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REMARKS ON BLUS RESIDUALS

1. INTRODUCTION

The BLUS r e s i d u a l s  t h e o r y  ( B e s t  L in e a r  U n b ia se d  r e s i d u a l s  

w it h  S c a l a r  c o v a r ia n c e  m a t r i x )  d e v e lo p e d  by T h e i l  [ 7 ]  and K o e r ts  

[ü]  i s  g e n e r a ly  r e l a t e d  t o  p rob lem s o f  e s t i m a t i n g  t h e  error term  

i n  l i n e a r  r e q r e s s i o n  m odels* T h is  e s t i m a t o r  p o s s e s s e s  t h e  same 

c o r r e l a t i o n  s t r u c t u r e  a s  t h e  unknown d i s t u r b a n c e s .  T h is  seem s t o  

b e  im p o r ta n t  f o r  s t a t i s t i c a l  i n f e r e n c e  ab o u t  t h e  s t o c h a s t i c  

s t r u c t u r e  o f  th e  r e g r e s s i o n  m od e l.

We have a r e g r e s s i o n  m odel o f  t h e  form

у * X0 + u , ( 1 )

w here under common a s s u m p t i o n s :

( a )  X i s  an n :k  n o n s t o c h a s t i c  m a tr ix  o f  rank к w hich  c o n -

t a i n s  t h e  v a l u e s  t a k e n  by t h e  к in d e p e n d e n t  v a r i a b l e s  in  n 

p e r i o d s :

( b )  l im  n” 1 f X ' X ) i s  a f i n i t e  n o n s in g u la r  m a tr ix ;

П - аз

( c )  t h e  v e c t o r  o f  random d i s t u r b a n c e s ,  h a s  u n c o r r e l a t e d  e l e -

m ents w i t h  z e r o  mean and c o n s t a n t  v a r i a n c e ,  i . e .  E ( u )  = 0, 

E ( u u ' )  *= a 21;

( d )  i n  a d d i t i o n  i t  i s  o f t e n  assu m ed, t h a t  t h e  d i s t u r b a n c e s  

a r e  n o r m a l ly  d i s t r i b u t e d .

*
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Due t o  l a c k  o f  k now ledge  ab o u t  r e a l  v a l u e s  o f  d i s t u r b a n c e s ,  

i n f e r e n c e s  ab out  t h e  s t o c h a s t i c  a s su m p t io n s  ( c )  and ( d  ) must be 

b a sed  on some e s t i m a t e  o f  u h a v in g  r e l a t e d  p r o p e r t i e s *  I t  seem s  

s t r a i g h t f o r w a r d  t o  t r e a t  a s  su ch  an e s t i m a t e  t h e  v e c t o r  o f  t h o  

a p p r o x im a t io n  e r r o r s  у -  Xb where b' i s  g iv e n  by m in i m iz a t io n  

o f  t h e  ch o se n  a p p r o x im a t io n  c r i t e r i o n ,  f o r  i n s t a n c e  ZKy^- x'^ b)2 

o r  Ц | У1 -  x ^  b | .  The m in i m iz a t io n  o f  t h e  e r r o r  sum o f  sq u a r e s  

i s  s o  f a r  t h e  m ost p o p u la r  c r i t e r i o n  o f  e s t i m a t i o n ,  in  p a r t  due  

t o  i t s  a t t r a c t i v e  a n a l y t i c a l  and n u m e r ic a l  p r o p e r t i e s .  U s in g  

t h i s  c r i t e r i o n  we o b t a i n  t h e  w e l l -k n o w n  l e a s t  s q u a r e s  e s t i m a t o r  

o f  ß

b * ( X' X)  " 1X' y  ( 2 )

and t h e  c o r r e s p o n d in g  v e c t o r  o f  l e a s t - s q u a r e s  r e s i d u a l s

e = у -  Xb = My =* Mu ( 3 )

w h e re ,  M = ( I  -  X ( X' X)  1 X' ) X i s  t h e  id em p o ten t  n :n  p r o j e c t i o n  

m a tr ix  o f  rank n -  k .

The e s t i m a t o r  o f  u h as  t h e  f o l l o w i n g  d e s i r a b l e  p r o p e r t i e s :

( a )  i t  i s  l i n e a r  i n  t h e  d ep en d e n t  v a r i a b l e ;

( b )  i t  i s  u n b ia s e d ;

( c )  i t  h as  t h e  s m a l l e s t  e x p e c t e d  sum o f  s q u a r e s  o f  t h e  e s -

t i m a t i o n  e r r o r s ,  w i t h i n  t h e  s e t  o f  a l l  l i n e a r  and u n b ia s e d  e s -

t i m a t o r s .

On th e  o t h e r  hand, h o w e v e r ,  t h e  c o v a r ia n c e  m a t r ix  o f  t h i s
o

e s t i m a t o r ,  assu m ing  t h a t  E ( e e ' )  = a I ,  i s  g iv e n  b y

E ( e e ' )  = e ( m u u 'M) = a 2M ( 4 )

Thus t h e  l e a s t  s q u a r e s  r e s i d u a l s  are  c o r r e l a t e d  and t h e i r  

c o v a r ia n c e  m a tr ix  d ep en d s on t h e  p a r t i c u l a r  X m a t r ix .  T h is  mak-

e s  t h e  l e a s t  s q u a r e s  e s t i m a t o r  o f  d i s t u r b a n c e s  l e s s  u s e f u l  f o r  

t e s t i n g  p u r p o s e s .  C l e a r l y  e  can  be t r a n s fo r m e d  t o  have  a d i f -

f e r e n t  c o r r e l a t i o n  s t r u c t u r e ,  b u t  due t o  t h e  f a c t  t h a t  1 -  s  r e -

s i d u a l s  a r e  s i n g u l á r y  d i s t r i b u t e d  ( t h e  rank o f  t h e  p r o j e c t i o n  

m a tr ix  M i s  n -  к ) we can o b t a i n  o n ly  n -  к t r a n s fo r m e d  r e -

s i d u a l s  t h a t  are  u n c o r r e l a t e d .  M oreover t h e  o b t a in e d  s o l u t i o n  i s  

n o t  u n iq u e  and t h e  c h o i c e  o f  t h e  к r e s i d u a l s  t h a t  a re  n o t  e s -

t im a t e d  can be v e r y  Im p o r ta n t .  In  t h e  p a p e r  we t r y  t o  make some



e v i d e n c e ,  ab out  th e  .mutual r e l a t i o n s  b e tw e en  t h e  b a s i s  o f  th e  

t r a n s f o r n a t i o n  and th e  a c c u r a c y  o f  t h e  e s i i r .a t io n ,  n e a s u r e d  by 

mean sq u a r e  e r r o r  (MSE),  in  th e  c a s e  o f  o u t l i e r s  among d a t a .  We 

p r o p o s e  t o  use  r e s i d u a l s  m in im iz in g  t h e  sum o f  a b s o l u t e  d ev ia t io n s  

t o  o b t a i n  n o n -b i ia se d  r e s i d u a l s  w it h  s c a l a r  c o v a r ia n c e  m a t r ix ,  in  

such  a c a s e .

Suppose t h a t  an ( n  -  k )  s n m a t r ix  С d e f i n e s  a l i n e a r  

t r a n s f o r n a t i o n  ô = C ' y . We w i l l  c a l l  é a v e c t o r  o f  L in e a r  Un-

b i a s e d  r e s i d u a l s  w i t l i  S c a l a r  c o v a r ia n c e  m a tr ix  ( LUS)  i f ,

The c o n d i t i o n s  ( i ) ,  ( i i )  r e q u ir e  o n ly  t h a t  C'X = 0 and C'C =

-  I .

There e x i s t  a few methods o f  d e r i v a t i o n  o f  t h e  m a t r ix  С 

w hich  f u l f i l l  t h e s e  c o n d i t i o n s .  A l l  o f  them r e q u ir e  t h e  c h o i c e  

o f  n -  к r e s i d u a l s  t o  be e s t i m a t e d .  The c h o i c e  o f  t h e s e  r e s i -

d u a l s  i s  more o r  l e s s  a r b i t r a r y ,  s o  t h a t  t h e  d e f i n i t i o n  o f  t h e  

LUS r e s i d u a l s  i s  n o t  u n iq u e .

Suppose we p a r t i t i o n  u '  = ( u ' Q u ' . , ) ,  X' = (x' X ^ )  and C' =

-  ( С ' o C ) su ch  t h a t  t h e  s u b s c r i p t  0 c o r r e s p o n d s  t o  t h e  к 

com ponents o f  u w hich  are  n o t  e s t i m a t e d  and s u b s c r i p t  1 c o r -

r e sp o n d s  t o  th e  r e m a in in g  n -  к c a s e s .  T h is  i s  a lw a y s  p o s s i b l e  

by s im p le  r e o r d e r i n g  o f  t h e  rows o f  t h e  m a t r ix  X.

We a d d i t i o n a l y  assu m e, t h a t  t h e  к : к m a t r ix  X i s  n o il-  

s i n g u l a r .  The c o n d i t i o n s  C'X » 0 and C'C = I n_j, can  now be  

w r i t t e n  u s in g  t h e  p a r t i t i o n  o f  t h e  m a t r i c e s  С and X a s  f o l -

low s ,

2. NOTES ON THE CONSTRUCTION OF THE BLUS RESIDUALS

( i )  E( é )  = 0 and ( i i )  E ( é é ' )  = o 2 I

( 5 )



CQ i s  th u s  d e ter m in ed  u n iq u a ly  from ( 5 )  and e q u a l s ,

C'o  = - C' l X1Xo ' 1 ( 5 a )

where th e  a ssu m p t io n  o f  n o n s i n g u l a r i t y  o f  XQ i s  u s e d .  

S u b s t i t u t i n g  ( 5 a )  in  ( 6 )  o b t a i n ,

C'C -  C ' l X l X0 - 1X' 0- 1X ' lCl  + C ' l Cl  -  I n _k ( 7 )

S u b s t i t u t i n g  X 'QXo by X'X -  X ' ^  we o b t a i n ' ,

c ' ^ C x ' x  -  x ;  x l ) “ l x ' 1c 1 + C ' 1C1 = c ^ x ,  [ ( x ' x ) - 1  +

-  ( x ' X ) ~ 1X’ 1 ( I  -  X1 ( x ' x ) " 1x ' 1 ) “ 1x 1( x ' x ) “ 1 ]  X ' 1C1 + C ' 1 C 1 ( 8 )  

= C' ,  [ Х ^ Х ' Х Г ’ Х'., + X ^ X ' X ) “ ^ ' ,  ( I  -  X l ( X ' X ) - 1 X ' t ) “ 1 .

• х ^ х ' х Г ’ х ' ,  + I ]  С, * I n_k

L et us p u t  now A -  X ^ X ' X ) - ^ ' , ,  then  ( 8 )  can b e  w r i t t e n  as  

C ', (A  + A (I  -  A ) ~ 1A + I ) C 1 =

= C' ,  ( A ( I  + ( I  -  A) ” 1 A ) + I ) Cr =

0 _1A) +

( 8 a )

c' ,1 A ( ( I  -  A) "1 ( I  -  A)  + ( I  -  A) _1A ) +

+ ( I  -  A ) ( I  -  A )“ 1]C ,

= C ^ C  A ( I  -  A)“ 1( I  -  A + A)  + ( I  -  A ) ( i  -  A) “ IJC1

= c ' ^ i  -  a ) " 1c 1 = C ^ ' I  -  X ^ X ' X ) - ^ ' , ) “ ^ ,

In  the  d e r iv a t i o n  the in v e r s io n  of the  p roduct X’X -  XjX. was ob-
t a in e d  u s ing  the  fo l low ing  up d a tin g  formulae due to  Gauss.

Lema 1. Let A be p : p rank p symmetrix m a t r ix ,  and suppose t h a t  X and
V are  q : p rank q m a t r i c e s .  Then, p rovided t h a t  the  in v e r s e s  e x i s t ,

(A + X’Y )" 1 -  a " '  -  аЛ ’ ( I  + YA " 'х ’ Г 'у а " 1.



I t  f o l l o w s  from 8a t h a t  C1 must s a t i s f y ,

c ' , ( i  -  х , ( х ' х Г 1 x ' 1 ) - 1 c 1 = i n _ k  ( 9 )

Thus C1 must b e  ch o se n  t o  be any f a c t o r i z a t i o n  o f  t h e  ma-

t r i x  ( i  -  X^(X'X)  1x ' , )  1 and CQ i s  t h e n  d e te r m in e d  u n iq u e ly  

from C '0  =

T h e  i  1 [ 7 J , Г8J showed t h a t  th e  u se  o f  s p e c t r a l  decom-

p o s i t i o n  o f  th e  m a t r ix  ( I  -  X ^ X ' X )  1Х ^ )  1 t o  f i n d  Ct l e a d s  t o

LUS r e s i d u a l s  w i t h  t h e  s m a l l e s t  e x p e c t e d  r e s i d u a l  sum o f  sq u a r e s .  

Dug  t o  t h i s  a d d i t i o n a l  p r o p e r t y  t h e s e  r e s i d u a l s  are  c a l l e d  t h e  

b e s t  L in e a r  U n b ia se d  S c a l a r  c o v a r ia n c e  m a t r ix  (BLUS) r e s i d u a l s .

I t  f o l l o w s  from  d i r e c t  m u l t i p l i c a t i o n  ( T h e i l  [7]), t h a t  t h e  

i n v e r s e  o f  t h e  m a t r ix  ( i  -  X1( X ' X) - 1 X ' 1) e x i s t s  and i s  o f  t h e  

form ,

( . 1  -  х ^ х ' х Г ’ х ' ,  Г 1  =  i  +  x 1 ( x ' o x o ) ~ 1 x ' 1  =  I +  ZZ' ( 1 0 )

where Z = X.X - 1 .
I о

The m a tr ix  I -  x 1 ( X' X)” 1X ^  i s ,  a s  a n o n s i n g u l a r  su b m a tr ix

o f  t h e  p o s i t i v e  s e m i - d e f i n i t e  m a tr ix  M = I -  X(X'X)  ' X' ,  p o s i -

t i v e  d e f i n i t e .  T h u s ,  t h e r e  e x i s t s  a sq u a r e  o r t h o g o n a l  m a tr ix  P,  

such  t h a t

P ' ( I  -  X ^ ' X ^ x ^ P  = D

(11 )

P ' ( I  -  Xt ( X ' X ) “ 1X1) ' ' 1P = D~1 

_ 1
where P'P  = I and D,D a r e  d i a g o n a l  m a t r i c e s  w i t h  t h e  l a t -

e n t  r o o t s  o f  I -  X1( X ' X ) _1X1 and ( i  -  X1( X ' X) "1X1 ) ~ 1 on t h e  

main d i a g o n a l 2 .

On p r e m u l t i p l y i n g  b o th  S id e s  o f  t h e  se c o n d  e q u a t io n  in  ( 1 1 )  

by P and p o s t m u l t i p l y i n g  by P' we o b t a i n ,

( I  -  Х ^ Х ' Х Г ^ Г 1 = I + ZZ' = PD- 1 P'  ( 12 )

2 -1
Given Che p o s i t i v e  d e f i n i t n e s s  o f  I -  X,(X*X) Xj a l l  th e se  l a t e n t

ro o ts  are p o s i t i v e .



The c o n d i t i o n  ( 9 )  can be t h u s  w r i t t e n  in  th e  form ,

C ^ P D ľ ’p' C,  » I

w hich  i s  f u l f i l l e d  f o r  t h e  m a tr ix  C, g iv e n  b y ,

C, = PD1 / 2 P'

L et  us now c o n s id e r  t h e  c h a r a c t e r i s t i c  e q u a t io n  f o r  t h e  ma-

t r i x  Mn  = ( I  + Z Z ' ) -1 ,

[ (X + Z Z ' ) " 1 -  d i l ]  PjL ( 1 5 )

\
On p r e m u l t i p l y i n g  ( 15 )  by I + ZZ' we h a v e ,

[ I  -  d i I -  ZZ'di ] p 1 = 0 <1 6 )

and a f t e r  d i v i d i n g  by ( - d ^  and s u b s t i t u t i n g  X1XQ-1 f o r  Z we 

f i n a l l y  o b t a i n ,

CX1X0 "1( X 1X0' 1 ) '  -  ( 1 / d i  -  l ) ] p i  -  0 ( 1 7 )

From ( 1 7 )  we f i n d  t h a t  t h e  c h a r a c t e r i s t i c  v e c t o r s  o f  I +

-  X ^ X ' X V ’X, a r e  t h e  p r i n c i p a l  com ponents o f  t h e  m a tr ix  X., XQ •

T h is  m a tr ix  can be t r e a t e d  as  a m a tr ix  o f  " in d e x  t r a n s fo r m e d  v a -

lu e s "  o f  e x p la n a t o r y  v a r i a b l e s  w i t h  m a tr ix  XQ a s  a b a s i s  o f  

t h i s  t r a n s f o r m a t io n .

S in c e  t h e  p o s i t i v e  sem i d e f i n i t e  m a tr ix  X1XQ ( ^ i x0 / i s  o f

o r d e r  (n  -  k )  : (n  -  k )  and o f  rank к o r  l e s s  i t  h a s  a t  l e a s t  

n -  2k z e r o  l a t e n t  r o o t s  and a t  m ost к p o s i t i v e  l a t e n t  r o o t s .  

H ence,  a t  l e a s t  n -  2k o f  t h e  d ' s  are  e q u a l  t o  1 and a t  m ost  

к o f  them eure l e s s  th an  1 .

T ak in g  t h i s  i n t o  a c c o u n t  we can now r e w r i t e  in  t h e  form ,

* 1/9  n"k

С = £ .  d P i 15/ + p i p , i  *
1 i = l  1-1

= и „  Z 1 d i 1/ 2  О  -  d i 1 / 2 ) P i P ' i  ( 1 8 )



Thus t h e  t r a n s f o r m a t i o n  m a t r ix  C1 f o r  BLUS r e s i d u a l s  i s  o b -

t a i n e d ,  from su b m a tr ix  M11 o f  t h e  1 - s  t r a n s f o r m a t i o n  m a tr ix  M 

by a d d in g  к m a t r i c e s  Р^Р' * .  o f  u n i t  rank s c a l e d  by t h e  f a c t o r

3. THE PRICE OF THE SCALAR COVARIANCE CONDITION 

AND THE CHOICE OF THE BASIS OF THE TRANSFORMATION

The e x p e c t e d  sum o f  s q u a r e s  o f  t h e  BLUS r e s i d u a l s  i s ,  a p p a r t  

from th e  f a c t o r  a 2 , e q u a l  t o  (T h e  i  1 ( [ 7 ] )

E [ ( é  -  u , ) ' ( ž  -  u ^ ]  -  2 ( n  -  k)  -  2 tr C 1 =

Jc
-  2 (n  -  k )  -  2 (n  -  2k + V  d 1 / 2 ) = 2 £  O  -  d 1 / 2 ) ( 19)

f=*1 1 i=1 1 
%

Thus i t  d epends on t h e  c h o i c e  o f  t h e  b a s i s  XQ.

N e u d e c k e r  [4 ]  showed t h a t  t h e  c o v a r i a n c e  m a tr ix  o f  

t h e  BLUS r e s i d u a l s  e q u a l s  t h e  sum o f  t h e  c o v a r i a n c e  m a t r i c e s  o f  

t h e  1 - s  r e s i d u a l s  and t h e  1 - s  -  BLUS d i f f e r e n c e s ,

E [ (  é -  u )  ( é -  u ) ' ]  * E [ ( e  -  u ) ( e  -  u ) '  ] +

+ E [ (  é -  e )  ( e -  e ) '  ] ( 2 0 )

where e =  ( O ' ,  é ' ) ' ,  e  ■ ( e ' 0 » e > i ^ f and u = ^и ' о '  u ’ i ^ ’ a r e  

t h e  v e c t o r s  o f  BLUS, 1 - s  r e s i d u a l s  and t h e  e r r o r  t e r m ,  r e s p e c t i -

v e l y .

The p rob lem  o f  t h e  b e s t  c h o i c e  o f  t h e  b a s i s  Xq  i s , how-

e v e r ,  m a in ly  r e l a t e d  t o  .the power o f  t h e  c o r r e s p o n d in g  t e s t  b a s -

ed  on BLUS r e s i d u a l s .  T h e  i  1 [8 ]  p r o p o se d  t o  c h o o s e  su ch  a 

b a s i s  by t h e  s e l e c t i o n  o f ,  a s o  c a l l e d ,  p e r m i t t e d  s e t  o f  b a s e s  

w it h  r e s p e c t  t o  t h e  g iv e n  t e s t i n g  p r o b le m ,  u s i n g  a mińimum e x -

p e c t e d  r e s i d u a l  sum o f  s q u a r e s  c r i t e r i o n .  The " p e r m it te d  s e t  o f  

b a s e s "  o u g h t  t o  be ch o se n  i n  su ch  a w ay ,  t h a t  t h e  b a s i s  o b s e r v a -

t i o n s  o u g h t  t o  h ave  " l e s s  in f o r m a t io n  v a lu e "  w i t h  r e s p e c t  t o  t h e  

a l t e r n a t i v e  h y p o t h e s i s ,  th a n  t h e  r e m a in in g  o b s e r v a t i o n s .  In th e  

c a s e  o f  t e s t i n g  f o r  s e r i a l  c o r r e l a t i o n ,  f o r  i n s t a n c e ,  su ch  a s e t



o f  " p e r m it te d  b a s e s "  c o n s i s t s  o f  t h e  b a s e s  t h a t  c o n t a i n  t h e  

f i r s t  ш and l a s t  к -  m c a s e s ,  where 0  < m < k . P h i l i p s  

and H a r v e y  [5 ]  i n d i c a t e ,  h o w e v er ,  t h a t  t h e r e  do n o t  e x -

i s t  u n i f o r m e ly  b e s t  b a s e s  f o r  a l l  a l t e r n a t i v e  h y p o t h e s e s .  I t  i s  

p o s s i b l e  o n l y ,  by p ro p er  c h o ic e  o f  t h e  b a s i s ,  t o  s u c c e e d  in  a -  

v o i d i n g  t e s t s  w hich  have r e l a t i v e l y  low  p ow ers .

In t h e  same work a com p arison  o f  t h e  e x a c t  t e s t s  f o r  s e r i a l  

c o r r e l a t i o n  b a s e d  on BLUS and r e c u r s i v e  r e s i d u a l s  i s  made. The 

r e c u r s i v e  r e s i d u a l s  are  a n o th e r  t y p e  o f  LUS r e s i d u a l s  t h a t  can  

be o b t a in e d  by u s i n g  t h e  C h o le sk y  d e c o m p o s i t io n  o f  t h e  m a tr ix  

( I  - ' X^( X' X)  1X ^ )  1 t o  f i n d  C1 i n  ( 8 a ) .  T h is  t y p e  o f  r e s i -

d u a l s  seem s t o  be s p e c i a l l y  a t t r a c t i v e  due t o  t h e  s i m p l i c i t y  o f  

t h e  r e c u r s i v e  c o m p u ta t io n s  ( P h i l i p s  and H a r v e y  

Q5]!). The t e s t s  f o r  s e r i a l  c o r r e l a t i o n  b a se d  on r e c u r s i v e  r e -

s i d u a l s ,  are o n ly  a b i t  l e s s  p o w e r fu l  th an  t h e  BLUS t e s t s .

A. CHOICE OF THE BASIS IN THE PRESENCE OF OUTLIERS

The f a c t  t h a t  t h e  LUS r e s i d u a l s  e s t i m a t e d  o n ly  n -  к com-

p o n e n t s  o f  t h e  v e c t o r  u b l u r s  t h e  r e l a t i o n s h i p  b etw een  r e s i d u a l s  

and c a s e s  much more th an  i t  i s  in  t h e  c a s e  o f  t h e  1 -  s  r e s i -

d u a l s .  In  c e r t a i n  c a s e s ,  e s p e c i a l l y  when t h e r e  a r e  o u t l i e r s  a -  

mong sam ple d a t a ,  t h i s  can h ave s e r i o u s  i m p l i c a t i o n s  on t h e  i n -

f e r e n c e  b a sed  on LUS r e s i d u a l s .  In su ch  c a s e s  a l s o  t h e  c h o i c e  o f  

t h e  p r o p e r  b a s i s  seem s t o  be more im p o r t a n t .

In  t h e  c a s e  o f  1 -  s  e s t i m a t i o n  t h e  e f f e c t  o f  t h e  o u t l i e r s  

i s  s p r e a d ,  by means o f  t h e  p r o j e c t i o n  m a tr ix  M, t o  a l l  r e s i -

d u a l s .  D e n o tin g  th e  i j  -  th  e le m e n t  o f  t h e  m a t r ix  H = 

= X( X' X) _ 1 X' by h^j t h e  i  -  th  1 -  s  r e s i d u a l  can be w r i t t e n  

i n  t h e  form ,

• j  -  о  -  i ^ i y ,  -  E  h l j y j  ( г о

n 2
where due t o  th e  in d em p oten cy  o f  H, h ^  = h i and h ^  >

£ 1 /n  p r o v id e d  t h e  model c o n t a i n s  a c o n s t a n t  term .

Hence i f  h ^  i s  c l o s e  t o  1 a  g r o s s  e r r o r  in  y^ w i l l  n o t



n e c e s s a r i l y  show up i n  but i t  m igh t  show up e l s e w h e r e ,

sa y  i n  e ^ ,  i f  h^^ happens t o  be l a r g e  and i t  a f f e c t s  a l l  t h e  

r e s i d u a l s .  The same e f f e c t  i s  p r e s e n t  i n  LOS r e s i d u a l s ,  b u t  now 

i t  i s  s t r o n g l y  dependend  n o t  o n ly  on t h e  s t r u c t u r e  o f  t h e  ma-

t r i x  X and c h a r a c t e r  o f  c o n t a m in a t io n  b u t  a l s o  on t h e  c h o i c e  

o f  th e  b a s i s .  T h is  i s  e v i d e n t  i n  tjhe c a s e  o f  r e c u r s i v e  r e s i -

d u a l s .  The c o n t a m in a t io n  o f  one o f  b a s i s  o b s e r v a t i o n s  w i l l  ma-

n i f e s t  i t s e l f  by I n c r e a s i n g  r e s i d u a l  e r r o r s .  T h is  i n f l u e n c e  d e -  

c r e s e s  w i t h  n .  On t h e  o t h e r  hand t h e  o c c u r r e n c e  o f  c o n ta m in a -

t i o n  i n  t h e  o b s e r v a t i o n  u sed  a t  t h e  end o f  t h e  r e c u r r e n t  p r o -

c e d u r e  w i l l  i n f l u e n c e  o n ly  t h e  l a s t  r e s i d u a l s .  From t h i s  p o i n t  

o f  v ie w  t h e  r e c u r s i v e  r e s i d u a l s  are  a p p r o p r i a t e  f o r  ex a m in in g  a s -

su m p tio n s  t h a t  depend on t h e  o r d e r  o f  t h e  c a s e s .  In t h e  c a s e  o f  

BLUS r e s i d u a l s  t h e  p r o p e r  c h o i c e  o f  t h e  b a s i s  when t h e r e  a r e  

o u t l i e r s  among t h e  sam p le  d a ta  i s  n o t  s o  e v i d e n t  b u t  a l s o  seem s  

t o  be more Im p o r ta n t  th a n  i n  t h e  norm al c a s e .  G e n e r a l l y  t h e  b a -  

e i s  o f  t h e  L U S -tr a n s fo r m a t io n  s h o u ld  n o t  c o n t a i n  any o u t l y i n g  

o b s e r v a t i o n s .

In  o r d e r  t o  g i v e  some e v i d e n c e  ab o u t  t h e  p o s s i b l e  i n f l u e n c e  

o f  o u t l i e r s  on BLUS r e s i d u a l s  w i t h  r e s p e c t  t o  t h e  c h o i c e  o f  t h e  

b a s i s  we make some s im p le  n u m e r ic a l  e x p e r im e n t s .  Each e x p e r im e n t  

c o n s i s t e d  o f  500 r e p l i c a t i o n s .  In e a c h  r e p l i c a t i o n  we g e n e r a t e d  

1 5 - e le m e n t s  sam ple  from t h e  "mean s h i f t  o u t l i e r  model" w i t h  g i v -

en m agn itu d e  and c o n f i g u r a t i o n  o f  a s i n g l e  o u t l i e r ,

Y '  XP + ♦ .  ( a c )  + u

where 4  ̂ С otfcS) d e n o t e s  th e  dummy v a r i a b l e  w i t h  c o n t a m in a t io n  

c o n s t a n t  aa i n  i - t h  p o s i t i o n  and z e r o s  e l s e w h e r e  and u ~  N ( 0 ,

о ) .

The c o n t a m in a t io n  c o n s t a n t  was e q u a l  5a and 10a and was  

added t o  t h e  f i r s t ,  c e n t r a l  and l a s t  o b s e r v a t i o n  i n  sam ple r e -

s p e c t i v e l y .  For e a c h  sam ple t h e  v a l u e s  o f  BLUS r e s i d u a l s  w i t h  

f o u r  d i f f e r e n t  b a s e s  w ere c a l c u l a t e d  and t h e  v a l u e s  o f  t h e  mean 

sq u a r e  e s t i m a t i o n  e r r o r s  (MSE)  w ere  com pared. The b a s e s  f o r  BLUS 

c o m p u t a t io n s  c o n s i s t  o f  t h e  f i r s  к ( BLUSb) ,  t h e  c e n t r a l  к

( BLUSc) and t h e  l a s t  к (BLUSe) o b s e r v a t i o n s  as w e l l  a s  t h e  к 

o b s e r v a t i o n s  c o r r e s p o n d in g  t o  z e r o  v a l u e s  o f  l e a s t  a b s o l u t e  d e -

v i a t i o n  r e s i d u a l s  (B L U S l) .  The f i r s t  t h r e e  c r i t e r i o n s  w ere o f t e n

\



u sed  in  l i t e r a t u r e  ( s e e  e g .  T h e  i  1 [ в ] ) ,  t h e  l a s t  one i s  

p r o p o se d  h e r e  m a in ly  b e c a u s e  o f  i t s  r o b u s t n e s s  t o  o u t l i e r s .

The mean v a l u e s  o f  t h e  MSE o v er  500 r e p l i c a t i o n s  f o r  each  

ty p e  o f  BLUS r e s i d u a l s  a re  g iv e n  in  T a b le  1 .  T h is  t a b l e  c o n -

t a i n s  a l s o  t h e  f r a c t i o n s  o f  t h e  r e p l i c a t i o n s  in  w hich  t h e  c o r -

r e s p o n d in g  BLUS r e s i d u a l  had'1'th e  s m a l l e s t  MSE v a l u e .

T a b l e  I

, Mean v a lu e s  of the  MSE

Index of contaminated 
o b se rv a t io n  and the 

va lue  of con tam ination

Type of BLUS r e s id u a l s

BLUSb BLUSc BLUSe BLUS1

1 5 a 1.0179 
(0 .0 8 )

0.5001
(0 .4 1 2 )

0.5929
(0 .1 7 2 )

0.5124

(0 .3 3 6 )

8 5 о

— 
'3- 

О 
O

' 
Г"- 

<r

о 
о 0 .9557

(0 .0 5 4 )
0.7660

(0 .2 8 8 )

0.7783 

( 0 .1 6 4 )  .

15 5 0 4. 1716 
(0 .5 5 2 )

5.0073

(0 .002)
18.1478 

(0 .0 0 0 )

4.3454

(.0.446)

1 lOo 1.8990
(0 .0 3 6 )

0.6486

(0 .49 0 )
0.7509 

(0 .  180)
0.7217

(0 .2 9 4 )

8 10c 1.1726

(0 .5 1 8 )

1,7468

(0 .0 2 2 )

1.2292

(0 .3 4 4 )
1.3146 

(0 .  116)

N o t e :  Mean va lues  of the  MSE over 500 r e p l i c a t i o n s  of the  experiment 

f o r  fo u r  types  of BLUS r e s id u a l s  and f i v e  v a r i a n t s  o f  c o n tam in a t io n .  The va-
lues  in  b rack e ts  denotes  th e  f r a c t i o n  of th e  r e p l i c a t i o n s  in  which th e  co r -

respond ing  MSE v a lue  was the  sm a l le s t  one.

The r e s u l t s  o f  e x p e r im e n ts  g a t h e r e d  in  T a b le  1 i n d i c a t e s  a 

r e l a t i v e l y  h ig h  i n c r e a s e  in  MSE i n  t h e  c a s e  o f  b a s e - c h o i c e  w i t h
j

o u t l i e r s .  T h is  I n c r e a s e  d ep en d s  on t h e  r e l a t i v e  m agn itu d e o f  the 

o u t l i e r  in  com p arison  w i t h  o t h e r  o b s e r v a t i o n s .  Thus t h e  p ro p er  

c h o i c e  o f  t h e  b a s i s  f o r  LUS c o m p u ta t io n s  when t h e r e  a r e  o u t l i e r s  

in  th e  d a ta  seem s t o  be o f  s p e c i a l  im p o r ta n c e .  The i d e n t i f i c a t i o n  

o f  o u t l i e r s  can be d i f f i c u l t  i n  some c a s e s .  T ak in g  t h i s  i n t o  a c -

c o u n t ,  th e  c h o i c e  o f  t h e  b a s i s  c o r r e s p o n d in g  t o  z e r o  l e a s t  ab -

s o l u t e  d e v i a t i o n s  (LAD) r e s i d u a l s  seem s t o  be a good c h o i c e .  T h is  

t y p e  o f  BLUS r e s i d u a l s  ( i n  T a b le  1 n o te d  a s  BLUS1) can  be d i -

r e c t l y  o b t a in e d  from n -  к n o n z e r o  LAD r e s i d u a l s  by means o f  

t h e  C 'i t r a n s f o r m a t i o n .  Thus t h e r e  e x i s t s  m u tu a l  c o r r e s p o n d e n c e



b etw een  LAD and BLUSl r e s i d u a l s  a ssu m in g  к n o n - e s t i m a t e d  BLUS 

r e s i d u a l s  a r e  e q u a l  z e r o .

The s y s t e m  o f  e q u a t i o n s  f o r  t h e  s o l u t i o n  o f  t h e  l e a s t  a b s o -

l u t e  d e v i a t i o n  p rob lem  can  be w r i t t e n  a s ,

(22 )

z e r o  and n o n z e r o  r e s i d u a l s  r e s p e c t i v e l y .

T h is  c o r r e s p o n d s  t o  r e o r d e r i n g  t h e  o b s e r v a t i o n s  s o  t h a t  t h e  

f i r s t  к a r e  t h o s e  l y i n g  in  t h e  r e g r e s s i o n  h y p e r p la n e .  A cc o rd -

X
0

о

bLAD

* ’ I I х ’ l j
e LAD

where t h e s u b s c r i p t s m 0 and 1

i n g l y  XQ and a r e  r e s p e c t i v e l y  к : к and (n  -  к )  : к

t r i c e s .  The v e c t o r  e T, _  r e f e r s  t o  t h e  n -  к n o n z e r o  r e s i d u a l s .
LAD

o f  e s t i m a t e dAssum ing n o n s i n g u l a r i t y  o f  X0 t h e  v e c t o r  b
LAD

p a r a m e te r s  can be o b t a in e d  from ( 2 2 )  and i s  e q u a l  t o ,  

b T
LAD

X " 1y 
o Jo

( 2 3 )

The v e c t o r  o f  LAD r e s i d u a l s  i s  th e n  g iv e n  b y ,

-1

'LAD
у, -  X ,b

1 LAD У1 -  x i x (24 )

G iven  t h e  o r d e r in g  o f  th e  c a s e s  c o r r e s p o n d in g  t o  t h e  s o l u -

t i o n  (2  4 )  t h e  r e s p e c t i v e  BLUS e s t i m a t o r  o f  r e s i d u a l s  can  be  

w r i t t e n  a s ,

= C 'y = C c ^ c ' , )  = C 'oy o + С ' , У1

-c ' i x i x o ’ 4 + c v i = c V y i -  x i x o ' 1v  = c , <e

( 2 5 )

1 LAD

Thus c h o o s in g  t h e  b a s i s  c o r r e s p o n d in g  t o  z e r o  LAD r e s i d u a l s  

we can o b t a i n  t h e  v e c t o r  o f  BLUS r e s i d u a l s  d i r e c t l y  from n -  к 

n o n z e r o  LAD r e s i d u a l s .  N ote  t h a t  i n  t h i s  c a s e ,  t h e  in f o r m a t io n  

c o n t a in e d  in  к n o n - e s t i m a t e d  r e s i d u a l s  i s  n o t  sp r e a d  i n t o  t h e  

r e m a in in g  n -  к r e s i d u a l s ,  w hich  i s  t h e  c a e s  f o r  BLUS r e s i d u a l s  

o b t a in e d  from 1 -  s  r e s i d u a l s .
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Z bign iew  W asilew ski 

UWAGI 0 RESZTACH BLUS

W pracy rozważa s i e  problemy do tyczące  wyboru bazy p r z e k s z t a ł c a n ia ,  p ro -

wadzącego do o trzym ania  e s tym ato ra  w ektora  r e s z t  m .n .k .  o s k a l a rn e j  macierzy  

w a r i a n c j i  k o w a r ia n c j i ,  w przypadku występowania ob se rw a c j i  n ietypowych. Za- 

proponcwano w ykorzystan ie  zerowych r e s z t  otrzymanych w wyniku e s ty m a c j i  mi-

n im a l i z u ją c e j  sumę odchyleń bezwzględnych do o k r e ś l a n i a  bazy t e j  t r an s fo rm a-

c j i .  Umożliwia to  u n ik n i ę c ie  wyboru o b s e r w a c j i ,  nietypowych d l a  b azy ,  co zna-

czn ie  poprawia ja k o ś ć  e s ty m a c j i .


