 ^
(6) a., - (1-1. «... Ł).

Let us  now assume that the T e o t o r  a ■ au  and the aatr i x  X are 

giTen. We are going to generate suoh a T e o t o r  y® - Cyf)
1 - 1, ..., L that if the ordinary l.s.m. was ua e d  to the data 

one would obtain the T e o t o r  a® ■ au .

Sinoe (5) holds for the Teot o r  a derlTed by seans of the 

ordinary l.s.m.fso for fixed au  the T e o t o r  y® should be generated 

in such a way as to

<'7> Z  a}x (yf - fj) - o (i - 1 .......K)

where

(8) f“ - f(au , Xj)



In theaa foiraulae f£, (l » 1......L| 1 - 1, .... K.) are

given, beoause the veotor au and the matri* X are given. Let ua 
also denote

(10) ef - yf - ij .

One oan oonolude from (7) that a generetion of y8 ia aotually 

reduoed to solving a system of homogenous linear equations

(n) aii°f - o (i - 1, ..., k )
i

with regard to e| (1 » 1, ..., L).

Then

(1 2 ) yf " fi + ®f ( 1 - 1 ,  ..., L).

If (e^) 1 - 1 ,  Ł atands for the j-th (J « 1, L-K) basio

solution of system (11) with the fixed basio system, then the 

solutions of system (11) oan be represented as

L-K

(13) ®l " ( l — 1, L)

J-1

where Pj are arbltrary ooeffioients3.

2

In the abore prooedure the ooeffioients p^ are arbitrary. 

However, some additional postulates lmposed on the veotor y* 

usually oalls for an appropriate definltion of these ooeffioients. 

The following postulates oan be mentioned as axamplesi

1) the Teotor y * >  0}

The ooeffioient oan be determlned e.g« by means of the 
random numbers generator.J



2) the coefficient of undetermination

Z (tf - ‘V‘
(14) »* - ------------ —  where ?* - £  Z

Z (7l - y*>2 ' 1

ia not greater than 1;

3) the coefficient of undetermination ia eąual to a given 

value.

Some examplea will illustrate the allowanoe for these poatu- 

latea. Lat ua aaaume that oertain yeotors y®, e® obtained by 

aieana of the procedure do not aatiafy the reapective poatulate. 

We will provide the aatiafaotion of thia poatulate by means of an 

appropriate modifioation of the Teotors y®, e®. The veotora au , 

fu - (f“), 1 » 1, .... L aa well aa the natriz X will remain 

unchanged.

The modified (new) ąuantitiea will be marked with an asteriak. 

We shall aaaume that

(15) fJ > O ( 1 - 1 ,  ..., L)

and that the function f(x, a) ia auoh that with the veotor a 

aatiafying (5), the relation

(16) ^  f ^ ^  • 0 where *i " *1 “ fi 
1

holds. It ahould be notioed that non-linear functions f(xf a) 

which are the most popular onea in eoonometrio analysia aatiafy 

thia poatulate if - aa it haB been aaaumed here - the inequality

n ‘i(5) holds. Por instanoe for the power function f^ ■ a1 | | x ^

i-2
I

and for the eiponential function f^ - a^ exp( ^  “i^i ^  *he

. 1-2

following eąuality holds » f^/a^. So, if ^  311®1 * 0, ae it



ls in (5), then ^  a1 * ai X j 81lel " °* In
1 l" 1

tura for the Tornqviflt II function.f^ • — - — -~f we have «

- x1/(a3 + 321 » - 1/(a3 + Xj), Taking f ^  we get

E Vi-E
1 1 3 ^  1 3 ^ L

" e 1 L  a1lel " a2 Ł  d21el * 0 
1 1

beoauae poetulate (5) aaya that ^  d1lal* E  32®1 * 0ł
1 1

Poetulate A (y* > 0). Let ue aesume that aome elements of the 

veotor y® ar® negative. The residuala e® ahould be modified in 

such a way as to get the new residuala e* being aolution of ayatem 

of homogenoufi linear equations (11) and providing the new rector • * 
y * - (y£) 1 » 1, L to be poaitiye.

Notice that by aaaumption (15) CfJ > 0) there is y£ > 0 if

all negative modified residuala aatiafy je^l < t*. It oan 

aohieved if

(17) ®i " ®l 01 (1 ■ 1» •.•, L)

where

(18) m - n min 
le L"

'iu

eg
*1

(19) L_ o {l * e® < O}.

Note that by definition of the veotor e8 (see (12)) the modifioa- 

tion of residualB oan be repreeented aa



L-K

(20) * XI pJel (1 * 1» •••*'!•) 
3=1

where

(21) , Pj ■ P-j® (3 ■ 1» •••» **-K).

B e oause (»J), 1 * 1 ,  •••, L is a linear oombination of basio 

Solutions of system (11), the "new" residulas are Solutions of 

system (11), as well*
Postulate B (w*< 1), First of all let ua find out when the 

ooefficient of undetermination

E 4
(22) » . - Ł --------- ? - r E  »!• *1 ■ »1 - *1

E -« 1 
1

f o r  t̂ he function f(y, a) whose parameter yeotor satisfies system 

(5), is not greater than 1, i.e. let us find out when

(23)4 Y j ®i < Z  (*i - y)2*

Let us transform the expression Y (y^ - y) . Sinoe yi “ fi - ®1* 
therefore 1

Z (fi - f)2 * ‘H (ei - e) 
1 1

^ 2  +

4 Moreover, the vect o r  a derived b y  means of the ordinary
l.s.m, and au  for y^ «* yj (1 ■ 1, •••» L; satiafy the pootulate

(5 )•



+ 2 ^  (f ̂ - f ) (e^ ~ #)

1
*

where « «£ X V 1 m ł-E V 
1 1

Moreover,

1 . 1

(25) X! ~ - •) ■ X  fi*i ~ L®f ■ - L®f» 
i i

The latter eąuality is derired under the assumption X  f,e. - O.
1 1 1

After approprlate substitutions to (23) and reduction of the

oooponent ^  ®1* on® oaa *bat ineąuality (23) ls eąuiralent
1

to the ineąuality

(26) - Le~2 - 2 Lfe + £ ( f x - f)2 > 0.

1

The ineąuality holds if e - O5. Further,we ahall ignore thia oaee 
and foeus on e it 0.

The left-hand aide if ineąuality (26) is a ąuadratio trinomial 

with regard to e. As the ooeffioient at I2 is negatiTe, and the 

interoept term of this trinomial is non-negative,so the disorimi- 

nant of this trinomial is non—negative and there are two real 

roots ej, ejj, (ij ^ ijj) of the trinomial. Sinoe -L < 0 the 

ineąuality w < 1 holds6 for i e [ij, Sjj].

5
/  Notioe, that if f(a. x) ■ g(a. x) + an , then i « 0. Thua 

0fr  dao " 1 ^  th® •<łuatioa ot system (5) related to the parame-

ter aQ says that X  1 a1 • 0.

6 It follows from the presented oonditions for w < 1 thati



Let cerfcaln veotors eg , ye be already derlved and the ooef 

ficient of undetermination

be greater than 1. On the basis of ef we are going to dtrlT* suoh 

"new" residuala e* (as well as "new” values of yj), that the 

ooefficient of undetermination

(23) w* - — -------------  whare 7 *  •  ^  yl

E &  - ̂
1

is not greater than 1 under the reotor •* - (•{) 1 - 1. •••» Ł 

satisfying system (11)*

If "new" residuals are proportional to e^»

(29) ê - k ef

they really are solution of system (11).

Let e* stand for the mean of the residuals Cl - 1, •••t L '* 

Prom the above condition, w s 1, w* will be not greater than 1

if

(30) . 5 * e  [«!# *2^

where e.,, e'2 are tha roots of the trinomial

(31) ♦ *1® + bo '

1) if e ■ 0, then w « 1 when ^  (fj - f ) ■ °* i,,ł *1 * oonat

1 _

( 1  - 1, .... 1)5 2) if e ^ 0, than w - 1 when • • or when e -

* *11 *



with ooeffioienta

(32) b2 - -L, b, - ~2Lfu , bQ - (fj - f")2

1

1

On the baals of es vector e* oan be generated aa foliowa.

Let >8 ^  ej, e8 i 0, and 

1

(33) k1 « *V*g» *2 * ®2^*8*

The "new" residuala oan be determinsd from

(34) e£ - k ej where k e [k,, k2].

Hotioe that in thia oaae

•* • i  Z  k *1 “ k *g e [i-i • •*}. 
1

what neana that the ineąuality w*^ 1 holda.

Poetulate C (w* - w0, O < w0 sj 1). Let the ooeffioient of un- 

determination w8 for the yeotora e8 , y8 be different from wQ, and 

let 0 < w8 < 1. On the baaia of e8 we are going to derive auoh 

a vector e* being a aolution of (1J) and prorlding the equality 
w* - w j .

If the "new" residuala are proportional to eji

(35) * r *f * 1» •••» Ł), r 4 0

the Teotor e* ia a aolution of (11). The problem ia how to deter- 

mine the ooeffioient r. Th* ooeffioient w* la dafined by (28). 
Let U8 tranaform thia formuła into

7 * o
The poatulate w « w may appear e.g. when we are going to

oheok up the ąuality of the method M with reapeot to the funotion
adjusted by meana of the ordinary l.a.m.



*v 2E (•!>
/ \ # 1  * *
(36) w * « "  i*

2
1  ',

If the reslduals are defined by (35), then the poatulate (5) 

also holds. Therefore, by Tlrtue of (24) and (25)

(37) E  - » " > * -  E  (f? - *">2 ♦ E  u i - i * ) 2 -
1 1 1 .

- 2L e* f“.

Taking e^ - re^, it results from (36) and (37) that

r2 E < * ? > 2

(38) w* « -------------9-------- ^-----------5--------------.
£  (fj - f“) +  r2 E  c « f  - i*) - 2L r S« F
1 1

Let ua conaider the quotient w*/w®. Postulating that w* ■ w we

w*
also poatulate that —  » q, where

w15

(39) q - - ~

-*
The equality — = ■ q holda 

f i
if w

(40) r2 [q Ę  (e^ -  es ) -  E  (*?  “ 3T6 ) J “  r [2<* Łegf u]+

+ E  ( f J - ł U)  -  °-
1

The left-hand side of thia eąuality is a ąuadratio trinomial with 

reapect to r.



It foliowa that the value of r determining the new residuala 

e* by raeans of the reaiduals e| (aee (35)) eon be taken aa a real 

root (if any) of the ąuadratio trinomial

z2 + oiz + c 
i o

°2 ■q E (ef - ®e)2 - E (yf -yS)2 
i i

o, - -2q L i« fu , oQ - £  (fj - ^U)2‘
i"

Let ua now oonsider whether the real roots of trinomial (41) 

ezist*

1. The oaae e® ■ 0. Tranaforming the expreaaion ^  (f^-f)^

1

and letting f£ - yf - ej by aaaumption, f“e| ■ 0, we get

1

^ u; - tu>2 ■ £ {(»f - »*) - c.f - i*)}2 - 
1 1

■ £  (rf »*)2 ♦ £  (*f - 5 8 ) 2 1 2 - 2 Z  (•? f-
1 1  1

Slnoe es * 0, the poatulate (40) will now taka form

q E (yf - y8) - 
1

*2 0  E  W 8 )2 - E

- q E ■ °*

(41) o 
Where

(42)

Conaequently,



(43) r2 -
1 1

Z  - i * ? - *  Z  <-'V*
1 1

The nuraerator of this formuła is non-negative, as for eg ■ 0 the 

ooefficient of undetermination w® ̂  1 (of. (26)), and the ex- 

pression in the sąuare braokets is the differenoe of the numera- 

tor and the denominator of the formuła defining wg .

because w* $ 1.

This means that for e8 - 0 the Yalue of the right-hand side 

of formuła (43) is non-negative and oonsequentły the trinomiał

(41) has a reał root.
2. The case e8 j< 0. In łight of (42), the disoriminant of 

trinomiał (41) is certainły non-negative if

(e®) in the denominator of (43) oan be

transformed into the form

2

1
2

1
so

1 1 1

(44)
1 1

This ineąuałity is eąuirałent to the ineąuałity



Z - se'2
— ---------— “5 ** 'q
Z  Cyf - ys) •

1

whioh means that it is equivalent to

(45) w6 ----------------- £ qf

Z  <■$ - ^  .
1

beoause .2

ł, ^ei }

£  C.f - •*)* - £  Uf) - L(e«) . w* . ~ 2 -
1 1 L  <af - y8 '

1

Ineąuałity (45) hólds if ~ £ 1, beoause

£(yf - »*>
1

and beoause, as it was assumed, w8 K. 1»
If we postulat« the coeffioient w* not to be greater than ws the 

ooefficient q is not greater than 1 (i.i. ^  ? D *
Notioe that we oan alwaya fix such a vector es (satisfying 

postulate (11)) that wg £ w*. In the ertreme oase it oan be suoh 

a veotor e for whioh the coeffioient of undetermination w ■ 1. 

The oonditions for w « 1 are given in footnote 6.

Thus '-the problem of determination such a ooefficient r that 

w* ■ w for the residuals ej (1 * 1, ♦.«» L), is solvable.

3.°?inal remark is only loosely oonnected with the basio 

problem of the paper, but it illustrates an applioation of tha 

presented approaoh to sample generation.
In our didaotic praotioe we are often trying to solve appro- 

ximation or estimation probloms in suoh a way so as solutions



were erpreaaed by "simple" numbers. Lat us aaaume as an e*ample 

that we are going to work out a probiera dealing with estimation

K

of the parametera of a model f ■ X  aixi means of the ordina-
i.1

ry l.e.ra.® We want to fix suoh yalues of the ezplanatory yaria- 

bles ao aa the yeotor of parametera is ezpressed by "simple" 

numbers. The elaboration of the problem oan be as foliowat

1) we deterraine a matrix of the yalues of the ezplanatory 

vsriables I - (a**), 1 - 1 ,  ..., L| i • 1, ..., K, and a yeotor 

of parametera au which ia numerioally aimple, i.e. we aaaume that

h  m fi» where fi “ Z  ai *ii»
i-i

2) euch a vector y®-(yf) that the applioation of the ordina

ry l.s.m. to the numerioal data {y®|x} results in a yeotor a® -

- au , is derived aa foliował

yf - fj ♦ ej ( 1 - 1 ..... L),

where e® are aolutions to the system of homogenoua llnear equa- 
tions

*li ®1 " 0 (i ■ 1» •••#
1

System (•*) is a partioular oase of the system ej - 0

1

(aee (11)). Bow the deriyatiyes 3 ^  - af^/aa^^ are equal to x ^  

(1 « 1, ..., L| i « 1, K). Any linear oombination of the

yeotors e® - (ef), 1 - 1, .... L whioh are aolutions of (# ) , ia

also a solution of (*) .

8
This model oan be a linearized yeralon of a non-linear

model.
9

Poatulating the simplicity of oaloulations we should 
obyiouely chooae only yeotors of reaiduals e* with elements ex-
preased by "simple" numbers.



that
Elampie. Let f • alzi ■*" *2a2* where * 1. Lat ua no sum o

X’
1 2 3 4 5 6 7 8 

1 1 1 1 1 1 1 1

Hence (f^) ■ [5 8 11 14 17 20 23 26]. The procedura of 

generation of the reotor y® ■ (y®) can be repreaented as oheoklng 
whether the eąuations

»ii«i * °» E  •! - °
1 1

hold for dlfferent veotora of residuala ap .

Thls prooedure ls lllustratad ln Tab. 1. 2] danotea the value 

L#t u® aaaume that e8 ■ e£. A text of the problem
1

T a b 1 e' 1

Oaloulatlona oonoernlng the prooedure of generation

of the Teotor y®

*11 *21 U
I

E, Z * •f

IX

2, e 2 *1

III

£2

1 1 1 1 1 0 0 0 -1 -1 -1
2 1 1 2 1 0 0 0 -1 -2 -1
3 1 0 0 0 2 6 2 2 6 7
4 1 -4 -16 -4 -1 -4 -1 0 0 0
5 1 1 5 1 -1 -5 -1 2 10 2
6 1 0 0 0 -1 -6 -1 -1 -6 -1
7 1 0 0 0 -1 -7 -1 -1 -7 -1
8 1 1 8 1 2 16 2 0 0 0

Sum total 0 0 0 0 0 0



could be as followst "using the ordinary l.s.m. adjust linear 

funotion f - a1x1 + ag to the observation results

*11
1 2 3 4 5 6 7

*1
6 9 11 10 18 20 23

We shall get f ■ 3i-j + 2.
Some other postulates eon be imposed on th« veotor e®. Por 

instance, we could demand that the estiraato a of the standard 

deTiation of the random oomponent (s^ ■ 'i -~K* wliere ® 
residual sum of sąuares), should ba expreased by a "simple" 

number. In this oase we have to seleot the residuals in such 

a way that they satisfy the system of eąuations (*) and that

S has a fixed value.
In our example if w« postulated s • 1, we would have to find 

suoh residuals that eąualitles (* *) hołd and that S - 6. It is 

ao e.g. when • * - [ - 1  0 0 2 0 0 -1 o], or when eg - 

■ [ - 1 1 1 0 - 1 - 1 1  0].

Bogusław Guzik

GENEROWANIE PRÓBEK DLA BADAN SYMULACYJNYCH

W artykule jest rozważany następujący rodzaj badań symulacyj
nych. Za pomocą eksperymentu numerycznego, wyniki oszacowania pa
rametrów strukturalnych nieliniowego modelu ekonometryczne- 
go f(a,I) dla zmiennej y, uzyskane za pomocą danej metody estyma
cji M, są porównywane z wynikami uzyskanymi za pomocą zwykłej me
tody najmniejszych kwadratów (l.s.m.).

W tym przypadku jest proponowana następująca standardowa pro
cedura!

1° ustal wektor y i maoierz X wyników obserwaoji na^zraiennyoh,

2° wyprowadź wektor a° za pomocą l.s.m. i wektor • za pomo
cą metody U.

Pojawiają si® różne trudności. Najważniejszą jest aproksyma

cja wektora a°. Z tego względu jest proponowane inn« podejście do 
badaniai

1° ustal wektor au parametrów modelu

2° na bazie au i X wyprowadź taki wektor yG wartości y,że a°»
U r G £ \

6  P r o b l e m  sformułowany w ten sposób można sprowadzić do rozwią
zania układu Jednorodnych równań liniowyoh. W artykule jest opi
sany sposób określania wektorów y6 i wektorów spełniających pewne 
dodatkowe warunki.


