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A METHOD OF COMPUTING MOMENTS 

OF THE DURBIN-WATSON STATISTIC FOR LINEAR TREND

1. INTRODUCTION

To v e r i f y  t h e  h y p o t h e s i s  c o n c e r n in g  t h e  l a c k  o f  a u t o c o r r e l a -

t i o n  in  an e c o n o m e t r ic  model

у -  Ха + с (1 )

th e  D urbin-W atson  t e s t  i s  u s u a l l y  u sed  b e c a u s e  o f  s im p le  c a l c u -

l a t i o n s  and q u i t e  a b i g  power a s  w e l l .  The a p p l i c a t i o n s  o f  t h e  

t e s t ,  h o w e v er ,  a r e  l i m i t e d  b e c a u s e  t h e  s o - c a l l e d  " n o n c o n c lu s i -  

v i t y  i n t e r v a l "  d o e s  e x i s t .  I t  i s  c o n n e c te d  w i t h  t h e  f a c t  t h a t  t h e  

d i s t r i b u t i o n  o f  t h e  D urbin-W atson  s t a t i s t i c  d ep en d s  on th e  ma-

t r i x  X, th u s  t a b u l a t i n g  o f  t h e  c r i t i c a l  v a l u e s  i s  p r a c t i c a l l y  

i m p o s s i b l e .  Commonly known t a b l e s  c o n t a i n  o n ly  lo w er  and upper  

l i m i t s  Of t h e  q u a n t i l e s  c o r r e s p o n d in g  w i t h  t h e  m ost f r e q u e n t l y  

a p p l i e d  s i g n i f i c a n c e  l e v e l s .

There i s  a p o s s i b i l i t y ,  h o w e v er ,  t o  b u i l d  su ch  t a b l e s  when 

X m a tr ix  i s  f i x e d .  The t a b l e  f o r  t h e  l i n e a r  t r e n d  c a s e  when

1 1 

1 2

1 3

1 n

i s  shown i n  t h e  p a p e r -b y  T o m a s z e w i c z  [ 4 ] .

( 2)

A s s i s ta n t  p r o f e s s o r  a t  the  I n s t i t u t e  of Econometrics and S t a t i s t i c s ,  
U n iv e rs i ty  of Łódź.
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2. THE PROBLEM

An o t h e r  p o s s i b i l i t y  o f  i n v e s t i g a t i n g  t h e  D urbin-W atson  s t a -

t i s t i c  d i s t r i b u t i o n  w h ich  seem s t o  be w orth  t a k i n g  i n t o  a c c o u n t  i s  

t o  f i n d  i t s  moments o r  cu m u la n ts .  T h is  p a p e r  p r e s e n t s  g e n e r a l  

form u lae  f o r  com puting  moments o f  t h e  s t a t i s t i c  f o r  l i n e a r  t r e n d  

m odel.  The fo rm u la e  f o r  t h e  mean and s t a n d a r d  d e v i a t i o n  are shown 

as w e l l .

We c o n s i d e r  e c o n o m e t r i c  model ( 1") (w h e r e  X h as t h e  form ( 2 ) )  

w hich  f u l f i l s  c l a s s i c a l  a s s u m p t io n s  i . e .  e  i s  o f  n - d im e n s io n a l  

normal d i s t r i b u t i o n !

e ~ N ( o , a 2 l ) .

The D urbin-W atson s t a t i s t i c  i s  g iv e n  by t h e  form ula

d =

n

e t  - e t - l ) 2 T 
1 _ e*AeCl —

n

L '  e 
t=1

2
t

T 
e  e

where

1 -1 0 . . .  0 0

-1 2 -1 . . .  0 0

0 -1 2 . . .  0 0

A = • • • . . . •

0 0 0 2 -1

0 0 0 -1 1

and e  i s  t h e v e c t o r o f  r e s i d u a l s
e t

l e a s t  s q u a r e s method:

e “ У - Xa

where

(XTX ) " 1 XTy .

V e c to r  e  can be e x p r e s s e d  i n  t h e  f o l l o w i n g  form



e  * Me. 

where

'M * I t  x(xTx ) ~ 1 XT (3 )

i s  v e r y  w e l l  known id e m p o te n t  m a t r ix .  F u r th e r  on we s h a l l  a l s o  

use  t h e  sym b o ls  s

T T
u = e  A e , v = e e ,

so

j Л  
d v '

On th e  b a s i s  o f  von N e u i r a n n '  s  r e s u l t  [3 ]  D u r -

b i n  and W a t s o n  [ 1 ]  proved  t h a t  th e  v a r i a b l e s  d = u / v  

and v are  in d e p e n d e n t .  C o n s e q u e n t ly ,  f o r  g iv e n  к we have

Euk = Edkvk = EdkEvk , 

h en ce

Edk - ^ -  ( 4 >
Ev

To f i n d  d s t a t i s t i c  moments i t  i s  enough t o  c a l c u l a t e  t h e  

moments Ľu and Ev . D u r b i n  and W a t s o n  [1 ]

found form u lae  f o r  moments d on t h e  b a s i s  o f  th e  sums o f  th e  

form

n-k.j

Y 2  = tr (H A )4 .

t=1

In  p a r t i c u l a r



where

E v t  -  £ г ( м а )  » trA  -  t r  XTAX(XTX )" 1 ,

X

£ v t 2 = tr(M A )2 -  t r A 2 -  2 t r ( X TA2X(XTX)“ 1) +

+ t r ( X TAX(XTX) - 1 ) 2 .

3. FORMULAE FOR LINEAR TREND

We p r e s e n t  fo rm u la e  ( 4 ) ,  ( 5 )  and ( 6 )  f o r  t h e  c a s e  o f  t h e  l i -

n e a r  t r e n d  model in  w hich  t h e  X m a tr ix  i s  g iv e n  by ( 2 ) .

L e t  us d en o te

M = T -  N, N = X(XTX T 1XT .

There f o r e

(MA)k = (A  -  NA~)k « У] ( - l ) h Ak_h ( NA) h .
n=b n

As from t h e  v e r y  w e l l  known p r o p e r t i e s  o f  t r a c e

t r  AK_n ( NA) h = t r  Ak_h NANA . . .  NA =

h t im e s  NA

= t r  Ak -h  Х(ХТХ')_ 1 .ХТЛХ(ХТХ ) ' 1 XTA . . .  X(XTX T 1 XTA =
' I . . . i . ,  i ■■ i ■ . i

h - 1 term s ХТАХ(ХТХ Г 1

= tr  x A x(xTx ) " 1 (,xTAxCxTx ) " 1) h~ 1 ,

th u s  ,

s )t = tr(M A )k = t r  Ak +

+ ( _ 1 >h ( h 5 t r  3 k -h + i  ( x T x ) ~ '  ( B 1(xTx )_1)h_1 ( 7 )



where

B,
• T 1 
X A X

f o r  1 =  1, 2 ,  k .  L et

X -  Cj x ]  .

Of c o u r s e  Aj = 0 , h e n c e  e a c h  m a tr ix  f o r  к > 1 i s  o f_  th e

form

T k  
X A X

T *" 1
T h e r e f o r e  t h e  f i r s t  row o f  e a c h  o f  ( x  x )  m a t r i c e s  co n -  

s i s t s  o f  z e r o e s ,  t h u s ,  t h e  t r a c e  o f  t h e  p r o d u c t

в к  ( х т х ) - 1  ( в / х ^ ' х Г  1) h " 1

i s  e q u a l  t o  t h e  p r o d u c t  o f  d i a g o n a l  e l e m e n t s  o f  t h e  s e c o n d  row o f  

ea c h  e l e m e n t :

(

trB k ( x Tx ) -1  ( e l ( x Tx r 1 ) h - 1  = ь к ь / 1 - 1 ,

where

k n (n  -
12

I) (n  + т у  x A x

However, f o r  к >  2
\

xTAk —2— / 2 ( k  -  2 )  \
X A X  k -  1 '  к -  2 ' '

t h u s ,  f i n a l l y

K _ _ ________  24 ( 2 ( k  -  2)  \
к n ( n  -  1 ) (n + 1 ) (k -  1) ' к -  2

f o r  к ^ 2 and 

12
’1 n ( n  + 1)

(8 )

( 9 )



b e c a u s e

T
x Ax = n -  1 .

T ak in g  i n t o  a c c o u n t  ( 8 ) ,  (.9) and t h e  form u la  

trA k -  »  2k -  г 21“ ' ,

( 7 )  can be r e w r i t t e n  in  t h e  form

In p a r t i c u l a r  ' •

*

s 1 “ t r M A “ t r A - b 1

* 2 ( n  -  ’ > -  2<n -  '> Г Ы  -  i ’ ?n 

'  2 ( " -  ’ > < ’ -  < " > .  

s 2 = t r  A2 -  2b2 + b , 2

» 2 ( 3n -  4 ) -------  4 8 --------+ — ---------176—
n (n  + 1H n -  1) n2 (n  + 1 }2

V a lu e s  s ]c (Ю ) p u t  in  t h e  fo rm u la e  f o r  t h e  moments o f  

t h e  nun .erator u d i s t r i b u t i o n  can be e x p r e s s e d  a s  f u n c t i o n s  o f  

i t s  с  urn u l  a n t s  x ]c^u  ̂ ( s e e :  D u r b i n  and W a t s o n  [ 1 ] ,  

p . 9 9 - 1 0 6  a l s o  K e n d a l l  and S t u a r t  [ 2 ] ,  p .  5 1 1 -



Xk( u )  -  2k” 1 (k  -  1)1 s k .

P a r t i c u l a r l y

x ^ ’u )  ■ 9 1f X2 ( u )  “ 2 s 2 »

80

“ Eu = x ^ u )  " s .j, ( 12)

2 2 2 
m2 * Eu “ X2 ( u )  -  X , ( u )  = 2 s 2 + s r

2
The moments o f  t h e  d en o m in a to r  v w hich  i s  o f  x d i s t r i b u t i o n

w it h  n -  2 u e g r e s s  o f  freedom  are  g iv e n  by t h e  form ula

k (n  -  4 + 2 к ) П
ev  - frT~ lTTT  •

E s p e c i a l l y

Ev = n -  2,
( 1 3 )

Ev2 m Cn -  2 ) n .

I t  i s  e a s y  t o  o b t a i n  from ( 4 )  and ( 1 1 ; - ( 1 3 )

Ed
n -  2

.  _______________  20__________ _

n (n~ + ľ f ( n  -  2)

and

0 2d = -  ( E d ) 2
Ev

*2_______ a__±_____ ( 1 5 )

n ( n - 2 )  (n -  2)

2 s 2  2 s  1

“ n (n -  Tľ  “ n_ ľn -~ 2 ) 2 ‘



Moments of the Durbin-í-ľatson s t a t i s t i c s :  

lower DŁ, upper Ш and for linear trend DT

/
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As I t  can be s e e n ,  t h e  D urbin-W atson  s t a t i s t i c  moments even  

i n  t h e  e a s i e s t  c a s e  o f  t h e  l i n e a r  t r e n d  model a r e  e x p r e s s e d  

by q u i t e  c o m p l i c a t e d  f o r m u la e ,  w h ich  are  d i f f i c u l t  t o  be ap-

p l i e d  in  f u r t h e r  a n a l y t i c  r e s e a r c h .  N e v e r t h e l e s s ,  u s i n g  t h o s e  

fo rm u la e  l a r g e l y  f a c i l i t a t e s  t h e  n u m e r ic a l  a n a l y s i s  in  compa-
U

r i s o n  w it h  d i r e c t  c a l c u l a t i o n s  tr(MA) . T hat p r o c e d u r e  was a p -

p l i e d  t o  f i n d  t h e  f i r s t  two moments o f  d s t a t i s t i c s  f o r  some 

sam ple s i z e s .  The r e s u l t s  a re  shown in  T a b le  1. Of c o u r s e ,  

th e  same p r o c e d u r e  can be a p p l i e d  t o  compute h i g h e r - o r d e r  mo-

m en ts .

REFERENCES

/
[1 ]  D u r b i n  J t>l W a t s o n  G. S. ( l 9 5 0 ) ,  T e s t in g  fo r  S e r ia l  

C o rre la tio n  in  L ea st Squares R e g re ss io n , I ,  "B iom etr ika"  37, 409- 

-428 .

[2] K e n d a l l  M. G. , S t u a r t  A. (1 96 1 ) ,  The Advanced Theory 

o f  S t a t i s t i c s ,  Vol. 2 ,  G r i f f i n ,  London.

Í.3.] N e u m a n n  von J .  (1941 ) ,  D is tr ib u t io n  o f  th e  R a tio  o f  the 

Mean Square S u c c e s iv e  D iffe re n o e  to  th e  V ariance, Ann. Math. S t a t i s t . ,  

12, 367-395.

[4 ]  T o m a s i e w i c z  A. S. (1984 ) ,  W artości k r y ty c z n e  t e s tu  D-W 

d la  przypadku lin io w eg o  tr e n d u ,  Łódź ( mimeo).

A ndrzej S . Tomaszewicz

0 PEWNEJ METODZIE OBLICZANIA 

MOMENTÓW STATYSTYKI DURBINA-WATSONA 

ZWIĄZANEJ Z LINIOWYM TRENDEM

Celem a r ty k u łu  j e s t  opis  pewnej numerycznie a t r a k c y jn e j  metody o b l i -

czan ia  momentów s t a t y s t y k i  t e s t u  Durbina-Watsona d la  h ip o te z y  o b raku  au-

t o k o r e l a c j i  w liniowym modelu t r e n d u .

D u r b i n  i  W a t s o n  [1]  p o d a l i  sposób o b l i c z a n ia  momentów 

t e j  s t a t y s t y k i  w z a le ż n o ś c i  od sum w a r to ś c i  własnych po tęg  macierzy MA.

\ *
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Autorowi uda ło  e i e  zn a le źd  w y raż en ie ,  za  pomocy k tó rego  można t e  sumy wy-

znaczyć.

Metoda z o s t a ł a  zastosowana do o b l i c z e n ia  dwóch pierwszych momentów. Wy-

n ik i  8 4  z.iwartc w ta b .  t .

/


