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TESTS FOR NORMALITY BASED 
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1, In t ro d u c t io n

In  the theo ry  of s t a t i s t i c a l  in fe re n ce  a wide c la s s  of 

goodness of f i t  te a ts  in c lu d e s  te s ts  fo r  n o rm a lity . They a llo w  

to v e r i f y  the goodness of f i t  of normal and e m p ir ic a l d i s t r i 

bu tions of the tes ted  random v a r ia b le .  The problem of the v e r i 

f ic a t io n  of n o rm a lity  assum ptions of a d is t r ib u t io n  is  of v i 

t a l  Im portance fo r  tho m athem atica l s t a t i s t i c s  s in ce  m a jo r ity  of 

the methods a re  based on th is  assum ption.

Th ie  paper p reson ts  a c la s s  of te s ts  fo r  n o rm a lity  based 

on measures of the d is t r ib u t io n  shape. Those measures in c lu d e  

skewness (asym m etry) measure and k u r to s ls  measure. On the b as is  

of these measures the departu re  of the considered  d is t r ib u t io n  

from the normal d is t r ib u t io n  can be determ ined . They assume ¡o r  

each d is t r ib u t io n  f ix e d  va lu e s  i f  there  a re  f i n i t e  va lu e s  of 

the f i r s t  four c e n t r a l moments of the d is t r ib u t io n .  Fo r in s ta n 

ce , the measures of skewness in  the case of sym m etric d i s t r i »  

b u tions  assume the va lu e  of ze ro .

* D r . ,  L e c tu re r ,  In s t i t u t e  of Econom etrics  and S t a t i 

s t i c s ,  U n iv e r s it y  of Łódź.
* * D r . ,  L e c tu re r ,  Academy of A g r ic u ltu re ,  Poznon.



2. Measures of Asymme t r y  and K u rto s lo

Let

(1 )  X - (x a ........... xp ) '

be a p-d lm ensional random v e c to r  w ith  f in i t e  d is t r ib u t io n  p a ra 

meters

EX - R - ( * V Pp)'
(2 )

OX - £  ■ (

where E  i s  a p o s it iv e  determ ined m atrix .
O

In  the case when p * 1 we s h a l l  use X, y and ct , r e s p e c t iv e ly .

Let

( 3 )  ( X j ........... Xn) - { X j }

denote an n-eiemant random sample of p-d lm eneional independent 

v e c to rs  w ith  a uniform  d is t r ib u t io n ,  which are  the r e a l iz a 

tio n s  of random v e c to r  X.- I f  P • 1 the random sample Is  de-

oted as ( x . , X ) ■ f x . } .  Unbiased e s t im a to rs  of the pa-
i ' n J  2

ram ater sample £ , 2j as w e ll  as (j and d a re  denoted as

. X - (X x ........... X ) '

( 4 )  J L
S - ( s u 4  - £  £  ( X j- x x x j- x ) '

J - i

— 2
and X , S , r e s p e c t iv e ly .

We assume th a t the d is t r ib u t io n  of v e c to r  X ie  determ ined 

by d is t r ib u t io n  fu n c tio n  Fp (x_), w h ile  of v a r ia b le  X - d is t r ib u 

t io n  fu n c tio n  F ( x ) ,  where x e R*3 and x e R; R* denotes an 1- 

-d im ensiona l r e a l  space. We In trod u ce  n o ta tio n e  i>p (x )  and $ (x )  

fo r  d is t r ib u t io n  fu n c tio n  p - v a r ia te  and u n iv a r ia te  normal d i 

s t r ib u t io n .  Next by HQp ; F p (x )  - $ p( x )  we denote a n u l l  hypo

th e s is  s ta t in g  th a t v e c to r  X has a p-d im enslonal normal d i s t r i 

bu tion  w h ile  fo r  v a r ia b le  X vie have HQ s F ( x )  - $ ( x ) .



'.Vo e h a l l  d o fln e  naxt d is t r ib u t io n  paroraotora fo r  p » 1

- c e n t ra l moment of the r- th  order

( 5 )  ■ E C (X “  ^/"1» r ■ 0# 1« 2, . . .

w#

- asymmetry (skew ness) c o e f f ic ie n t

( e )  - e3/ e ?/?‘ or P i  ■ t*3 ^ 2 *

- k u rto s is  c o e f f ic ie n t

( 7) |32 -

Thfe fo llo w in g  in e q u a l i t ie s  occur among the abovo mentioned cot 

f i c ie n t s

( 8 )  (S2 > 1 ♦ (3±

(32 < 3 ♦ 1.5 (3A

The measures and (32 ore ap p lied  m ain ly  to

1) a cho ice  of re p re s e n ta t iv e s  in  a fa m ily  of d is t r ib u t io n s  

(o .g .  in  the fa m ily  of P e a rso n 's  d is t r ib u t io n s ) ,

2 ) a d e te rm in a tio n  of te s ts  fo r  n o rm a lity  ( e . g .  the te s t  ba

sed on the s tandard ized  fo u rth  c e n t r a l  sample moment),

3) s tudying  the robustness of some te s t in g  p rocedures fo r  

dep artu re  from normal d is t r ib u t io n  (e .g .  using the c o e f f ic ie n t

in  s tudying  robustness of t-Studen t te s t  in  the v e r i f i c a 

t io n  of h yp o th es is  * yo , whore i s  an expected va lu e  in  the 

p o p u la t io n , and i t s  h y p o th e t ic a l v a lu e ) .

A d e c is iv e  p o in t in  in tro d u c in g  the d is t r ib u t io n  of t-S tuden t 

s t a t i s t i c  of a q u o tie n t form , is  independence of the numerator 

from the denom inator which occurs a t the h yp o th es is  HQ. I f  the 

sample comes from a p o p u la tio n  w ith  non-normal d is t r ib u t io n ,  then 

from the c e n t r a l  l im it  theorem, e s p e c ia l ly  from the Llndenberg- 

-Levy theorem, i t  fo llo w s  th a t the mean from the sample ( x )  and 

unbiased v a r ia n c e  e s t im a to r  ( s ^ )  has an asym p to tic  normal d i s t r i 

bu tion  ( c f .  [ 4 ] ) .

Le t k denote the r- th  cumulant in  a p o p u la t io n , where k2 ■ 
r



p
"  ^2 * ^3 ”  f 3 * k4 * t*4 "  3 Tho In f lu e n ce  of nonnorraa lity

on t s t a t i s t i c  used In  te s t in g  tho hyp o thesis  p ■ I s  express

ed by the c o r r e la t io n  c o e f f ic ie n t  between the v a r ia b le s  X and 5 

of tho form

(9 )
COV (X .S 2 ) k3/n

k ( » *  * S i  * l)]1/2 M u  * * 1)У/г

because a t n —>oot ~ x  —► 1. I f  the non-normal p o p u la tio n  le  sym

m e tr ic , k j  ■ 0 and hence g - 0, thon X and S2 a re  asym pto ti

c a l l y  Independent which a llo w s  to ap p ly  the theo ry  of normal d i 

s t r ib u t io n  fo r  la rg e  n. Fo r k^ 4 0, g takes sm a ll v a lu e s  when 

k4 i s  la rg e ,  but £ * 0. Eq uation  (9 )  I s  now w r it te n  in  the 

form

(10)

Ц  • T 2 Щ ")1'2

( ł P l )V2

assuming tha t k^ » 0.

As a r e s u l t ,  under the above assum ptions, the c o r r e la t io n  

c o e f f ic ie n t  ç  can be tre a te d  as skewness measure. Assuming th a t 

V fil “  0 , we have £ » 0 and thu s, the v a r ia b le s  X and S2 are  

u n c o rre la te d . The c o e f f ic ie n t  ( 3 is  a p p lie d , f i r s t  of a l l ,  in  

the v e r i f i c a t io n  of h yp o th es is  th a t the expected va lu e  of jo in t  

v a r ia b le s  becomes zero when there  i s  no assum ption of norm ality . 

B o x  8nd A n d e r s o n  [2 ]  using  P itm a n 's  perm utation  

t e s t ,  showed th a t the square o f t s t a t i s t i c  used in  the v e r i 

f ic a t io n  of the above mentioned h yp o th es is  of the expected va 

lu e ,  has F d is t r ib u t io n  w ith  end (n- l)t^  degrees of freedom, 

where •



( 11) - 1 +
P *  - 3 »a-  3 /1S 

-----------  .  ,  -------- .  <>(,-).

n ( l-  (3 ,)/ "  ♦ 2

Th is  re s u lt  has been d e rived  under tho la ck  of the n o rm a lity  a s 

sumption fo r  the d is t r ib u t io n  from which the sample { xj  }  was

drawn.
Let us d e fin e  now the b a s ic  param eters fo r  m u lt iv a r ia te  d is 

t r ib u t io n s  p > 1:

- the mixed c e n t ra l  moment of v a r ia b le s  ( s i p )
1 . s

of the ( r j  + . . .  ♦ r 6)- th  order

(12)
( 1. # . . . •

e r r "  1 r l ........... r 0 k=*l

where ( i . .  . . . .  1 ) i s  an a r b i t r a r y  s-eloment subooquence from
1 9 _

the sequence ( l ,  . . . »  p ) and r j *  . . . »  r 0 * 0» 2 * •**

- the asymmetry c o e f f ic ie n t  [ l l ]

C13) 'v  \  A  «
1 2 *  3 1 ’ 2* 3

where 2 ”  ̂ » ( d ^  ) ,

- k u rto s ia  c o e f f ic ie n t  [ l l ]

U 4 )  A . ,  A . ,

1* 2 1* 2

B es id e s , we In trod u ce  param eters from tho sample fo r  p ■ 1:

- the r- th  o rd e r c e n t r a l  moment

(1 5 ) mr * Ï Ï  Z CXJ  “  X ) r * 
J - l

r  ■ 2 , 3*

- the aeymmotry c o e f f ic ie n t

/



(1 6 ) "y/b̂  ■ o r • m /̂m  ̂ ,

- the k u rto s is  c o e f f lc io n t

(17) b2 ■ m^/m,, .

S im i la r ly ,  fo r  p > 1, we have

- the mixed c e n t ra l moment of v a r ia b le s  X. , X. of the
l l  e

( r a ♦ . . .  ♦ r 8)- th  order

(1 6 ) m * ’ r “  n 5 ^  F I  (X 1 "  Xi  ^
r i ..........  8 n Z_, I I l kj l k

J - l  L k -1

- the asymmetry c o e f f ic ie n t  [ l l ]

P P * 111213 i l 12l

<19 ) bi . P Z  £  s V l  s l2 ‘ 2 s l5 ‘ 3 * m  - i n  
l j , 12 , i 3" l  i l f i 2 , i 3» l

where S  ̂ ■ ( S ^  )

- the k u rto s ie  c o e f f ic ie n t  [ l l ]

(20 )
2,p E  Z  

1l ' i 2-1 1l i 2 "1

S S mi l l l

The measures determ ined by form ulae (1 9 ) and (2 0 )can  be g iven  

in  the form of c e r ta in  powers in  tw o - lin e a r  and square forms

(2 1 )

J . i  - l

n

<22> b2 .p ■ 7; Y ,  K  '  ‘ *3 '  - } ]

J - l

Assuning th a t HQ end HQp are  tru e , we have (3̂  ■ and (32



« 3 and (3, • (p  ♦ 2 )p . H**nco thoeo hypotho .38 c an bo pro- 

sented In  the e q u iv a le n t  form s:

h;  , (3X - 0 A (J2 - 3 and Hop : (31#p - O * 0 2fP "  P ( P + 5?)«

■>«

F u rth e r  on we s h a l l  co n s tru c t tea t fu n c tio n s  f o r tho v e r i< ic n t io n  

of hypotheses Hq and Hop.

3. Test Based on -j/b̂

Now, we s h a l l  d is cu ss  the attem pts of determ in ing  the 

d is t r ib u t io n  under the assumption of the h yp o th es is  HQ. The beat 

r e s u lt s  have been ob ta ined  using Dohnson s system of c u rv e j

[ 9 ] .  Such a r e s u lt  i s  p resented  by D 'A  g o 0 t 1 n o 

who reduced the s t a t i s t i c  to a random v a r ia b le  w ith  N (C ,1 )

d is t r ib u t io n  assuming the h yp o th es is  HQ and n > n.

Let

[ ( n * l ) ( n * 3 ) l 1/2

Y " V^l L 6 (n- 2 ) j *

„  /i->\ 3 (n2*27n-70 )(n+ l)(n+ 3 )
P2 T V  ‘ fn^TCn+5) TnV7)(n+9T^ • 

w2 ■ - 1  ♦ [ 2  ( p 2( V ^ )  - O ] 1^“  *

S - 1/ [ i n  w ]a/2 , 

t  - [ 2 (vv2 - l ) ]  ^ ,

then the v a r ia b le

(2 3 )  Z - i  In  [ y / T  + V (Y / T )5' ♦ l ]

has ap p rox im ate ly  the N (0 , l )  d is t r ib u t io n .

The h yp o th es is  HQ ie  re je c te d  i f  | z |  > u^. where $ ( u a ) •

- 1- « / 2 ,  and a  i s  a g iven  s ig n if ic a n c e  le v e l .

D 'A  g 0 s t i  n o end T i  e t j  e n [7 ]  c a r r ie d  out



c o m p a r . T t i v o  o t v d i e s  o f  v a r i o u s  approxim ations of the d l-

f > * n b u ; i o n  t a k i n g  i n t o  a c c o u n t  t h e  fo llo w in g  r e s u l t s  (c f . Tab ls l ) :

a )  tb o ir  own s im u la tio n  r e s u l t s ,

b) t h e  c u r v e s  (tho  approxim ation  of O 'A  g o s t 1 n o [ 5]),

c ) the approximated t-S tuden t d is t r ib u t io n ,

d ) C o rn ish - r ic h e r  exproceion  [3 ] ,

e )  t h o  m odified  C o rn ish - F lsh e r exp ress ion  [8 ] ,

f )  t h e  approxim ation by normal d is t r ib u t io n .

The approxim ation  by t - d is t r lb u t io n  o r V U - ty p o  cu rves  from 

f \ > a r3 o n " '3  system is  os fo llo w s :

(2 4 )

The s t a t i s t i c  g iven  in  form ula (2 4 ) has t-S tu d en t d is t r ib u t io n  

.v ith  v  degrees of freedom, w ith

(.15) V  = - ,  ti2 ( )  - 6(n-2 )/ft [3 ],

where y5£ is  determ ined in  form ula (1 6 ) ,  n ^ -  n (n - l ) . . .  (n - k * l ) .  

The approxim ation  by normal d is t r ib u t io n  takes In to  sccount 

as a v a r ia b le  w ith  normal d is t r ib u t io n  and w ith  i t s  expec

ted va lu e  equal zoro and v a r ia n c e  t*2 (V ^ l )*

On the b es is  of Table 1, we can note th a t tho approx im ation  of 

v a r ia b le  y ?£  by normal d is t r ib u t io n  is  of r e l a t i v e l y  sm a ll ac

cu ra cy . In  o th e r cases s l ig h t  d if fe re n c e s  occur In  q u a n t l le s  of 

Vb7 d is t r ib u t io n .

The c r i t i c a l  v a lu e s  fo r  n > 25 were g iven  by P e a r s o n  

and H a r t 1 3 y [ i5 ]  arid fo r  n < 2 5  by M u l h o l l a n d  

[ l 4 j  (cf. Tab le  2), ivho found them on the b a s is  of some a n a ly t ic a l  

s tu d ie s  on the s in g u la r i t y  of the d e n s ity  fu n c tio n  of d i~

s t r lb u t io n .

O 'A  g o s t i  n o and T i  e t J  e n [ 7 ]  ( c f .  Tab le  3 ) 

e ls e  gave the c r i t i c a l  v a lu e s  fo r  n - 5 (1 )11 ,1 3 ,1 5 ,17 ,20 ,2 3 ,2 5 ,3 0 , 

35, ob ta ined  using the s im u la t io n  mothod. A com parison of the-



T a b l e  1

Q u an tilo s  of approximated d is t r ib u t io n s

n Approxima
t io n

а ____ ________I
0.10 0.05 0.01 с.  оси

8 C e ) 0.760 0.991 1.455 1.073

( Ь ) 7 -1 -34 56 I

( с ) 7 -1 -34 56

(d ) 8 14 -14 -17

( в ) -4 17 19 1

( f ) 12 1 -52 -10

15 ( в ) 0.640 0.862 1.275 1.775

(b ) 2 -12 -13 27

( с ) 2 -12 -16 27

(d ) 0 -12 -9 48

(о ) -1 -12 -7 49

( f ) 19 -6 -64 -1G7
-------------

20 ( в ) 0.593 0.777 1.152 1.614

( b ) -4 -5 -2 30

C c  ) -4 -6 -4 38

Cd) -6 -9 1 76

C e ) -6 -9 2 76

C f ) 13 1 -52 -153

35 C o ) 0.474 0.624 0.932 1.332

Cb) 1 -3 -9 -13

Cc) 1 -3 -11 -13

-4Cd) 0 -4 -7

Cf) 12 2 -47 -156



T a b l e  2

Q u an tileo  of d la t r lb u t lo n  of s t a t i s t i c

n
a

n
a

0.05 0.01 0.05 0.01

4 0.987 1.120 15 0.851 1.272

5 1.049 1.337 16 0.834 1.247

6 1.042 1.429 17 0.817 1.222

7 1.018 1.457 18 0.801 1.199

8 0.998 1.452 19 0.786 * 1.176

9 0.977 1.433 20 0.772 1.155

¿0 0.954 1.407 21 0.758 1.134

11 0.931 1.381 22 0.746 1.114

12 0.910 1.353 23 0.733 1.096

13 0.890 1.325 24 0.722 1.078

14 0.870 1.298 25 0.710 1.060

S o u r c e s  On tho b a s is  of [14

T a b l e  3

Q u a n tile s  of d is t r ib u t io n  of -y^ s t a t i s t i c

1 n 5 6 7 8 9 10 11

0.05 1.058 1.034 1.008 0.991 0.977 0.950 0.929

0.01 1.342 1.415 1.432 1.425 1.408 1.397 1.376

n 13 15 17 20 23 25

a

L

0.05 0.902 0.862 0.820 0.777 0.743 0.714

0.01 1.312 1.275 1.188 1.152 1.119 1.073

S o u r c e :  On the b a s is  of [ 5 ].

se v a lu e s  w ith  the r e s u l t s  of M u lho lland  shows s l ig h t  d if fe re n c e s

between them.



4, Tost Based on

An a ccu ra te  d is t r ib u t io n  of b_ fo r  n > 4 assuming th a t

the h yp o th es is  H is  t ru e , has not been known so fo r .  That is

why v a r io u s  approx im ations fo r  b„ by Dohneon's Su

IV - typ e  d is t r ib u t io n  have boon found.and P e a rso n 's

d is t r ib u t io n  

The appro

x im ation  by S d is t r ib u t io n  has the fo llo w in g  form [ l ] i

(2 6 )

r ♦

•vhore con stan ts

'f  ♦ 5 ln • M ♦ 1

5ln iV x  -“ n < 25

S ,  |  and A. w i l l  be found using the method of 

moments, p resented  among o th e rs , by P e a r s o n  and

H a r t l e y  [ l 5 ] .  The v o r ia b le  2 has app rox im ate ly  normal N

H con-(0 ,1 )  d is t r ib u t io n .  The v e r i f i c a t io n  of the hyp o thesis  

s ie t s  in  a comparison of the v a lu e s  of Z w ith  a 

v a lu e  of u a  , where i> (u a ) - 1 - a .

of the d is t r ib u t io n  of b.

H a r t l e y  [ l 5 ]  ( t a b le  34c) fo r  n <200 

A lso  fo r the same va luo3  of a  c r i t i c a l  va-

C r i t l c a l  va lu e s  

P e a r s o n  and 

and a  - 0 .0 5 , 0 .0 1 .

corresponding 

were g iven  by

lu es  were g iven  a d d i t io n a l ly  by the approxim ation  and V l- ty -  

pe a t  n ■ 50 (25 ) 150, 200, 400. These va lu e s  do not d i f f e r  from 

each o th e r up to the second p la ce  a f t e r  comma. Using the simu

la t io n  method O 'A  g o 8 t 1 n 0 and T i  e t J  e n [6 ]  gene

ra ted  c r i t i c a l  v a lu e s  fo r  sm a ll sample s iz e s  n ■* 7 ( l ) l0 ,1 2 ,1 5 (5 ) 

50 ( c f .  Tab le 4 ) .

T a b l e  4

Q u a n tile s  of d is t r ib u t io n  of b,, s t a t i s t i c

01

n 0.05 0.01

lower upper lowe r upper

1 2 3 4 5

7 1.41 3.55 1.25 4.23

8 1.46 3.70 1.31 4.53



Tab le  4 (c o n td . )

1 2 3 4 5

9 1.53 3.86 1.35 4.82

10 1.56 3.95 1.39 5.00

12 1.64 4.05 1.46 5.20

15 1.72 4.13 1.55 5.30

20 1.82 4.17 1.65 5.36

25 1.91 4.16 1.72 5.30

30 1.90 4.11 1.79 ,5.21

35 2.03 4.10 1.84 5.13

40 2.07 4.06 1.09 5.04

45 2.11 4.00 1.93 4.94

50 2.15 3.99 1.95 4.08

S o u r c e s  On the b as is  of [6 ] .

5. P ro p e r t ie s  of b, S t a t i s t i c  
*lP

Now we s h a l l  d i s c u s s  t h e  p r o p e r t i e s  o f  t h e  g e n e r a l i z e d  s k e w -

i k b  c o e f f i c i e n t  b^  p s

( i )  The b j s t a t i s t i c  i s  in v a r ia n t  in  r e la t io n  to the o rtho 

gonal tran s fo rm a tio n  ^ ■ Ç X. I t  r é s u lta  Im m ed iate ly  fro »  the 

form of eq. ("21) to which vie s u b s t itu te  Xj - X ■ Ç '

( i i )  The s t a t i s t i c  " is  In v a r ia n t  in  r e la t io n  to the non- 

-s in gu la r tran s fo rm a tio n  X » A X. ♦ ÎL* * t  r e s u l t *  from the form 

of eq. (2 1 ) and X j - X - A Y  ̂ - Y.

( i i i )  The b., _ s t a t i s t i c  In c lu d e s  f ■ p (p  ♦ l ) ( p  ♦ 2 )/6  d i-  

s t in c t  o lem ents.

In  the summation form of bA p e t a t i e t i c  we have 2P elem ent« 

( v a r ia t io n  w ith  r e p e t i t io n s ) ,  but o n ly  f ■ (th ree-e lem en t

com binations w ith  r e p e t i t io n s )  of d is t in c t  e lem ents.

( i v )  There la  an In e q u a l i t y



Lot

S j  - s " 1/ 2(x J - x ) ,

then
n n

b1>p • i  Z  { s ' s j } 3 I  P 3 • K  • "

j . j ' - i  3 . J  -1

2 3 3 
p «* np

( v ) The b„ s t a t i s t i c  oxproseod by moans o f ang les  and Moha-
1 lP

la n o b ls  distance*» assumes the form [1 3 ]

n n 3

(2 8 )  b1<p -- ig  X !  Z  C r j r r coa e j r )  ,

n J - l  j ' - l

/ 2  2 ,2 \/2 
where coa r j j '  "  v j  * r j # "  3J  '

d ) J -  ‘  ( 2 J  '  - 2 j ')

end

f j  ■ (X j  - X ) 'S  1( X j - X ).

( v i ) .  The expected v a lu e  of b, la  expressed by the formu-
i r

la

(2 9 ) E (b l , p ) "  Cn*‘S f e ^ J ^ (n + 1 )(p * 1) "  6^‘

Th ia  form ula la  g iven  by M a r d i  a [1 2 ] fo r  n -*■ oo, E (b 1>p)H i  

Oua to the in v a r ia n c e  of the l in e a r  tro ne fo rm atlon  we can 

p resen t the b j p s t a t i s t i c  in  the form

- i  f e w  •

1l ' i 2 ,1 3

.=»{.<“  >}2........4 m I 2 * -



whoros

ml l l  12 * 1 * 2*

^ l 1! 1^  {11*
111 m3

w h ile

4 1 ’ - i  X  <*11 - * !> ’ ■
J-l

n
(12) 1

m21 r E  < \ i  - S l ) ( x 2 i  - * * '•
J-l

■ i l l 3 ’ ■ S  Z  <■*!} - *1> (X 2 j *  *2>(x3 i - V -  
j - l

Assuming tha t the h yp o th es is  th a t the sample { * , . }  comes from a

m u ltid im en s io n a l normal p o p u la tio n  N (0 ,  I ) ,  i s  t ru e ,  we have
-1 P ~ r 1

moments up to the n - th  o rd e r , of the form L U J

(3 1 ) ‘  E ^ i } 12* 3 )  • 0 . .

O2^ 1 * )-  6/n,

c o v ^ m

D2( » ‘ J 2 )) .  2/n,

0*(.< ‘ P > )- »/«.

V j >_ „  .  0> t i _ l2  t j  „

Note, th a t  the assumption o f ^  « 0 and £  * I  i s  p o s s ib le  

due to the p ro p e rty  ( l i ) .

Let f « p (p + l)(p + 2 )/6 ~d im ens ion a l v e c to r  be g iven



then

I
(3 3 ) bl j f }  • K M  

On the b as la  of form ulae (3 1 ) wo have

(3 4 ) E (M ) » 0

D(M) - E(M M ') ■ d lag  (6 /n , . . . .  6/n, . . . .  6/n ) - ( C / n ) l .

Hence

(35 ) M ~ Nf (0 ,  6/n I ) ,

i
w h ile

(3 6 )  nM'M/6 - nb ^p /6  ~ X 2.

Formulao (3 5 ) and (3 6 ) occur whon n~+oo. An a ccu ra te  d is t r ib u t io n

of the v a r ia b le  b. I s  not ye t known. Bes id es  no o th e r appro- 
1 f p '

x lm atlons of the v a r ia b le  b  ̂ p ore known os in  the u n iv a r ia te  

case . Fo r p > 7 the fo llo w in g  approxlm otIon con bo ap p lied

(3 7 )  (2nb, n/ 6 )1/2 ~ N ( 2 f - l , l ) .X , p

M a r d 1 a [ l2 ]  doterm lned the c r i t i c a l  vo lue3  fo r  the d i s t r i 

b u tion  of b  ̂ ucing the Monte-Carlo method fo r  n « 10 (2 )20

( 5 ) ,  30(10 ) | P 100 (50 ), 200 (100 ), 400 (200 ), 1000(500), 3000

(1 0 0 0 ), 5000 and a  m 0 .001 , 0 .0 1 , 0 .025 , 0 .0 5 , 0 .075 , 0.10 ( c t . 

Tab le 5 ) .  Fo r p - 3 and p - 4 Mardla determ ined the c r i t i c a l  

v a lu e s ,  however they have not been p u b lish ed .

\



T a b l e  5

Q u e n tilo a  of d is t r ib u t io n  of b. - s t a t i s t i c

n 10 12 14 16 10
U  20

25 30 40 50

0<
0.05 3.604 3. 319 3J031 2.775 2.556

.......

2. 356 1.969 1.687 1.319 1.069

O .O i 5.930 4.938 4.581 4.231 3.962 3.669 3.106 2.681 i 2.087 1.744

s 0 u r c s :  On the b a s is  of [ 1 2 ] .

T a

Q u a n t lle s  o f d is t r ib u t io n  o f b , _ s t a t i s t i c

J 1 e 6

n 10 12 14 16 18 20 25
1

30 40 50

. -
■

a

0.05 4.887

9.203

5.053

9.593

5.179

9.769

5.318

9.941

5.382

10.005

5.533

10.114

5.689

10.159

5.855

10.156

6.139

10.109

6.239

9.987

0.01 4.580

10.378

4.732

10.881

4.842

11.159

4.977

11.387

5.045

11.478

5.175

11.609

5.353

11.628

5.518

11.594

5.703

11.453

5.909

11.181

S o u r c e :  On the b a s is  of [1 2 ] .



Fo r the b2 p s t a t i s t i c  the fo llo w in g  p ro p e rt ie s  occu r.

(1 )  The b * s t a t i s t i c  i s  in v o r ia n t  due to the orthogonal 
2|p

tran s fo rm a tio n  Y ■ Ç X and non-singu la r X » A Y + b.

( l i )  The expected va lu e  of bg p assumes the lorm [ l l j

\ p (p * 2 ) (n - l)
(3 8 ) E (b 2 ,p ) n+I

( i l l )  The v a r ia n c e  of b0 _ i s  determ ined by tho Tormula [ l2 ]

(3 9 )

‘ Bp (p+ 2 )(n-3 )--- ( n—p—l ) ( n—p*1)
(n+-l) (n * 3 )(n * 5 )

S B lB l i )  a t n“ l  .

Tho f i r s t  form ula was in troduced  by tak in g  in to  account tho mul

t i v a r i a t e  beta d is t r ib u t io n ,  and the 6econd one by using L a- 

w 1 e y 's  method [ l o ] ,

( l v )  b „ can be expressed in  the form 
Z »P

n

J - l

where r .  i s  M ahalanobis d is ta n ce  betweon X , and X*
Taking form ulae (3 8 ) and (39 ) we can o b ta in  two te s ta  v e r i f y 

ing the h yp o th es is  Hop , whoso e t a t i s t l c s  a re  as fo llo w s .

{ (n » l)b g  p - p (p + 2 ) (n - l) } ‘ {(n *3 )(n -»5 )}1^2

1 |8 p (p + 2 )(n - 3 )(n - p - l)(n - p + 1 )}1^2

fo r  the a ccu ra te  v a r ia n c e  u (bg and

(4 2 )
b2 n ”  P<P*2 >

N9 - ------- -—Z r l i  /i
{a p (p + 2 )/ n }1/2

fo r  the approxim ated v a r ia n c e  D2 (bg^p) up to the n o rd e r.



S t a t i s t i c s  (4 1 ) and (4 2 ) hove the N (0 ,1 ) d is t r ib u t io n  by v i r 

tue of the c e n t ra l l im i t  theorem.

An a ccu ra te  d is t r ib u t io n  of the v o r ia b le  b2 p under the as

sumption th a t tho hyp o thesis  Hop i s  t ru e , i s  unknown. Tho ne- 

cosoory c r i t i c a l  vo lue3  fo r  the d is t r ib u t io n  of b?  2 hove been 

generated  by M o r d 1 o [ 1 2 ] using the Monte-Corio method in  

the some rango of n as fo r  b j 2 , and a  - 0 .0 1 , 0 .025 , 0 .0 5 ,

0.10 g iv in g  two va lu e s  - upper and low er. Tab le  6 p resen ts  the

se v a lu e s  fo r  n < 50.
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Czesław Domański, W iesław  Wagner

TESTY NORMAljNOŚCI 
OPARTE NA MIARACH SKOSNOSCI I  SPŁASZCZENIA

W a r ty k u le  przedstaw iono t e s t y  w e ry f ik u ją ce  h ipo tezę  o nor
m alności rozk ładu  zarówno Jednowymiarowego, Jak  i  w ie low ym iaro 
wego, op arte  na m iarach skośności i  sp ła sz cz e n ia . Do w iększo śc i 
omawianych testów  podano n ie k tó re  kw anty le  rozkładów fu n k c j i  te 
stowych. Zamieszczono również podstawowe w łaanoóci uogó ln ione j 
n la ry  skoónoóci - b^ oraz m iary ku rtozy  - b2 .


