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THE EPPICIENCY OP ESTIMATION METHODS POR MODELS 

WITH ERRORS IM EXPLANATORY VARIABLES

1. Introduotlon

Although the estimation problem for modele with obaeryation 

errora appeared already in the thirtiea it has been reconsidered 

▼ery rarely in eoonometrica. The first aignificant works in this 

field were those by R. P r i a o h [ 3 ] »  T. K o o p m a n s  '[fi], 

and D. L i n d l e y  [7]» Unfortunately, the methoda propoaed by 

theae authors reąuired Information that waa usually not ayailable 

and oomputations that were oomplioated and laborioua.

Modela with errora in yariablea gained importanoe when 

economista started to deal with oertain eoonomio jphenomena, 

e.g. oonsumption, inyeatmenta, produotion eto. Relationa dea- 

oribing theae phenomena yery often oontain non-obaervable 

yariableai their non-obaeryability oomea either from the chara- 

cter of theae yariablea, or from measurement errora whioh oan 

appear. In both oaaea a model with errora in yariablea oan be 
uaed.

2. Eatlmation methods for modela with obaeryation errora

The problem of deriving and applying e8timation methods 
for modela with obaeryation errors haa been explored by U. Bart- 

lett, J. Durbin, J. Johnaton, I. Kmenta, E. Malinyaud, A. Wald, 

A. Zellner and othera (e.g. of. [5]). These methoda oan be 

diyided into two groupat one of them compriaeai
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- methods baaed on the maximum likelihood prinoiple, under 

the aasumption of knowing the yarianoe and ooyarianoe matrix 

of measurement errors and independenoe of these errors from the 

random component of the model;

- the revised method of least sąuares that lnoludes a rela

tion between the measurement error ooyarianoe and the non-obserya- 

ble ezplanatory yariables yarianoe.

The other group includea methods based on the instrumental- 

yariables method. These methods eyentually lead to a speoifio 

grouping of yariables.

We shall briefly charaoterize the mentioned estimation methods 

(e.g. cf. [i] and [3]). Taking into aooount the brevity of our 

presentation we shall not derive any formulaej only in Appendix I 

we shall present analytical forma of estimators of struotural 

parameters and their statistioal charaoteristics.

1. The reyised method of least squares (KL3), i.e. the 

modified yersion of LSM, accounting for the magnitude of struotu- 

ral parameters underestlmatlon in dependence on the yarianoe of 

measurement errors.

2. The maximum likelihood method (MLM) is derived under the 

assumption that non-observable yariables haye multi-dimenslonal 

noraal diatribution known moments. They are determined by using 

parameters of the diatribution of yariables with obaervation 

errora and parameters of the distribution of errors themselyes.

3. The instrumental yariables method ClVM) ls an estimation 

method oonatruoted for modela in whioh explanatory (random) 

yariables are correlated with the model’s random oomponent.

A basie diffioulty in the applloation of this method is a ohoioe 

of proper inatruraental yariables that are unoorelated with non- 

-observable random oomponents.

The posslbillty of choosing different yariables as the bo  

calłed "instruments" underlies the formulation of some other 

estimation methods based on IVŁ1. They are:

a) Wald grouping method in whioh the obseryation set for the 

yariable with a measurement error is diyided into two aubsets; 

we determine proper averages for eaoh of thpin and we oonatruot 

a straight lina passing through thems



b) Bartlett method, which ia a generallzation of the Wald 

methodj the obaervation set ls dlyided into three aubsets, and 

only the last two ot them (the firat and the last one?) are used 

further on.

4« The method propoeed by M. P e 1 d s t e i n [2] la ,a com- 

bination of two eatimation methodat the method of least aąuarea 

and the instrumental yariables method. The eatimator of tho 

parameter standing at the Yariable with meaaurement error is 

determined aa a convey linear oomblnation of the LSM and IVM 

eatimatora. Propertiea of methoda preaented here will be studied 

by means of a Monte Carlo experlment for properly oonatruoted 

aample spaoea.

3«_ Construction of sample data for our numerical experiment

Por a glYen aet XT^, i - 1, ..., n and for given Yaluea 

of the parametera aQ and ot, we determino auoh theoretloal Yaluea 

YT^ of the Yariable Y that

(1) YT± « otQ + ot,!!!.

The sample Yaluea Y^ are the aum of the Ya^ues of YT^ and 

random diaturbanoe i generated form the normal dlatrlbution

N(0,-y'{Xj - 1) • S2(YT)), where R2 ia the square of the oorrelatlon

ooeffioient between Y and YT, and S2(YT) is the Yariance of Y 
from the sample, Eyentually, for the aample slze n we repeat the 

generation IP tlmes ln order to obtain IP replioationa of the 

aample { ( y ^ ,  i T ^  1 - 1 ,  ..., nj a - 1, ..., IP}.

By assumption.the Yariable XT is non-obaervable, so - instead 

of the value of XX - we obaerve the Yaluea of the Yariable X, es 

the sum of XT and the diaturbanoe term

+ vit

where V is a random Yariable with normal dlatrlbution N (0,GV )
1  / ------------------ 5 --------------- - v

and ęfy - -yRB • S (YT) whioh is equiYalent to the aaaumption that



the share of the variance of error la the seoond central moment
6V̂

of the variable XT ls eąual to RB‘100# (RB - — 5----).
S (XT)

Then, just llke ln the oase of Y, we make IF samplings of n 

realizations of errors V. We obtaln the following realizations of

the samplesi,

{(a^ , 3dT i » 1 , «.«, n { 0 * 1 , .«•, IP

2
Plnally we obtaln the sample spaoe with the levels of R and 

RB determined in a given ezperimenti

{(y* » )» i ■ 1 , •••, nj 0 - 1 , ...,

Using this spaoe we determine IP-element seąuenoes of eetl- 

mates of parameters of the model

Yi * ^o + a1Xi + (£i * ‘W *

by means of the methods1 LSM, RL3, MLM, Wald IVM, Bartlett IVM, 
Durbln IVM,

The seąuences of estlmates will be used in deter

mining the following oharaoteristiosi average values of estlmates 

from IP repllcations, standard devlations for the estlmates from 

the sample, variabllity ooeffioients, magnitudes of blas of 

average values of estlmates, the spread of estlmates with regard 

to the actual value of a parameter, and the measures of skewness 

and kurtosis. The respeotive oharaoteristlos obtalned from dif- 

ferent methods are compared to one another and to the results 

obtalned by means of a standard method,whioh will be the ordinary 

method of least sąuares oalculated for the sample values

jCy* *̂ ^ i ^ * 1 * 1 * •••* nj 0 * 1 , ««.* IF^*

satisfying the ordinary assumptions that the ezplanatory ia 

obBerved without errors and is not random.



4. Numerical rc::llzatlon of Monte Carlo experimenta

Programme#HAS 1, aooording to the diagram 1, haa been done 

for the numerical realization of Monte Carlcr experiments. Thia 

programme is now ayailable from the Progreunmes Library of the 

Institute of Eoonometrioa and Statistios of the Uniyeraity of 

Łódź.
In all experimenta we have aasumed that aQ » 1000, a.) » 2; 

the values of IT have been seleoted from 4-digit tables of random 
numberst we have taken sample sizea n ■ 20, 30, 40, 50,the number 
of replicationa being IP ■ 5, 10, 15, ♦••» 495, 500. The following 

levels have been aaaumedi R2 ■ 0,99; 0.95; 0.90; 0.85; RB ■ 0.01;

0.05; 0.10; 0.15.

5. An analysis of the reaulta of the Monte C arlo ejcperlmenta

Our experiment ahowed the effioienoy - in the broad senae of 

the word - of 6 methoda of estimation of the parametera of 

a linear model with one explanatory yariable obaerved with errora.

While uaing the first of theae methoda, i.e. the ordinary 

least aąuarea method (OLS) we ignore the occurrenoe>of observa- 

tion error in the explanatory yariable.

Three further methods, IVM WAL, IVM BAR, IVM DUR, inforra ua 

that there is an error in the explanatora yariable. The laat two 

to be mentioned are the reyiaed method of leaat aąuarea RLS and 

the maximum likelihood method MLMj here we additionally uee the 

Information about the share of error in aotual yariability of the 

non-obseryable expl«inatory yariable.

Considering the soope of the additional Information taken 

into account one can expeot that the beat reaulta (in the aenaet 

leaat biaaed, with smali spread, olosest to the theoretical 

parameters) will be those obtained by meana of RLS and MLM; 

the results by means of IVM will probably have "worae" properties, 

and those by means of LSM - the "worst". This ia the conseąuence 

of asymptotio properties of respeotiye estimators; in the caae 

of smali 8araplea the estimators (and, conseąuently, their yalues) 
are biased. ,



INPUT DATA 
VECT0R XT
------ -Y
computation

a) r ^ i  - aQ + a^T^, b) S (XT), SZ(YT)

[i - 1 . t • • f  n
NORGEN PROOEDURE
with ALPHA
Ul N(0, I) pi N(0, l )

i i
Determlnlng realication of
random oomponents

i f
ci W

- 1)S2(YT)* v l ±

vi - y « B • S2(XT)' • Pi

Determlnlng emplrioal valuea 
Y^ ■ Y ^  + E^, 1 - 1 , m

X XTi + V,

Determlnlng estimates of parameters oi , ou 
aocordlng to the methoda 0
1. OLS 2. LSM 3. RLS 4. MLM 5. IVM WAL
6. IVM BAR 7. IVM DUR

Calculatlon of residuala, average errors in estima
tes, the determination ooeffioient, Durbin-Watson 
statistics

No

Printout of average values after IP replioationsiestimates 
of parameters,errors,variability ooeffioient,deviation 
from the average value of parameters,ooefflolents of
Bkewness and curtosls

No Yes THE
END



Hence, we are interested ln finding anawera to the following 

ąuestionsi

1. How much a researoher using a given estimation method can 

gala oompared to LSM?

2. Whether the methods allowlng for the magnitude of obaerva- 
tlon error are, ln the oase of email samples, better that the 

others and how much?

3*‘ What the algn of the blas la?

4* How the magnitude of blas ohangea with regard to the 

lnorease of sample slze?

The comparlson of methods will be done with regard to:

1. The level of the determinatlon coeffloient.

2. The aample slze.

3. The level of observation error.

No slgnlflcant dlfferenoes between the estlmate of the2
parameter ot.j obtalned for dlfferent levela of R for a glven 

method have been found1. The dlfferencea ln average estimatea 

of a parameter (the magnitude of bia3 with relation to the actual 
yalue of the parameter) are the consequonce of the properties of 

the generated samplea, which oan be best observed for thiB para

meter’ s average estimatea obtained by the atandard method. Por
2

instance for R ■ 0.90 we obtain an overestimated eatimate of 

by the standard method, and BAR oonaeąuently in the methods LSM,

IVM WAL, IVM BAR, IVM DUR underestiraations are smaller, and is
2

RLS and MLM overestlmatlons are smaller than in the caae of R «• 

■ 0.99 where a1 ■ 1.999 obtained by the standard waa underestima- 
ted. In Tab. 1 we preBent the results for RB « 0.10 and n * 20, 

as an illustration of the interrelations among the estimatea of
O

ot1 obtained by different methods, with the ohanging levels of R .
Por the other studied levels of RB theae relationa are 

similar.

We can ob8erve smali differenosa in the values of average 

estimatea of the parameter ot., with relation to the sample slze.

We can clearly see that the blas of average estimatea for RLS 

and MLM decreases with the increase of the sample slze. Por

1 Uaually the intercept in a linear model la economioally 
well interpreted, so its analyais is omitted here.



T a b 1 e 1

Average estlmates of the parameter

obtalned for RB * 0.10, n *» 20 from IP * 500 
repetltlons

R2

M e t hod^\^^ 0.99 0.95 0.90

LSM 1.825 1.824 1.843

RLS 2.027 2.026 2.030

MLM 2.036 2.034 2.034

IVM WAL 1.853 1.851 1.870

IVU BAR 1.852 1.854 1.875

IVM DUR 1.847 1.845 1.864

Standard
method 1.999 1.997 2.002

samples of 20 elements when RB « 0.10 and R2 - 0.99,the parameter 
d 1 ls oTereatlmated by 1.5% ln the average, whereaa for aamplea 
of 30 or 40 elements the overestimation la about 0.5%,. whioh la 

the conseąuenoe of the oonslatency of theae eatimatora.

Estlmates obtalned by meana of LSM, regardless of the sample 

size, are usually underaatlmated(for n - 20, 30, 40, 50) by 8.5% 

with RB 10& (thelr aayraptotlo biaa, oorrespondlng to the value 

of RB, la greater). We oan oonolude that the "oorreotlon*' for the 

estlmate of the parameter ln MLM and RLS ahould depend not only 

on the ąuantlty of RB, but also on the aample size.

Estlmates obtalned by means of lnatrumental yariablea methoda 

are underestimated for all studied aample alzea and levela of RB 

and R2. This underestimation is relatively smaller than that 

from LSM, but the differences are not atatlatioally signifioant 

a3 with relation compared to the estlmates obtalned by meana 

of the standard method. It is worth noting that the "worat" 

estlmates, in the sense of their bias, are thoaer from IVM DUą, 

and no signifioant differenoea in the aoatter or ayerage eatima- 

tes of parameters have been notioed. An example of the results is

given in Tab. 2.
Intereatlng dependences oan be obaerved for the estlmates 

obtalned by means of the auggeated preBented methods in depen-



l a b l t  2

Ayerage estimates of tha parazneter ot, with IP «

• 500, for R2 - 0.99 and RB « 0.10

n

M e t h o d \ ^
20 30 40 50

LSM 1.825 1.832 1.828 1.830

RLS 2.027 2.015 2. 011 2.013
MT.M 2.035 2.018 2.013 2.017

IVM WAL 1.853 1.867 1.872 1.868
IVM BAR 1.852 1.848 1.848 1.858

IVM DUR 1.847 1.849 1.840 1.839
Standard

method 1.999 2.000 2.000 1.999

donos on pre-determined leyels of RB, i.e. the share of the 

▼arianoe of meaaurement error of the non-obseryable yariable 

in lts yarianoe.

Oenerally speaking, without taking the ohanges in R2 and 
n into oonsideration,we have found out that the ayerage estimates 

of the parameter a, oorreaponding to the subseąuent leyels of 

RB • 1%, 5%, 10*. 15$ obtained by means of

- LSM are underestimated byi 1%, 4%, 8%, 12%, respeotiyelyj
- RLS and MLM are oyerestimated by» less than 0.5%, 1%, 3-4% 

and 4-5%, respeotiyelyj

- IVM WAL and IVM BAR are underestimated byi 0.5%, 3-3.5%, 

7-7.5%, 10%, respeotiyelyj

- in the oase of IVM DUR the underestimation is ln all oases

0.5% greater than the yaluea obtained by means of IVM WAL and 

IVM BAR. 2
Ayerage estimates for the oase when R « 0.99 and n - 20 are 

presented in Tab. 3.

The analysis presented here ooncems the results of IP « 500 

replloatlons. In the statistioal sense suoh a sample is large, 

but in Monte Carlo experiments we oannot oonsider it as larg* (in 

the sense that the results of these experlments depend on quasi- 

-random numbers generatora (of. [8 ]) and are oonduoted for very



T a b 1 e 3

Ayerage estimatea of the parameter oî  ■ 2 obtained for IP ■ 500,

R2 « 0.99 and n ■« 20

RB

Method
O/o \% % 10$

. . .... 

15%

LSM 1.999 1.981 1.912 1.825 1.772

RLS 1.999 2.001 2.012 2.027 2.046

MLM 1.999 2.001 2.014 2.036 2.054

IVM WAL 1.999 1.997 1.928 1.853 1.801

IVM BAR 1.998 1.992 1.938 1.853 1.797

IYM DUR 1.999 1.986 1.926 1.846 1.795

Standard

metliod 1.999 1.999 1.999 1.999 1.999

large numbers). Howeyer, regarding the costs of oaloulatlons not 

more than 500 repetitions ware made.

In order to ilustrate the faot that 500 repetitions is 
a Buffioient ąuantity, we ahall present 4 diagraras of the average 
estimates of the parameter  ̂ after IP replioationa (IP -

5, 10, ..., 495# 500).’Ali the studied measures and statistioa 

atabilize their behaviour already after 100 replicationa i.e. 

there are no differenoes between them in signifieat decimal 

pointa.

6. Conoluaiona

We can conclude from the results juat presented that the 

application of IVM methods has little adyantage over the LSM in 

the aense of the decrease of bias. The adyantage doea not inoreaae 

with the inorease of sample eize.

In the case of RLS and MLM, howeyer, the biaa is much smaller 

in smali samples, and probably it could be decreaaed by meana of 

introdudng a To6'rr«otioa connected with the aample Bize to proper 

estimators, These methods assume that we know the share of the 

yariance of meaouremont error oi the non-obaervable explanatory 

yariable in its yariance. In practioe, howeyer, this Information
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Pig. 3. Ayerage estlmates of the parameter after IP repeti- 

tiona for R2 ■ 0.99, RB » 0.10

need not be aocurate. Henoe it might be a good idea to eyaluate 

these methods when the information conserning RB is not disorete 

but oontinuous, whioh means equal up to this disorete value some 

intervale.

Prom all methoda given in our bibliography, the Peldstein 

method has not been studied. In this method the estimator of the 

parameters of the model is the average weighted estimator LSM and 

IVM. As both of these estimators are biased in the same direotion, 

its properties oan be inferred from the separata analyaes of 

these two eatimators.



metoda
kontrolna

Pig.4.Average estimates of the parametera, after IP repeti- 

tions for « 0.99, HB ■ 0.15



Appendiz. Let a model

Y - ct0 + a.,X + e,

1 - 1 + 7 ,

be glyen, wherei

i - a non-obseryable ezplanatory yariable,

Z - an ezplanatory yariable obseryed with random error V.

Let z^, xn be the observation on the yariable X, and

7f» yn - obseryationa on the ezplained yariable Yj ‘let aQ

and a^ be the estimators of the parameters otQ and oî  determlned 

by means of the respective estimation method. Deriying formulae 

for theae estimators and their averoge errors (S(a0 ), S(a^)) we 

obtain!

1) for LSM

n n n

1-1 1-1 1-1
n n

n n

1-1 1-1
n »

s 2 ( a 1 ) *  ~ n

1-1

n

1-1

2) for i)LS



a, .  a,(KUK) ( i  *  J ^ g ) .  

a„ - y - a-|X,

£L

£ 4
„2 \ 1=1S (,aj •» ---------- «-- ,

1 n(n - 2) S2(X)

S2(a0) - S2(ai) (s2(X) + (x)2)»

3) for MLM

. S(XY)

1 S2(X) - S2(V)'

%  * y - aix *

S2(a ) -
1 nS( X)

S2(ao) - S2(a1) (s2(X) + (x)2)|

4) for IVM WAL

y'2 - y,
a4 *1 — — 

* 2  ”  X 1

a0 - y - a ^ ,

4 3?
S2(a-) ■------ ----- nr ,

1 n C ^  -

- ¥  0 < i ^ r ) 2) '
3 ” 1k3

5) for IVU BAR



The efflclency o t aatlaatŁon Method* for aodela

y3 - y,
a - -2---- 1 ,

X3 - X i

«0 - y - aił >

4S2
S2c* ) - _ 2,

tt x3 - *1

s2 («0) - ^ ( i  + ^ - ^ r ) 2;
v x3 " *1

6) for IVM DUH
n n

2 a ^  lyA -  n(n + 1) yŁ
-  1-1___________  1-1
*1 n

a E lxi -n (n +1) E *1
i-i 1-1

, n n n n .

(I *s £  »i -1 -i Z h)
. '1-1 1-1 1-1 1-1 / 

*o 5 n------- •

2 “ E ixi -a(n + 1) E *i
i-i 1-1

n2 - 1 Se2iS2(«i) -

S2U 0) - (l- + S2(*1)) si.

2 _ _ 
In all these fomulae Se denotes a residual varlanoe, x, y

denote arlthmetlo means of the sample values of Z and Y respeotl-

vely, and X.,, ig, x ^ i y^, y2, y^ are respeotlve group averages.
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Halina Klapaoz

EFEKTYWNOŚĆ METOD ESTYMACJI 
MODELI Z BŁĘDAMI W ZMIENNYCH OBJAŚNIAJĄCYCH

»

W artykule przeanalizowano wielkośoi średnich oboiąień ocen 
parametru kierunkowego modelu z jedną zmienną objaśniającą w za
leżności od liczebności próby, poziomów* wapółozynnika determina
cji, wariancji błędu pomiaru, ilości powtórzeń itp. Parametr kie
runkowy estymowano sześcioma metodami* najmniejszyoh kwadratów, 
"poprawioną" metodą najmniejszyoh kwadratów, metodą największej 
wiarygodności oraz trzema metodami zmiennych instrumentalnych* 
Walda, Bartletta i Durbina. Ogólnie stwierdzono, bez uwzględniania

zmian R2 i n,, że oceny średnie parametru oc, odpowiadająca kolej

nym poziomom KB dla MNK 1 metod zmiennych instrumentalnych są nie- 
doazacowane, zaa dla "poprawionej" metody najmniejszyoh kwadra
tów i IH*H eq przeszacowane.


