
A C T A  U N I V E R S I T A T I S  L O D Z I E N S I S  

FOLIA OECONOMICA 90, 1989

*
K r y a t y n a  P r u e k a

ESTIMATION OF SOME DISEQUILIBRIUM. MODELS 

BY MAXIMUM LIKELIHOOD METHOD

1. INTRODUCTION

The p rob lem  o f  m arket d i s e q u i l i b r i u m  m o d e l l i n g  h a s  b een  ap-

p e a r i n g  i n  e c o n o m e t r i c  and s t a t i s t i c  l i t e r a t u r e  f o r  many y e a r s  

( s e e .  [ 1 ] ,  [ 2 ] ,  [ 3 ] ,  [ 4 ] ,  [ 5 ] ,  Сб] ,  [ ? ] ,  [ в ] ,  [ 9 ] ) .  D i f -

f e r e n t  m ethods are  p r o p o se d  t o  e s t i m a t e  t h e  e c o n o m e t r i c  m o d e ls  

p a r a m e t e r s  f o r  m ark ets  w here demand d i f f e r s  from s u p p l y .  There  

a r e  t h e  f o l l o w i n g  m eth od s:  t h e  o r d in a r y  l e a s t  s q u a r e s  method  

( [ 2 ] ,  [ 3 ] ) ,  t h e  two -  s t a g e  l e a s t  s q u a r e s  m ethod ( [ 1] ,  [ 2 ] , ,  [3]  , 

[ 4 ] ) ,  th e  maximum l i k e l i h o o d ,  m eth o d 1 ( [1 ] , 1.3], [ 4 ] ,  [ 5 ] ,  [ 7 ] ,  

[ 9 ] ) ,  Some a t t e m p t s  a r e  a l s o  b e i n g  made t o  a p p ly  t h e  s w i t c h i n g  

r e g r e s s i o n  method i n  e c o n o m e t r i c s  o f  d i s e q u i l i b r i u m  ( e . g .  [ 6 ] ,  

p.  2 Ó9 - 2 7 3 ) .

T h i s  p a p e r  i s  d e v o t e d  t o . t h e  e s t i m a t i o n  o f  p a r a m e te r s  o f  t h e  

d i s e q u i l i b r i u m  m o d e ls  w i t h  q u a n t i t a t i v e  i n d i c a t o r 2 by t h e  m ax i-

mum l i k e l i h o o d  m ethod .  Market d i s e q u i l i b r i u m  s i g n i f i e s  t h e  p r e -

s e n c e  o f  t h e  s u r p l u s  i n  demand o r  su p p ly  i n  e a c h  p e r i o d  under  

t h e  e x a m i n a t i o n 3 . T h e o r e t i c a l  works on t h i s  s u b j e c t  ( s e e :  [ 1] ,  

[ 2 ] ,  [ 4 ] ,  [ 6 ] ,  [ 7 ] ,  [ 9 ] )  u s u a l l y  end  w i t h  t h e  p r e s e n t a t i o n  o f
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Wide studies on this  subject are contained in [9 ] .
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Quantitative disequilibrium indicator i s  a variable allowing us to de-
termine the quantity of the market disequilibrium.

 ̂ There are some d ef in it ion s  of the market disequilibrium (see :  [ 2 ] .  p.



th e  l i k e l i h o o d  f u n c t i o n  M d  t h e y  recommend i t e r a t i v e  m ethods t o  

d e t e r m in e  i t s  maximum.

The aim o f  t h i s  p a p e r  i s  t o  d e s c r i b e  a n o n i t e r a t i v e  algorithm  

f o r  d e t e r m in in g  t h e  v a l u e s  o f  t h e  maximum l i k e l i h o o d  (ML) e s t i -

m ator i n  t h e  c a s e  o f  d i s e q u i l i b r i u m  model f o r  a s i n q l e  m a r k e t .  

A l l  t h e  e x p la n a t o r y  v a r i a b l e s  In  t h e  e q u a t i o n s  o f  demand and  

s u p p ly  a r e  e x o g e n o u s .  Th ere  a r e  two v e r s i o n s  o f  t h e  a lgorithm  p r e -

s e n t e d  a c c o r d in g  t o  t h e  form o f  d i s e q u i l i b r i u m  i n d i c a t o r  e q u a t i o n .

S e c t i o n  2 i n t r o d u c e s  t h e  d i s c r i p t i o n  o f  a d i s e q u i l i b r i u m  mo-

d e l .  S e c t i o n  3 c o n t a i n s  a p r e s e n t a t i o n  o f  n o n i t e r a t i v e  a lg o r i t h m  

f o r  d e t e r m in in g  ML e s t i m a t o r s  o f  t h e  model p a r a m e t e r s .  S e c t i o n  4 

d e s c r i b e s  a m o d i f i c a t i o n  o f  t h e  a lg o r i t h m .
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2. FORM OF THE DISEQUILIBRIUM MODEL

E c o n o m e tr ic  d i s e q u i l i b r i u m  m odel r e p r e s e n t s  m arket p r o c e s s e s  

w it h  t h e  demand -  su p p ly  im b a la n c e .  There a r e  some t y p e s  o f  t h e  

m o d e ls .  They a r e  d i s t i n g u i s h e d  a c c o r d i n g  t o  t h e  form  o f  t h e  1 i n -

f o r m a t io n  c o n c e r n in g  t h e  m arket d i s e q u i l i b r i u m  r a t i o  ( [ 2 ] ,  p .  

1 9 - 3 0 ) .

In  t h i s  p a p e r  we s h a l l  d e a l  w i t h  t h e  d i s e q u i l i b r i u m  model with  

l i n e a r  s t r u c t u r a l  r e l a t i o n s  where i n  t h e  e q u a t i o n s  o f  demand and  

s u p p ly  as  e x p la n a t o r y  v a r i a b l e s  we h ave  e x o g e n o u s  v a r i a b l e s .  T h is  

v e r s i o n  h as  t h e  f o l l o w i n g  form ( [ 2 ] ,  p .  3 0 - 3 1 ) :

( 2 . 1 ) 

( 2 . 2)

( 2 . 3 )

( 2 . 4 )

where ę
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t  a 1 2 T •*- 1 9 *“ 9 • • • 9 L  9

dfc -  e f f e c t i v e  demand on a g iv e n  m ark et;

s fc -  s u p p ly  on a g iv e n  m ark et;

x D t'  x S t  ~ n o n -r a n dom v e c t o r s  o f  e x p la n a t o r y  v a r i a b l e s  f o r  

demand and su p p ly  e q u a t i o n ;

Dt Dt

qt  » min (dt , s fc) 

y t  -  Y < d t  -  s t )



a ,  h  у -  s t r u c t u r a l  p a r a m e te r s  o f  t h e  m odel ( a ,  p -  v e c t o r s ,  

у -  s c a l a r  );

q t  -  q u a n t i t y  t r a n s a c t e d ;

uD t' "r • ~ ran dom com p on en ts;

у -  v a r i a b l e  j o i n t l y  i n t e r d e p e n d e n t  w i t h  dfc and s t , i t  r e -

p r e s e n t s  t h e  q u a n t i t y  o f  m arket d i s e q u i l i b r i u m  ( t h e  s o  c a l l e d  

" d i s e q u i l i b r i u m  i n d i c a t o r " ) ;

T -  t h e  l e n g t h  o f  t im e  s e r i e s .

We assume t h a t  t h e  random com ponents u Dfc and ug t  have  n o r -

mal d i s t r i b u t i o n  w i t h  z e r o  m a th e m a t ic a l  e x p e c t a t i o n ,  c o n s t a n t  v a -
2 2

r i a n c e s  <5ß and ó£ and t h e y  are  n o t  c o r r e l a t e d  w i t h  e a c h  o t h e r  

and i n  t im e .

P r e v io u s  e m p i r i c a l  r e s e a r c h e s  o f  m arket d i s e q u i l i b r i u m  em-

p lo y e d  v a r i a b l e  у a s  t h e  i n c r e a s e  i n  p r i c e  ( e . g .  [ 1 ] ,  [ 3 ] ,

[ 4 ] ,  [ 5 ] ) .  In  d i s e q u i l i b r i u m  m odels  f o r  t h e  la b o u r  m arket i t  

may r e p r e s e n t ,  f o r  e x a m p le ,  t h e  number o f  v a c a n c i e s  p er  one p e r -
4

so n  l o o k i n g  f o r  a jo b  .

The v a r i a b l e s  y fc and q fc a r e  t h e  o n l y  o b s e r v a b l e  e n d o g e -

n ous v a r i a b l e s  in  t h e  m odel ( 2 . 1 ) —( 2 . 4 ) .

3. ML -  ESTIMATORS FOR PARAMETERS OF DISEQUILIBRIUM MODEL

Th ere  a r e  d i f f e r e n t  m ethods known t o  e s t i m a t e  t h e  d i s e q u i l i -

brium model p a r a m e t e r s .  . They a r e :  t h e  maximum l i k e l i h o o d  m ethod ,  

t h e  two -  s t a g e  l e a s t  s q u a r e s  m ethod ,  t h e  o r d in a r y  l e a s t  s q u a r e s  

method em p loyed  t o  t r a n s f o r m a t e d  e q u a t i o n s  o f  t h e  m o d e l5 .

The maximum l i k e l i h o o d  method f o r  th e  d i s e q u i l i b r i u m  model i s  

p r e s e n t e d  b e lo w .  I t  c o n s i s t s  i n  d e t e r m in in g  su ch  v a l u e s  o f  th e  

model p a r a m e te r s  f o r  w h ich  e q u i v a l e n t  l i k e l i h o o d  f u n c t i o n  a c h i e -

v e s  i t s  maximum. For t h e  m odel ( 2 , 1 ) - ( 2 . 4 )  i t  h as  t h e  f o l l o w i n g  

form:

L ( y t » q t : ßr Y/ dp» <5g) =

 ̂ Such a v a r i a b l e  was used in  [8] in  the  labour market model. 

This  method i s  proposed  in  L2j,  p. 86-93.



T , 2  -  2
m f ( y t . qt ; а ,  e ,  y ,  ó  D, ds ) ( 3 . 1 )

where f ( y fc, q t ; a r Y> 6 q > ö g ) *s  t h e  j o i n t  d e n s i t y  f u n c t i o n  

o f  t h e  random v a r i a b l e s  p o s s i b l e  t o  be o b s e r v e d  ( y t * q fc) • As 

t h e  random d i s t u r b a n c e s  uD t / us t  a r e  Ro t  c o r r e l a t e d  and norm al-

l y  d i s t r i b u t e d ,  t h e  l i k e l i h o o d  f u n c t i o n  ( 3 . 1  ) may be d e f i n e d  a s  

f o l l o w s 6 : .

L(yt » qt ; «» o# y i ö2, б2) * i y i_r '

* exp  I -  Г7Г f £  < 7  y t  + -  ’W “ ) 2 +
1 D t e T ,

^  ( q t  " XÓ ta  ̂ j " ^ 2  [ ^  ' 4 t  ‘  ■XS t Pj2 +
2 " s  t e T 1

*  Ľ  K  - 7 y t  "  x ś t p ) 2 l  I ( 3 * 2 )
t  6 T2

where 7^ = {t s 1 < t  < T and dfc > S fc} , T2 * ( t  ! Ц  t <  T and  

dt  < s t } •

The f u n c t i o n  L i n  ( 3 . 2 )  i s  a n o n l i n e a r  f u n c t i o n  w i t h  r e -
2 2

s p e c t  t o  t h e  p a ra m eter s  a ,  ß , у ,  6 ^ ,  6 s> I t s  maximum i s  d i f f i -

c u l t  t o  be fo u n d .  Former u se d  i t e r a t i v e  m ethods o f  d e t e r m in in g  

t h i s  maximum a r e  : Newton-Raphson m ethod ,  P o w e l l  m eth od ,  “quad-

r a t i c  h i l l  c l im b in g "  method ( [ 3 ]  , [ 4 ] )  o r  n o n i t e r a t i v e  m ethods o f  

s o l v i n g  n o n - l i n e a r  e q u a t io n s  s y s t e m s  ( [ l ] ,  [ 5 ] ) .

Below we p r e s e n t  a new a n a l y t i c  method o f  d e t e r m in in g  t h e  

maximum o f  t h e  f u n c t i o n  ( 3 . 2 ) .

To s i m p l i f y  t h e  n o t a t i o n  we s h a l l  l e a v e  argu m en ts  y fc and qfc 

and u se  t h e  f o l l o w i n g  sym b ols  s

0 Analogous form o f  th e  l i k e l i h o o d  fu n c t io n  was o b ta in e d  by A m e*
m i  у a in  [ l ] .
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where

4 t  + 7  y t  £or * e T i

f o r  t  e 7-

q t  f o r  t  e T1

4 t  “ 7  y t  f o r  fc 6 T 2

The v e c t o r s  a and b can  be p r e s e n t e d  In t h e  f o l l o w i n g  form :  

a -  q + — g ,  b * q - ~ h  ( 3 . 4 )

w h e r e :

41
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•

, h -

f r |p

f o r  t  e T>

f o r  t  6 T-,

f o r  t e l .

f or  t  с T,

Then we have

L ( a ,  $ ,  у ,  6 p ,  <5g ) -  IYI _T<2ir<JD<5s )
-T



• exp  í  -  — - y  ( a  -  X jj«  У ( a  -  X ^ e ) -  — ^ - j ( b  -  X g J )  ( b  -  X g r )  J
I 2<Sd  2ds  J

s o  t h e  lo g a r i t h m  o f  t h e  l i k e l i h o o d  f u n c t i o n  h a s  t h e  form:

InL ( a ,  5 ,  y ,  d 2 , d2 ) -  -  T i n I у  I -  Tln2ir -  y  In d 2 + ( 3 . 6  )

- 1  » ‘I - -гг í* - V y '* - V >  - r x (b '  ж«,у (ь - V ’
26d  s

2
I t  i s  n o t  d i f f i c u l t  t o  p ro v e  t h a t  e q u a t i o n s  91nL / 3 d D “ 0 

2
and 3 l n L /  36s  = 0 are  t r u e  f o r :

К  " 7  ( a  -  * D a ) ' C a  -  * D e )
( 3 . 7 )

3Í “ T (b -  V y  Cb -  V °

Having s u b s t i t u t e d  d_ and d i n  ( 3 . 6 )  by ( 3 . 7 )  and l e a v -
Li В

in g  a s i d e  t h e  c o n s t a n t  -Tln2ir we have t h e  c o n c e n t r a t e d  l i k e l i -

hood f u n c t i o n :

I

L *( a , ß , у )  -  - T i n I у  I -  j  in  ( »  -  XDa ) '  (a  -  XDa )  +

-  у  In (b  -  Xs 0)' (b  -  XSP) -  T in  Y  -  T ( 3 . 8 )

D i f f e r e n t i a t i n g  L# w i t h  r e s p e c t  t o  . a and Ц and e q u a t in g  

t h e  d e r i v a t i v e s  t o  z e r o  l e a d s  t o  e q u a t i o n s :

5 -  (* d  V " 1 V

1 ( 3 - 9)
(J = (X 'X g )“ X 'b

I t  can be o b s e r v e d  t h a t  f o r  y .  ** 0 fo r m u la s  ( 3 . 7 )  and ( 3 . 9 )
2 2

show t h e  form o f  e s t i m a t o r s  o f  p a r a m e te r s  а ,  в ,  d D, dg o b t a i n -

ed by t h e  l e a s t  s q u a r e s  m ethod . T h ese  fo r m u la s  c o r r e s p o n d  w i t h  

t h e  model o f  e q u i l i b r i u m  m a rk et .

A f t e r  r e p l a c i n g  n and в i n  ( 3 . 6 )  by ( 3 . 7 )  we h ave  t h e  f o l -

l o w in g  forms o f  t h e  c o n c e n t r a t e d  l i k e l i h o o d  f u n c t i o n :



L* * ( у ) ” - l n l Y l  -  j  In  a ' MD a -  -j- In b' Mg b ( 3 . 1 0 )

where
7

*D -  1 -  XD ( X D'XDr 1  XD 

Ms " 1 -  XS (XŚ x s )_1 X ś
( 3 . 1 1 )

T ak in g  i n t o  a c c o u n t  fo r m u la s  ( 3 . 4 ) ,  f u n c t i o n  ( 3 . 1 0 )  can  be  

w r i t t e n  a s :

E q u a t in g  i t s  d e r i v a t i v e  w i t h  r e s p e c t  t o  y  t o  z e r o  l e a d s  t o  

t h e  f o l l o w i n g  e q u a t io n :

a -  q '  Ms qq' MQq ,  

b -  q '  Mugq'Ms q -  q 'M gh q'M ^

с = 0

d * q'Mghg'Kjjg -  q'Mpgh'Mgh 

e  = -  g 'f^ gh 'M gh

R oots  o f  t h e  e q u a t io n  ( 3 . 1 3 )  meet  t h e  n e c e s s a r y  c o n d i t i o n  for 

t h e 1e x i s t e n c e  o f  t h e  f u n c t i o n  ( 3 , 1 2 )  e x t r e m e 8 . T h ese  r o o t s  should 

be p u t  i n t o  t h e  fo r m u la s  ( 3 . 7 )  and ( 3 . 9 )  t o  f i n d  s t a t i o n a r y  p o -

i n t s  o f  t h e  l i k e l i h o o d  f u n c t i o n .  The e s t i m a t o r s  a ,  fi,  y ,  3 ^ ,
/s 2
6g a r e  t h e  p o i n t s  i n  w hich  p a r t i a l  d e r i v a t i v e s  o f  t h e  f i r s t  

o r d e r  o f  t h e  f u n c t i o n  ( 3 . 6 )  a r e  e q u a l  t o  z e r o .

 ̂ I  is  an id e n t it y  m atr ix , 
g

S im ila r  ve rs io n  to  the method presented w aa ueed in  [8 j .

L * * ( y )  “  -  ln  I y I -  - ^ l n ( q + - ~ - g ) '  MD ( q + y g ) +  ( 3 . 1 2 )

- • j l n ( q - y h )  Mg ( q -  y  h >•

( 3 . 1 3 )

where s



We sh o u ld  n o t i c e  t h a t  t h e  f u n c t i o n  from ( 3 . 6 -) can  be r e w r i t t -

en a s  th e  f o l l o w i n g  f u n c t i o n :

ln L ( y )  = -T ln  I у I + K, + ~  K2 + p K 3 , ( 3 . 1 4  )

where

K1 “ -TlnC2ndjjdg) - 2 XZ ^ t  xDt“  ̂ + 
2d,

D 3>T2

2d2 J t  ^4 t  ~ XŚ t P ') '
2dS 1 2

~ ~ 7  £  y t  ( q t  " xDta )  + 72  С  ( q t  “ x Ś t B) y ť
t e  7, S t e  T_

1 Г1 V-1 2 x 1 Г -1 2
-  2 "2 íL  y t  + Т2 y t

LdD t  с T, . S t  £ T J. s  t e r 2

E q u a t io n  d ln L /d y  » 0 l e a d s  t o  t h e  e q u a t io n  2K3 f +

2
+ Ty = 0 ,  w hich  h as  th e  f o l l o w i n g  r o o t s :

Y ' -  ( - K ,  -  x / i ď  -  8TK, ) /2 Т  < 0 ,

'= ( “К . + / -  8ТК3 ) / 2 7 > 0 .

(The e x p r e s s i o n  under t h e  sq u a r e  r o o t  s i g n  i s  p o s i t i v e  b e c a u s e  

K3 < 0).

V a lu e s  o f  th e  s e c o n d  d e r i v a t i v e s  o f  t h e  f u n c t i o n  ( З . 14 ) in  

p o i n t s  y ' and y "  can be c a l c u l a t e d  a c c o r d in g  t o  t h e  fo r m u la s :

d2 InL

dY Y = Y

Y = Y’

$T3 -  8TK3

( / к 2 -  а т к 3 + к 2 ) 3

< 0 ,

8T3 / 7  -  8TK-

( A  -
8 ^ - K 2 ) 3 < 0 -
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I t  r e s u l t s  from our r e a s o n in g  t h a t  f o r  e s t a b l i s h e d  v a l u e s

2 2
o f  a ,  (5, d.,,, d„ f u n c t i o n  ( 3 . 6  ) r e a c h e s  i t s  maxima in  p o i n t sU k)
y' ánd y ' ’ ( i t  i s  s o ,  b e c a u s e  o f  t h e  in d e te r m in a n c y  o f  t h e  f u n c -

t i o n  L i n  th e  p o i n t  у " 0 ) .  Moreover f o r  t h e  f i x e d  v a lu e  o f  у
2 2

t h e  f u n c t i o n  ( . 3 . 6 )  r e a c h e s  i t s  maximum f o r  a ,  ß ,  <*D, d e t e r -

mined by the  f o r n u l a e  ( 3 . 7 )  and ( 3 . 9 ) .  To f i n d  t h e  g l o b a l  ma-

ximum o f  t h e  l i k e l i h o o d  f u n c t i o n  one sh o u ld  c o n s i d e r  th e  h i g h e s t
A а  д Лч 2 a 2

from among t h e  l o c a l  maxima. The a ,  R, y ,  <J D, 6 g v a l u e s  c o r -

r e s p o n d in g  w it h  i t  are  t h e  e s t i m a t e s  o f  t h e  ( 2 . 1 ) - ( 2 . 4 )  model  

p a r a m e te r s  o b t a in e d  by th e  maximum l i k e l i h o o d  m ethod.

P r e m i s e s ,  b a eed  e . g .  on t h e  t h e o r y  o f  econom y, a l lo w  us t o  

l i m i t  t h e  range o f  у  v a r i a t i o n  t o  t h e  i n t e r v a l  w i t h  o n ly  one  

l o c a l  maximum. I f ,  f o r  exarrp le ,  v a r i a b l e  y t  i n  t h e  model ( 2 . 1 ) -  

- ( 2 . 4 )  s i g n i f i e s  t h e  p r i c e  i n c r e a s e ,  th e n  у  i s  p o s i t i v e  and  

p o s i t i v e  r o o t  o f  t h e  e q u a t io n  ( 3 . 1 3 )  s t a n d s  f o r  i t s  e s t i m a t e .

4. ML -  ESTIMATORS OF DISEQUILIBRIUM MODEL'S PARAMETERS 

WT.TH MODIFIED INDICATOR EQUATION

In th e  model c o n s i d e r e d  above we assumed t h a t  t h e  market d i s -

e q u i l i b r i u m  i s  d e s c r i b e d  by t h e  e q u a t io n  -  s t  = y fc /  y .  The 

p a ra m eter  у d o e s  n o t  h ave  t o  tye o f  t h e  same v a l u e  d u r in g  t h e  

demand s u r p lu s  а з  d u r in g  t h e  s u p p ly  s u r p l u s .

I t  can be assumed t h a t  dfc -  s fc = y fc/Y i when dfc > s t  and

d t -  s t . * у t / y 2  when d^ < s fc. I t  c a u s e s  some m o d i f i c a t i o n s  o f

th e  above p r e s e n t a t i o n .

The l i k e l i h o o d  f u n c t i o n  h as  t h e  f o l l o w i n g  form:

( 4 . 1 )

of the 
system

— T ™T

L ( a ,  ß ,  Y i i У 2 ' <>c' * lY1* t | Y 2 ( 2 ( 2тг ÓD dS ) _ T -

‘Г1 exp  I -  ~

t e  7,  *•

f r t A i  * -  x Dttt) + 4  -  xś t B)
2-i

У Analogous studies are included in [ 7 ] ,  where stationary points 
l ikelihood function are established by i ter a t iv e  methods of solving  
of non-linear equations, and yt stands for the price increase.

J
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4  -  *Dt0 )2  + ( q t  ~ y t /Y2 ~ x Ś t » V

where  T , -  c a r d ^ ,  t 2 -  c a rd T 2 ( " c a r d "  s i g n i f i e s  t h e  c a r d i n a l  

number o f  a  s e t ) .  I n t r o d u c i n g  t h e  n o t a t i o n :

y t /Yi + q t  when t  ( T,

q t

4*

4  ,I q t  -  y t /Y

when t  t  I j

2 when t  e J 2

C1 4 ’

С 8

CT

d  “

‘Ч*

we o b t a i n :

2 2
InL ( a ,  0 , Yl , y 2 , ó d , ds ) = -  t 1 l n | y 1 I -  x 2 l n l Y 2 l -  Tln2ir +

" '2 l n  d D “ 1  d s ----- ' T  ( c  _ хои ) ' ( с  -  XDa )  + ( 4 . 2 )
2 6 D

l a e  :

(d  -  X 0 ) ' ( d  -  X_0)
2 6z

A n a lo g o u s ly  as  f o r  Yi = Y2 “ Y» we c *n f o r m u la t e  t h e  form u-

óD = ( с  -  XDo ) ' ( c  -  Xda ) / T  

32 = ( d  -  Xg0) ' ( d  -  Xg0 ) / T  

а -  (X^XD) - 1X ' c

/



Ь -  <x' xs ) ~ 1x'd

The c o n c e n t r a t e d  l i k e l i h o o d  f u n c t i o n  h as  th e n  t h e  form:
\

InL ( Y 1f Y2 ) “ (T -  t , )  l n l I  + (T -  t 2 ) l n  Iy 2 I +

-  ~  In C y ^  + g ) '  MD (Y,q + g )  + ( 4 . 4 )

-  •§ In  ( Y 2q -  h).' Ms  ( Y2q -  h )

E q u a t in g  i t s  p a r t i a l  d e r i v a t i v e s  t o  z e r o  l e a d s  t o  t h e  f o l l o w -

i n g  two q u a d r a t i c  e q u a t i o n s :

b2 -  (T -  x 2) q'Mgh,  

c 2 - ( t 2 -  T) h'Mgh.

L e t  y^ and у "  be t h e  r o o t s  o f  ( 4 . 5 )  and y 2 and y 2 ' ‘be  

t h e  r o o t s  o f  (4.6).  The l i k e l i h o o d  f u n c t i o n  h a s  f o u r  s t a t i o n a r y  p o -

i n t s :  ( y Í #  Y2 ) ,  (YÍ* Y2 ) .  (YÍ', Y2 ) ,  (Y,"f Y2')-  As i t  was in

( 4 . 5 )

where

a .  * x q' MDq ,

b i - Í T i “ T ) q ' MDq'

C1 “ ( t 1 -  T)g'MDg

and

a 2 *2 + b 2 Y2 + c 2 “ 0 ( 4 . 6 )

where

a 2 = x 2 * '  * S4 .



th e  c a s e  when y^  =» y 2 “ Y we can p ro v e  t h a t  maximum e x i s t s  in  

t h e s e  p o i n t s  and f i n d  t h e  g l o b a l  maximum o f  t h e  l i k e l i h o o d  f u n -

c t i o n  ( 4 . 4 ) .

4. FINAŁ RKMARKS

There are  two v e r s i o n s  o f  t h e  a lg o r i t h m  f o r  o b t a i n i n g  ML 

e s t i m a t o r s  o f  v a lu e s »  o f  one m arket d i s e q u i l i b r i u m  m o d e l ' s  p a r a -

m e t e r s  p r e s e n t e d  i n  t h i s  p a p e r .  The a lg o r i t h m  c o n s i s t s  i n  t h e  

a n a l i t i c a l  d e t e r m in in g  o f  t h e  maximum f o r  t h e  e s t a b l i s h e d  l i k e -

l i h o o d  f u n c t i o n .  I t  can be d e f i n e d  a s  t h e  s o l u t i o n  o f  t h e  f o u r t h  

d e g r e e  e q u a t io n  o r  o f  two q u a d r a t i c  e q u a t i o n s  w i t h  th e  u s e  o f  

fo rm u la e  a n a lo g o u s  t o  t h o s e  o f  t h e  e s t i m a t o r e s  o b t a in e d  by t h e  

l e a s t  s q u a r e s  method ( i n  t h e  c a s e  o f  l i n e a r  r e g r e s s i o n ) .  Thanks 

t o  t h e  a lg o r i t h m  we a re  a b l e  t o  f i n d  su ch  v a l u e s  o f  t h e  model  

p a ra m eter s  f o r  w hich  t h e  l i k e l i h o o d  f u n c t i o n  r e a c h e s  i t s  g l o b a l  

maximum. I t e r a t i v e  p r o c e d u r e s  recommended i n  t h e  l i t e r a t u r e ,  t o  

s o l v e  s i m i l a r  p r o b le m s ,  may p r o v e  t o  be d i v e r g e n t  o r  c o n v e r g e n t  

t o  t h e  l o c a l  maximum w hich  i s  n o t  t h e  g l o b a l  o n e .  The wrong c h o -

i c e  o f  t h e  i n i t i a l  v a l u e s  i n  i t e r a t i v e  m ethods may make t h e  e s -

t i m a t i o n  o f  t h e  model p a ra m eter s  by t h e  maximum l i k e l i h o o d  me-

th o d  v e r y  d i f f i c u l t  and i n c r e a s e s  t h e  t im e  o f  c o m p u ta t io n .  T h is  

prob lem  d o es  n o t  e x i s t  in  t h e  a lg o r i t h m  p r e s e n t e d  a b o v e .
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K rystyna  Pruska

ESTYMACJA KILKU MODELI NIERÓWNOWAGI 

ZA POMOCĄ METODY NAJWIĘKSZEJ WIARYGODNOŚCI

Przedmiotem a r ty k u łu  j e s t  opis n i e i t e r a c y j n e g o  a lgo ry tm u , o k re ś la ją c e g o  

w a r to ś c i  es ty m ato ra  n a jw ięk sze j  w iarygodności w przypadku modelu nierównowa-

g i  d la  pojedynczego rynku. Wszystkie zmienne o b ja ś n ia j ą c e  w równaniach popytu

i  podaży są egzogen iczne .  Prezentowane sa  dwie w e rs je  a lgory tm u, odpowiadają-

ce zadanej p o s t a c i  równania in d y k a to ra  n ierównowagi.


