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1. INTRODUCTION

d e  1 s  1 e  y ,  K u h ,  W e l s c h  [ 2 ]  h a v e  p r e s e n t e d  a 

s u r v e y  o f  m ethod s o f  d e t e c t i n g  and a s s e s i n g  t h e  d e g r e e  o f  c o l -  

l i n e a r i t y  and i t s  e f f e c t s .  They h ave  b e e n  e x a m in in g  e f f e c t s  ma-

n i f e s t e d  In t h e  b e h a v io u r  o f  l e a s t  sq u a r e  e s t i m a t o r ' s  sam p le  v a -

l u e s  b * I  1x y ,  X ■ x ' x ,  x e Rn * ^ , b e Rk , у 6 Bn , w here  

Rn<,v i s  t h e  v e c t o r - s p a c e  o f  n » к r e a l  m a t r i c e s ,  R1 i s  th e  

v e c t o r - s p a o e  o f  1 - t u p l e s  o f  r e a l  nuntoers o v e r  R. The term  “c o l -  

l i n e a r i t y "  h a s  i t s  o r i g i n  i n  geo m e tr y  and i n  f a c t  i s  m ost  o f t e n  

u s e e  f o r  two v e c t o r s  ( p o i n t s )  o n l y .  Two v e c t o r s  x ^  = ( x ^ , x ^ ) ’,  

x . 2 = ( X21 » x 22^ a r e  s a i d  t o  b e  c o l l i n e a r  i f  t h e y  l i e  on t h e  

same s t r a i g h t  l i n e  X. ( s o  x #j and x^ a r e  c o - l i n e  p o i n t s ) .  The 

c o l l i n e a r  p o i n t s  , x #2 n e e d  n o t  p o i n t  i n  t h e  same d i r e c t i o n .

Tnus i f  x ^  i s  c o l l i n e a r  w i t h  x >2, t h e n  ( - x ^ )  i s  a l s o  c c l -  

l i n e a r  w i t h  x >2. In  t h e  c a s e  o f  x .^» x «2 e X С R2 t h e  term  

c o d . l i n e a r i t y  i s  w e l l  p la c e d  i n  our g e o m e t r i c  i n t u i t i o n .  Even in

t n i s  s im p le  c a s e  i t  h a s  i t s  a l g e b r a i c  c o u n t e r p a r t ,  i . e .  two v e -
2

c t o r s  x .^» x .2 e К a r e  s a i d  t o  b e  c o l l i n e a r  i f f  t h e r e  e x i s t  

two r e a l s  8 ^ ,  ß 2 e R su c h  t h a t  3 ^ . ,  + ^2x -2 *  0 under ß2 + 

2
+ ß2 > 0 o r  i f  x ^  can  be e x p r e s s e d  i n  ter m s o f  x >2 i n  th e  

ß2
form x  ̂ *  -  -g— x >2 under 8  ̂ j» 0 .  I t  comes from t h e  s t a t e -

L e c tu re r  a t th e  I n s t i t u t e  of E c o o o e e tr ic s  and S t a t i s t i c s  o f th e  Uni-
v e r s i t y  o f  Łódź.



ment t h a t  x. , ,  i s  c o l l i n e a r  w i t h  x >2 i f f  x S ■ 0 where x a

я  ( x #1 , x . 2 ) 6 R2 x 2 , ß -  ( r ,  , e 2 )' e R2x1 ■ R2 , i . e .  i f f  * , .  i  ß,  

x 2 , J. ß,  where x ' .  -  ( x ^ x ^ ) ,  Xj. -  (x 21 x 2 2 ) .  The e q u a t io n

2 2
xß = 0 can  a l s o  be w r i t t e n  a s  V  ß . x  . -  0 under ß 1 + $ 2 > 0 .

i - 1

I t  d e f i n e s  l i n e a r  d ep en d e n c e  o f  v e c t o r s  x #1, x . 2> I n  R a s e t  

{x . 6 Rn , j  -  1~ k) , X' j  -  ( x 1 j f  xn j )' i s  l i n e a r l y  d ep en d -

f  t h e r e  e x i s t  s c a l a r s  ß^, j  ш Í7~k n o t  a l l  z e r o  su ch  t h a t  

ß . x  » 0 ,  i . e .  t h e  n u l l  v e c t o r  i s  a l i n e a r  c o m b in a t io n  o f£ ' i  -J

t h e  v e c t o r s  x y  j  “ 1, k .  In  g e n e r a l  a n - d i m e n s i o n a l  v e c t o r  у 

i s  s a i d  t o  be l i n e a r y  d e p e n d e n t  on a s e t  I х . j» j  " 1,  k) o f  n -

- d in ie n s i o n a l  v e c t o r s  x . i >  • • • #  x .)t  i f  у “ E  ^ j X * j ’ A S 6 t  X̂- j '

j  = 1, k} o f  d i s t i n c t  n - d i m e n s i o n a l  v e c t o r s  l i e  on t h e  same

s t r a i g h t  l i n e  i f  t h e r e  e x i s t  к n o n - z e r o  c o e f f i c i e n t s  ß - ,  . • ■ i
k i к

ß, su c h  t h a t  У] ß . x  . = 0 and V  ß .  = 0 .  One can a l s o  lo o k
k j - 1  3 'J j - 1  J

к
a t  t h e  e q u a t io n  У] ß4x . = xß “ 0 from a n o th e r  p o i n t  o f  v i e w .  

j - 1  J *J

D e n o t in g  x ^  * <х ц  < • • • »  x i k ^ ' 1 “ 1~ n we can  w r i t e  xß “ 0

a s

xß

x' ß

where e a c h  i - t h  s c a l a r  e q u a t i o n  x ^ , ß = 0 ,  i  = 1,  к ,  d e f i n e s  an 

i - t h  h y p e r p la n e .  T h ese  e q u a t i o n s  a l s o  t e l l  u s  t h a t  x _̂ 1 ß , i  = 

= 1 ,  k .  H owever, i f  x l ß ,  i  = 1 ,  к ,  where ß i s  t h e  v e c -
v

t o r  o f  c o e f f i c i e n t s  o f  l i n e a r  c o m b in a t io n  o f  v e c t o r s  x . j 6 ix . jJj «i

t h a t  d e f i n e s  t h e  v e c t o r  0 = Ľ ß^x ^ , th e n  i n  t h e  c a s e  o f  eq u a -

t i o n  Y = x ß + S we O b ta in  Y * 8 .

So f o r  t h o s e  v a l u e s  o f  ß t h a t  a r e  t h e  v a l u e s  o f  c o e f f i -

c i e n t s  o f  l i n e a r  d e p e n d e n c e  b etw een  x . i »  • • • *  x .jc we o b t a i n  

n u l l - e x p l a n a t i o n  ( z e r o  e f f e c t  in  e q u a t i o n )  o f  Y i n Y “ X ß +  S



by f a c t o r s  x  ^ , • »•> x .j<- T h i s  means t h a t  $ f o r  w hich  xß = 0 

or, ,  p u t t i n g  i t  in  o t h e r  w o r d s ,  1 ß f o r  i  = 1, к i s  a p a-

t h o l o g i c a l  p o i n t  o f  p a r a m e te r  s p a c e  from  t h e  m odel s p e c i f i c a t i o n  

p o i n t  o f  v i e w .  T h e r e f o r e ,  i f  t h e  sa m p le  v a l u e  o f  b i s  a p p r o x im a te -

ly  o r t j io g o n a l  t o  e a c h  row x^_ o f  t h e  m a tr ix  x ,  t h e n  t h e  p o-

i n t  b i s  s u s p e c t e d  t o  be a p a t h o l o g i c a l  p o i n t  w i t h  t h e  n u l l
V

e x p l a n a t i o n  d e g r e e .  The p o i n t  ß e R ; xß * 0 can a lw a y s  be r e -

g a in e d  from  t h e  m a t r ix  (x  = x i 1 / . . . , x , j £ ) .

One can  d i s t i n g u i s h  two ways o f  r e g a i n i n g  ß : xß = 0 from  

x .  The f i r s t  way i s  b a s e d  on t h e  d e f i n i t i o n  o f  s i n g u l a r  v a l u e  

1 / 2
X̂  i f  m a t r ix  x ,  i . e .  /

*u.( i )  = x / 2

w here ß -  ß*' *  ̂ i s  t h e  s i n g u l a r  ( e i g e n )  v e c t o r  a t t a c h e d  t o  t h e
1 /2  1 /2  

s i n g u l a r  v a l u e  X  ̂ . I t  i s  known t h a t  f o r  X  ̂ = 0  we have

x V 2  g ( i  ) и g m x g( i  ) ж x ^  So C0mp0 n e n t s  o f  e i q e n - v e c t o r  

o f  t h e  m a t r ix  x ( o r  xx ) a r e  t h e  c o e f f i c i e n t s  o f  l i n e a r  com b i-

n a t i o n  d e f i n i n g  t h e  n u l l  v e c t o r .

The se c o n d  way ( s e e  p a r .  2) o f  r e g a i n i n g  i s  b a s e d  on a g e -

n e r a l i s a t i o n  o f  a n g l e  ( c o s i n e )  d e f i n i t i o n  o f  d e p e n d e n c e  b etw een  

two v e c t o r s .

B oth  ways ( s e e  p a r .  2 )  are  e n a b l i n g  d i a g n o s t i c s  o f  e x i s t e n c e  

and d e g r e e  o f  bad c o n d i t i o n i n g  o f  t h e  d a ta  x and ( y ,  x ) .  in  

t f c i s  p l a c e  we s h o u ld  e x p l a i n  what we mean b y  t h e  term  " b a d -c o n -  

d i t i o n i n g  o f  x" i n  t h e  c o n t e x t  o f  l i n e a r  m o d e ls .  We assum e that  

th e  d a ta  y e  Rn a r e  g e n e r a t e d  a c c o r d in g  t o  t h e  f o l l o w i n g  l i n e a r  

m odel

be nxk *
i>JMgxHo = (R , g ,  gy , Y  = x ß + S ,  kQ < к,  vx > v x , nQ- n , (

py “ Ny ( x  o 2 l ) ) ,  

where

g=  ( U ,  F ,  P ) ,  P( U)  “ 1 i s  a c o m p le t e  p r o b a b i l i t y  s p a c e  w i t h  

a s p a c e  Ü o f  e l e m e n t a r y  e v e n t s , a b o r e l  o - f i e l d  F o f  s u b s e t s  

o f  U, a p r o b a b i l i t y  m easu re  P;

“ (Rn , F n , Py ) »  Py(Rn ) = 1 ,  F n i s  a b o r e l  а - f i e l d  o f



s u b s e t s  o f  Rn and Я у  i s  a c o m p le te  p r o b a b i l i t y  s p a c e  in d u c e d

oy Y : % -  * y ;

к * r a n k  x ,  n « ra n k  (DY a R(y -  SY)(Y -  HY), £ i s  an e x p e c -

t a t i o n - v a l u e  o p e r a t o r ;

P = N ( x ß ,  о I )  i s  t h e  c a u s s i a n  m easu re  o f  p r o b a b i l i t y  o f  
X Y ' ■>

random v e c t o r  Y w i t h  momenta SY = x ß ,  DY = a I ;

A1 / 2 ( x )  * Y 2 ( x )

\> = —-?4?-—— = — ------ i s  an in d e x  o f  bad c o n d i t i o n i n g  o f

1 / 2
m a tr ix  x e q u a l  t o  t h e  r a t i o  o f  t h e  l a r g e s t  s i n g u l a r  v a lu e  X.

1 /2  *
o f  x t o  t h e  s m a l l e s t  s i n g u l a r  v a lu e  Aj o f  x ,  i s

a t h r e s h o l d  v a lu e  o f  v x e n a b l i n g  t h e  d i s t i n c t i o n  o f  bad and w ell  

c o n d i t i o n e d  m a t r i c e s  x .

For s e n d o r t h o n o r n a l  m a t r i c e s  v x = ! •  For m a t r i c e s  w i t h  kQ < 

< k ,  v x = 00• T hese  two s i t u a t i o n s  a re  ex tr em e  o n e s  c o n c e r n in g  

e x t r e m e ly  w e l l  and e x t r e m e ly  b a d c o n d i t i o n e d  n a t r i c e a .  For u s u a l  

c a s e s  v x e 1 1# 00 £• However, th e  a u th o r  d o e s  n o t  know how t o  

f i x  t h e  v a lu e  vi in  a p r o p e r  way. One s h o u ld  d e r i v e  t h i s  v a lu e  

from a g iv e n  o p t i m i s a t i o n  c r i t e r i a  f o r  e s t i m a t o r s  o r  p r e d i c t o r s  

o r  t e s t s .  Problem s o f  u n iq u e  d e t e r m in in g  o f  v* w i t h  r e s p e c t  t o  

a g iv e n  c r i t e r i a  o f  s t a t i s t i c s  e v a l u a t i o n s  are  o p e n .  The p r e -

s e n t e d  above i d e a s  o f  d e t e c t i n g  and m e a su r in g  b a d - c o n d i t i o n e d  

d a ta  froai th e  p o i n t  o f  v ie w  o f  e s t i m a t i o n  and p r e d i c t i o n  t h e o r y  

have  been  t r e a t e d  in  th e  w orks o f  B e  1 s 1 e  у , K u h ,

и/ e l s c h  [ 2 ] ,  C u n s t  [ 5]  , M i l o  С 7 ] ,  K e  n-

a a 1 1 [ 6 ] ;  S i. 1 v e у [ 1 0 ] .

2. DETECTION OF LINEAR DE PEN DEN CI ES IN DATA

I

E x tr e m e ly  bad c o n d i t i o n e d  d a ta  x w i l l  be c a l l e d  f u r t h e r

c o l l i n e a r  d a t a  or  m u l t i c o l l i n e a r  d a t a  ( o r  d a t a  w i t h  l i n e a r l y

depcnuer . t  columns ( v e c t o r s )  {x .} o f  x ) .
- j ■)— 1

Tiie main g o a l  o f  t h i s  s e c t i o n  i s  t h e  s t u d y in g  o f  t h e  l i n e a r  

d e p e n d e n c ie s  b etw een  t h e  v e c t o r s  from { x . . ,  j = 1, k f  i n  t h e  

s e n s e  o f  l i n e a r  a lg e b r a  o r  in  t h e  s e n s e  o f  m u l t id im e n s io n a l  g e o -
*

m etry  and d e t e c t i o n  o f  t h e  number and s t r u c t u r e  o f  t h e s e  l i n e a r

d e p e n d e n c i e s .



2 . 1 .  D e t e c t i o n  Based  on t h e  D e f i n i t i o n  

o f  S i n g u l a r  V a lu e s  and V e c t o r s

We r e c a l l  t h a t  

» 1 / 2
XV V, = x j u , X -  £  X 1

/2
u - j v o

1 / 2
w here X  ̂ i s  a s i n g u l a r  v a l u e  o f  x ,  X̂  i s  t h e  j - t h  e i o e n -  

v a l u e  o f  x ' x  ( o r  x x ' ) ,  u  ̂ i s  t h e  j - t h  e i g e n - v e c t o r  o f  x x '

c o n n e c t e d  w i t h For 1 /2
к

0 we h ave У  v . . x  . = 0 .  T h is
i ^ l  И  -1

у  ~ j

e q u a t i o n  d i s p l a y s  t h e  l i n e a r  d ep en d e n c e  b e tw e en  v e c t o r s  from

{x ^ ,} i  = 1 ,  k .  The v e c t o r s  i n v o l v e d  in  t h i s  d e p e n d e n c e  s h o u ld  be

d i s p l a y e d  by t h e  n o n z e r o  e l e m e n t s  o f  v  S u p p ose  t h a t  s i n g u l a r

1/2 1/2 1 /2  
v a l u e s  h ave  b een  i n c r e a s i n g l y  o r d e r e d  as X̂  . . .  X̂  . I f  X̂  *

1 / 2
= Xj/ = 0 ,  t h e n  t h e r e  a r e  two l i n e a r  c o m b in a t io n s  o f  v e c t o r s  

( tw o  l i n e a r  d e p e n d e n c i e s )  c o n n e c t e d  w i t h  two z e r o  s i n g u l a r  v a -

l u e s .

The i n d i c e s  o f  n o n z e r o  e l e m e n t s  o f  v e c t o r s  c o r r e s p o n d in g  t o  

z e r o  e i g e n - v a l u e s  s h o u ld  d i s p l a y  t h e  i n d i c e s  o f  v e c t o r s  

t h a t  a r e  i n v o l v e d  in  t h e s e  l i n e a r  d e p e n d e n c i e s .

The f o l l o w i n g  e x a m p le s  a r e  i n s t r u c t i v e  i n  t h i s  r e s p e c t .  

E x a m p l e  1 .

( x .) 
•j

1 1 3 2 1 1

0 2 2 3 3 0

0 3 3 -  1 4 - 5

0 4 4 0 1 -1

0 5 5 0 0 0

0 6 6 0 0 0

2x _1 + x . 2 ,
x •4 -  x -5

U s in g  J a c o b i  method o r  s i n g u l a r  v a l u e  d e c o m p o s i t io n  method one
1 /2 2

can  f i n d  e i g e n  v a l u e s  X = (X ) e q u a l  s q u a r e s  o f  s i n g u l a r  

v a l u e  s  ,

l 1 0 ,  X2 = 1 . 9 7 8 ,  X3 

3 7 . 1 1 .

1 9 9 . 9 ,  X4 1 . 2 8 9 ,  X5 = 18 . 7 2



So s i n g u l a r  v a l u e s  f o r  X2 3011 *4 a r e  e 4 u a l

1 / 2
0 ,

1 /2 1 . 0 0 6 , x4/2 = 1.13.

E ig e n  v e c t o r s  c o r r e s p o n d in g  t o  t h e s e  s i n g u l a r  v a l u e s  are

v . , . «  ( 0 . 8 1 6 ,  0 . 4 0 8 ,  - 0 . 4 0 8 ,  0 ,  0 ,  0 ) '

v .2 »  ( - 0 . 5 5 6 ,  0 . 5 6 4 ,  - 0 . 5 4 7 ,  0 . 2 7 2 ,  - 0 . 0 0 6 ,  - 0 . 0 0 3 ) '

v .4 * ( 0 . 0 8 9 ,  - 0 . 0 9 2 ,  0 . 0 8 5 ,  0 . 5 2 4  , - 0 . 5 7 8 ,  - 0 . 6 0 7 ) ' .

we knew a p r i o r iBy k now led ge  o f  ways o f  c o n s t r u c t i n g  

t h a t  t h e r e  a r e  two l i n e a r  d e p e n d e n c i e s ,  

s o  rank x = 6 -  2 = 4 .  Thí»re i s  no c l e a r  

t h e r e  a r e  two z e r o  s i n g u l a r  v a l u e s

They d e f i n e  x  ̂ a°d  x <(- 

c u t  c o n f i r m a t i o n  t h a t  

i s  o b v io u s  c a s e ,  b u t( X 1/ 2

X2 '12 and a r e  a lm o s t  e q u a l  and d i f f e r e n t  from z e r o ) .  The

1
c o n c l u s i o n s  t h a t  f o l l o w  from X̂  and v

l y i n g  scheme b e c a u s e  0 . 8x  ̂ + 0 . 4 x _2 -  0 . 4 x i3 + . “ " ,5

+ Ox 0 2x^ V- -----------1 * , 2  “  r-LWUi UliC Cl IUlLlCa  K J t  VCt-UWL л .^

i t  i s  s e e n  t h a t  more p r o b a b le  i s  a d i a g n o s t i c  b a se d  on v >4 i . e .  

t h e  f i r s t  t h r e e  c o o r d i n a t e s  are  a p p r o x im a t e ly  z e r o ,  b u t  we can  

do i t  on t h e  ground o f  a p r i o r i  k now led ge  o f  x  ̂ = x >4 -  x .g* 

Lack o f  t h i s  k n ow led ge  makes t h i s  s t e p  v e r y  u n d e c i s i v e .  Even 

w it h  t h e  a p r i o r i  i n f o r m a t io n  we can  o n l y  sa y  t h a t  th e  u n d er-

l y i n g  schem e d e f i n i n g  x . 6 i s  f u l f i l l e d  a p p r o x im a t e ly  ( 5 . 2 x <4 -

a r e  c o n f i r m in g  u n d e r -

Ox . + Ox „ + • 4
From t h e  e n t i t i e s  o f  v e c t o r  x .

5 .  8x 4 3 6 . 1 x . 6 ) •

Ľ x a m p l e 2.

/ 1 1 1 1 3 2 \
j 1 2  0 -1 2 0

/ 1 3 -1 2 1 1

X =
1 4 - 2 - 2  0 0

1 5 - 3 / - 1 3 ,

\  1 6 - 4 - 3  - 2 0 /

2x

,1/2 1 2 8 . 6 ,
1/2

40 . 0 1

= 1 . 3 3 ,  Xg/2 = 0;  

( 0 . 9 4 3 ,  - 0 . 2 3 6 ,  0 ,  

( 0 ,  0 . 4 1 ,  0 . 8 2 ,  0 ,

1/2
1 9 . 0 5 ,

1/2
0 ,

0 ,  - 0 , 2 3 6 ,  0 ) ’ ; 

- 0 , 4 1 ,  0 ) ' ;



The r e s u l t s  o b t a i n e d  i n  Example 2 a r e  c o r r e c t  a s  f a r  a s  s i n -

g u l a r  v a l u e s  a re  c o n c e r n e d  ( t h e r e  a r e  two z e r o  v a l u e s  a s  i t

some co lum ns t h e r e  i s  a p o s s i b i l i t y  t o  d e t e c t  t h e  a p p r o p r ia t e  

co lum ns e n t e r i n g  t h e  o r i g i n a l  l i n e a r  d e p e n d e n c ie s  u n d e r l y i n g  t h e  

schem e o f  g e n e r a t i o n  f o r  x .  For i n s t a n c e  t h e  n o n z e r o  e l e m e n t s  

o f  v . 4 ( i . e .  V14» v 2 4 '  v 54^ a r e  оп1У p a r t i a l l y  c o r r e c t .  F u l -

l y  c o r r e c t  v e c t o r  s h o u ld  h ave  t h e  e l e m e n t s  v , . ,  v ~ .  and v , .
14'  24 34

d i f f e r e n t  from z e r o .  S i m i l a r l y  u n c o r r e c t  r e s u l t s  h ave  b een  o b -

t a i n e d  in  t h e  c a s e  o f  v , .
• 6

I s  th e  m a l f u n c t io n  o f  c o d e  o f  programming r e s p o n s i b l e  f o r  

t h e s e  r e s u l t s ?  I t  n e e d s  f u r t h e r  e x p l o r a t i o n .  H ow ever , s i m i l a r  

r e s u l t s  have  b een  o b t a i n e d  f o r  o t h e r  ex a m p le s  w i t h  two l i n e a r  d e -

p e n d e n c i e s .  In  t h e  c a s e  o f  one l i n e a r  d ep en d e n c y  t h e  i d e n t i f i -

c a t i o n  o f  o r i g i n a l  v e c t o r s  e n t e r i n g  t h e  o r i g i n a l  l i n e a r  d ep e n -

d e n c e  was c o r r e c t .  H ow ever ,  t h i s  d i a g n o s t i c  o f  number and t h e  

s t r u c t u r e  o f  l i n e a r  d e p e n d e n c ie s  can be s p o i l e d  by n o t  ex tr e m e  

tn ou gn  s e v e r e  b a d - c o n d i t i o n i n g  in  x ( o r  x ' x ) .  For s m a l l  ran ge  

v e c t o r s  a lm o s t  p a r a l l e l  b e tw e en  t h e m s e lv e s  i t  i s  l i k e l y  t h a t  we 

w i l l  s u f f e r  i n  r e g a i n i n g  t h e  o r i g i n a l  sch em es  o f  l i n e a r  d e p e n -

d e n c i e s  b e tw e en  co lu m n s .

2 . 2 .  D e t e c t i o n  B ased  on an E x t e n s io n  o f  an A n g le  Measure  

o f  D ependence Between Two V e c t o r s

From a n a l y t i c  g eo m e tr y  and l i n e a r  a l g e b r a  we know t h a t  th e  

f o l l o w i n g  s c a l a r  f u n c t i o n

s h o u ld  b e ) .  H ow ever, t h e  c o r r e s p o n d in g  e i a e n - v e c t o r s  v . and
1 / 2  1 / 2  "  

v . 6 f o r  X4 and Ag' a r e  i n t r o d u c i n g  d o u b ts  w h e th er  i n  th e

c a s e  o f  m a t r i c e s  w i t h  two o r  more l i n e a r  d e p e n d e n c ie s  b e tw e en

c i j  E c o s  * ^x . i '  x .j i »  j = 1, k , ( 1 )

d e f i n e s  c o s i n e  o f  a n g l e  b etw een  two g iv e n  v e c t o r s  x x

i s  o b v io u s  t h a t



Cl j  6 ' 1 ] ł 

X - i  1 X -j <===> Ci j  “ °> 

x - i ^ x . j  < > c i j  и 1 ( ° r  c i j  “ ~ 1 )-

3T°
In  a n g u la r  term s x ^  i  <■ > ot ■ 1 y - ,  1 = + 1 ,  + 3 ,

x A !(• x < = >  a = 1 31°, 1 = 0 ,  + 1 ,  + 2 .

For a p p l i e a  e c o n o m e t r i c i a n  o r  s t a t i s t i c i a n  t h e  m easure c ^  

i s  а 1 з о  a t t r a c t i v e  when t h e r e  a r e  l i n e a r  r e l a t i o n s h i p s  encom-

p a s s i n g  o n ly  two v e c t o r s  in  ea c h  r e l a t i o n .

Now we e x t e n d  t h i s  ap proach  t o  t h e  c a s e  when t h e r e  a r e  l i -

n e a r  d e p e n d e n c ie s  ( p o s s i b l y  more th a n  one f o r  g iv e n  x )  encom-

p a s s i n g  in  e a c h  r e l a t i o n s h i p  more th a n  two v e c t o r s  o f  m a t r ix  x .

As b e f o r e  l e t  x « . C x >1, . . . , x >̂ )  be  an n x k  m a t r ix  or  a 

l i n e a r l y  d ep en d e n t  s y s t e m  o f  v e c t o r s  w i t h  t h e  v e c t o r  x  ̂ d e f i n -  

k
ed a s  x . = a . x  . We remember t h a t  с  . = c o s  ( x  . ,  x  . )=

•J £Ti 1 -1 *J

< * . L > x > ___

' I * j  -  1 . * .
•j"

by d e f i n i t i o n  o f  x  ̂ we have

к

< x . i , X > < x - i '  5  a l x . l >  

Ci j  TTx.jjn ľ x^ íí IÍX, J  II x“ j II

and n e n c e

<x . i , u , x  ^ + . . . + a j - i x . j _ i , “ j + i x . j  + i • • •  0lkx -k>

i x . ± |

I n t r o d u c i n g  t h e  f o l l o w i n g  n o t a t i o n  and fo rm u la e



di j )  "  Ci j  I IX . j !l ' di í í  “  ° i l  l|X

l ^ j ,  1 -  1, j  - 1 , j  + V, •••» к »

c i i  “ i i x ^ i r n i r ^ T '  1 *  j ' 1 e  1 ' • • • '  3 “ 1 ' 3 + 1 ............. k '

one can  t r a n s f o r m  ( 3 )  t o

d < n . . j » 4 p . . . .  ♦ ■ I S ' i l i * .

* 4 ’ Ч П
( 4 )

P u t t i n g

,C j).

/ d( ^  11

dCj)

d ( ^  
j+i .1

4 Ü

a ( i>

d ^

k , ] - 1

d ( ^d1,j+1

d( 3> 
j-1,j+1

d ( ^  
j+1>j+1

dc ^  
к , j-H

,Cj>
1, k

d ( ^
d j - 1 , k

d ^  
j+ 1 >k



we can w r i t e  t h e  s y s t e m  o f  ( k - l )  e q u a t i o n s  in  ( k —1) unknown

,  V * к
a J f o r  g iv e n  a l xi '  1  ̂ i , e *

j « ГГ"к (6 )

T h is  l i n e a r  s y s t e m  has s o l u t i o n

0 . Ф  = ( D^ V 1 d ( J } ( 7 )

i f  rank ^  = к - 1 ,  j  = 1 ,  к .

For n u m e r ic a l  e f f i c i e n c y  r e a s o n s ,  i f  к i s  f i x e d  ( s o  one  

d o e s  n o t  n eed  t o  s t u d y  d i f f e r e n t  m odel s p e c i f i c a t i o n ) ,  t h e n  i t  

i s  s u f f i c i e n t  t o  c o n s i d e r  j  = k .

So i t  s u f f i c e s  t o  f i n d

«<*> = (D / k / r 1 d ^  ( 7 a )

From we know t h a t  t h e  in d e x  к ( f o r  w hich  t h e  l i n e a r

к

coroD ination  x . = a i x ľ  k ^ 1 can be r e q a i n e d ) t s  t h e  i n ~
* 1 = 1  1

d ex  o f  x . k f o r  w h ich  t h e  l i n e a r  c o m b in a t io n  was c o n s t r u c t e d .

I t  can be s e e n  from t h e  f o l l o w i n g  ex a m p les

f i x a m p l e  3.

So z e r o - e i g e n - v a l u e  an a  c o r r e s p o n d in g  e i g e n - v e c t o r  a p p r o a c h ,  i f  

t h e r e  i s  no bad c o n d i t i o n i n g  i n  t h e  d a t a  x ,  e n a b l e s  us t o  i d e n -

t i t y  e x i s t i n g  e q u i v a l e n t  l i n e a r  c o m b in a t io n  o f  v e c t o r s  d e f i n i n g  

g iv e n  v e c t o r  x . ( i . e .  x <2 = 2 x . 3 or  e q u i v a l e n t l y  x . 3 -  2 x . j ) .

The m inus s i g n  o f  t h e  t h i r d  component o f  v^ i n d i c a t e s  t h a t  x . 3 

i s  l i n e a r l y  r e l a t e d  t o  x <2.

J s i n g  our a n g le  ap p roach  we o b t a i n

/



1 0.872871 0.872876 \  /  c o e 0 °  co s 2 9

0.872871 1 1 c o s 2 9 °  c o s 0 °

arg  С

. ( 3 )

0.872876 1 1

/  ° °
29 ° 2 9 °

-  I 2 9 ° 0 ° 0°

\  2 9 ° 0 ° 0 °

( 7 ) ,  C, x we can

1 ( * ■
8989

4 . 3 6 5 0
I - 3 . 2 G6 1  3 . 7 4 1 7

c o s  2 9 

c o s 0 °

\  c o s 2 9 °  c o s 0 °  cosOc

or

(2 )

H en ce ,  due t o  a

0x. 1 + 2_1x .2 = 2~ 1x -2

o r  due t o  a 

x „ = Ox

( 2 )

1 + 2 x -3 2x
3 ‘

By d e f i n i t i o n  x , = J2  “ i x -i 
•J 1=1

we h ave  a i_x .]_ + • ••  + a

-  1 x . j  + a j + 1x ., j+1 + + a kx - к
and h e n c e  t h e

j-1  d-1  

e x t e n d e d

( f u l l -) form o f  c a l c u l a t e d  a c c o r d in g  t o  a ^  from  ( 7 )  i s

( 3 )
( 0 ,  2 1, - 1 ) '  o r  a c c o r d in g  t oe q u a l  ( i n  th e  l a s t  e x a m p le )  a

( 2 )  ( 2 )  _ . _ v  
a , = 1 . 0 ,  - 1 , 2 ) .

I t  i s  s e e n  t h a t  b o th  s i n g u l a r  v a l u e s  and v e c t o r s  approach and 

e x t e n d e d  a n g le  ap p roach  e n a b le  us t o  d e t e c t  l i n e a r l y  d e p e n d e n t  

colum ns ( v e c t o r s )  from  x .

E x a m p l e  4.



/ 2
1 Л  ^

1

1 3 x «3 “  x • 1 *  x *2

2 1 1 X1/ 2 - / 5 3 . 1 5 ,  x j /2 - 0, X3/2 - / 0 . 8 4 7

3 1 2 v , j  “  (-0 .5 77 ,  0.577,  0 . 5 7 7 ) ' .

\  1 0 1 /

A c c o r d in g  t o  s i n g u l a r  v e c t o r s  approach  we have  x . i  “ x -2 +

+ x . j  o r  e q u i v a l e n t l y  x , 3 -  x ^  -  x >2> A c c o r d in g  t o  our a n g le  

ap proach  we have

h
0 . 9 4 3 2 0 . 9 8 6 1  '

/ ° °
19°18/ 9°32 \

0 . 9 4 3 2 1 0 . 8 7 5 0 , a rg  С -  1.9°18 ' 0° 28°58 '

\  0 . 9 8 6 1 0 . 8 7 5 0
< /

\  ч ° г г ' 28°58 ' o °  /

U sin g  ( 7  ) we have

a ( 3 )  = / 5 . 8 3 1  1 . 8 8 6 Г 1 / 3 . 9 5  \ я  /  1 \  

\ 5 .  499 2 /  \ 3 . 5 0  / \ - 1  /

and h e n c e

So t h e  r e s u l t s  o f  d e t e c t i o n s  made by s i n g u l a r  v e c t o r s  ap-

p r o a c h  and our approach  a r e  c o r r e c t .

Due t o  s i m p l i c i t y  o f  c a l c u l a t i o n s  w i t h i n  our a n g le  method  

( . i t  n e e d s  o n ly  s t a b l e  i n v e r s i o n  method u s e d  i n  f i n d i n g  t h e  i n -

v e r s e  m a t r ix  ( D ^ ^ )  1 ) and v e r y  i m a g i n a t i v e  a n g l e  e v a l u a t i o n  o f  

d e g r e e  o f  d ep en d e n c y  on t h e  ground o f  С and argC , our m ethod  

seem s t o  be more p r e f e r a b l e  i n  p r a c t i c e  w i t h  r e s p e c t  t o  s i n g u -

l a r  v e c t o r s  method ( w h e r e  n u m e r ic a l  c o m p l e x i t y  o f  c a l c u l a t i o n s  i s  

g r e a t e r ) .

I t  i s  o b v io u s  t h a t  d e e p e r  fo r m a l  and n u m e r ic a l  s t u d i e s  o f  

r e l a t i v e  e f f i c i e n c y  o f  t h e s e  m ethods a r e  n e e d e d ,  i . e .

a )  f o r  w hat s p e c i a l  s t r u c t u r e  m a t r i c e s  x t h e  r e l a t i v e  nu-

m e r i c a l  e f f i c i e n c y  o f  b o th  m ethod s a r e  t h e  same,

b )  w h e th e r  к = 3 i s  en ough  f o r  t h e  r e l a t i v e  n u m e r ic a l  e f f i -

c i e n c y  o f  a n g le  m ethod t o  be g r e a t e r  ( i f  x i s  n o t  a s p e c i a l  ma-

t r i x ) .



2 . 3 .  D e t e c t i o n  o f  Two L in e a r  C o m b in a t io n s  

o f  V e c t o r s  i n  t h e  S y s te m  x » ( * f ) , . . . ,

In  t h e  s i t u a t i o n  o f  two l i n e a r  c o m b in a t io n s  i n  x we have

4-1

Prom t h e  d e f i n i t i o n s  o f  x , and с  . we have
• j  i J

di 3) * |̂x .j^ Ci j  = ^x -1̂  + a2 ^ ci2 ^x -2̂  

+ *^ 1  l|x . , j- lU  c i , j - 1 '  i  "  1' j  '  1

and s i m i l a r l y  f o r  x с  ^  we have

l x - k ,! c i k " a j + 1 c i , j + 1 » * . ,  j + ľ
( к )

k - 1  Ci , k - 1  Hx ., k - 1 11' 1 ж 3 + 1 ' k “ 1

D e n o t in g

d ( 3 M d í 4  d < » ..............Ą i \ y .  ( d ( k ) = d ^ j .................d ^ v ,

D( k >

/ d ( k )  л е ю
I j + 1 , j + 1  • •• ®j +1 , k - 1

а ( Ю  м
k- 1  , j+1 к -  I ,k-1

w here á i í  * с ц  Hx . j  i . l  * 1 , j - 1 ,  1 = j + 1 ,  k - 1 ,  we can

w r i t e

D ^ V ^  - d( ^

D( k V k )  -  d ( k )

I f  d e t  D 4 ^  ý  o and d e t  D^ k  ̂ ŕ  0 ,  t h e n



o,( J> . ( . / i ’) - '  d ' J >  

. ( O  _ (Dikij-l Jk)

w here a ( j ) and a
U )

(8 a  )

a r e  t h e  v e c t o r s  o f  c o e f f i c i e n t s  o f  l in e a r .

. j  — “ "-к*

I t  i s  o b v io u s  how t o  e x t e n d  ( 8 a )  on moro than  two l i n e a r  com-

b i n a t i o n s  in  x ( i f  к i s  v e r y  l a r g e ) .

From ( 8 a )  i .t  f o l l o w s  t h a t  i f  a ( j )  > > Ф 0 ,  th e n  t h e r e  a r e  

ns ) wit!

I f  o n ly

two l i n e a r l y  d e p e n d e n t  r e l a t i o n s h i p s  ( c o m b i n a t i o n s )  w i t h  c o e f f i -

c i e n t s  g iv e n  by th e  com p onents  o f  a . I f  o n ly   ̂ ( o r
/ к )

a )  i s  a i f f e r e n t  from t h e  z e r o  v e c t o r  th e n  t h e r e  e x i s t s  o n ly  

one l i n e a r  c o m b in a t io n .

E x a m p l e  4.

2 1 1 2 4

0 1 - 1 - 3 - 1

3 1 2 6 8

- 1 1 - 2 4 6

4 1 3 0 2

- 2 1 - 3 5 7\

■>\/ 2  = /  5 9 . 2 7 ,

х У 2 -  / 2 6 0 .  1b‘
J

x . 5 3 2x .2 + x . 4

a ] / 2  = / 1 . 5 5 ,  X3/ 2 0 ,
1 / 2

0 ,

( - 0 . 0 2 0 ,  0 . 4 6 8 ,

v . 4 = ( 0 . 2 0 9 ,  0 . 7 0 3 ,

0 . 6 2 0 ,  - 0 . 0 7 C ,  + 0 . 0 7 6 ) ’ 

- 0 . 2 0 9  , 0 . 4 5 7 ,  - 0 .  457 )'.

I t  i s  o b v io u s  t h a t  in  t h i s  c a s e  d e t e c t i o n  o f  f i r s t  l i n e a r  com-

b i n a t i o n  i s  e a s y .  But t h e  s e c o n d ,  a l t h o u g h  s t i l l  i s  s e e n ,  i s  

o n ly  s e e n  r e l a t i v e l y .

The m a t r ix  С i s  g iv e n  i n  lo w er  d i a g o n a l  form as

1

0 . 4 2 0 1  1

0 . 9 0 7 5  0 1

0 . 1 4 4 6  0 . 6 0 2 5  - 0 . 1 1 9 5  1

0 . 2 6 3 1  0 . 8 1 4 1  - 0 . 0 8 6 9  0 . 9 5 3 9  1



and

0о

6 5 ° 1 6 ' 0 °

-*r
CO

ОCN

Оо<7\ 0 °

8 1 °6 9 ' 5 2 ° 9 5 ' 9 6 ° 8 6 ' 0 °

7 4 ° 7 5 ' 3 5 ° 5 0 ' 9 4 °9 8 ' 17 ° 4 6 '

a r g  С •»

We l e a v e  t o  th e  r e a d e r s  f u r t h e r  s i n p l e  c a l c u l a t i o n s  c o n n e c te d  with  

f i n d i n g  s o l u t i o n s  a c c o r d i n g  t o  ( 8 a ) .

3. SENSITIVITY OF SOME FUNCTIONS TO LEVELS 

OF BAD CONDITIONING

For r u n n in g  l i n e a r  r e g r e s s i o n  e m p i r i c a l  m od e ls  a s  some g e n e -

r a t i o n s  o f  g iv e n  s t a t i s t i c a l  d a ta  ( y ,  x )  i t  i s  good  t o  know what  

i s  th e  i n f l u e n c e  o f  bad  c o n d i t i o n i n g  o f  d a ta  on s o r e  s t a t i s t i c s  

( e s t i m a t o r s ,  p r e d i c t o r s ,  t e s t s ) .

We l i m i t  o u t  a t t e n t i o n  t o  t h e  m ost p o p u la r  l i n e a r  m odels  w i t h  

th e  main s t o c h a s t i c  e q u a t io n

Y » x$ + S ( 9 )

and a s s u m p t io n s

x f. Rn x k , 8 t Rk (,9a)

P„ * N„ ( 0 ,  c 2 l )  ( 9 b )
* л E

where

8 h a s  norm al d i s t r i b u t i o n  w i t h  t h e  f i r s t  moment 53  = 0 and
2

s e c o n d  l a  = a I .  Sample v a l u e s  o f  Y, 3 a r e  d e n o te d  f u r t h e r  

by y ,  £ .  I t  i s  i n t e r e s t i n g  t o  m easure l o c a l  b e h a v io u r  o f  some 

f u n c t i o n s  by t h e  u se  o f  c l a s s i c a l  d e r i v a t i v e s  o f  t h e s e  f u n c t i o n s  

w it h  r e s p e c t  t o  t h e i r  a r g u m e n ts .

F i r s t  l e t  us  p r o p o s e  some w o r k in g  q u a n t i t i e s .  T h ese  are



where

Xi i s  i - t h  eigen value of  x'x,

V  ̂ i s  i - t h  eigen vector of  x 'x  corresponding to  A ,̂

vgi i s  ( s ,  i ) - t h  element of  V е ( V#1, V'V -  VV'“

“ X( k ) '
x̂ . i s  r-th row of x;

v H vxx “ 17' X1 " W x 'x ) ' Xk “ Xmax( x ' x)  (11 }

ä f -  -  2 X"1 ( X i v s k V V -k -  Xkv s  1x r- ^ <1  ̂ -  
x rs

“ 2 XT2 <X1VskV'k -  V s ^ - V  Xr. ° r dUe tD C11)  <12)

“ 2 x i ( v sk v :k xr .  - v v s i v ' i xr-)

3 x ~  = 2 X~i x(vskV-k “ Vvs l V- 1 0 3  )

Š *  2 X̂ x <V. kV'k * ^ 1 VV ( 1 4 )

The above  fo rm u la e  have  b een  d e r i v e d  by t h e  a u th o r  f o r  t h e  

p u r p o se  o f  l e c t u r e  n o t e s  on "Time S e r i e s  A n a l y s i s "  d u r in g ’ t h e  

y e a r s  1 9 8 2 - 1 9Ď4 a t  t h e  U n i v e r s i t y  o f  Łódź.

They h a v t  been  d e r i v e d  th a n k s  t o  o t h e r  i n d i s p e n s i b l e  form u-

l a e  g i v e n  b y  G r a h a m  [ 4 ] ,  D w y e r  L 3 ] , N e  u d e  c -  

k e r  [ 6 ] ,  B a l e s t r a  [ 1 ] .

I t  i s  i n t e r e s t i n g  t o  know t h a t

ЭХ
_ _  „ o ^  Vgi = о or Xr> A v>i or

r s

s , i  * 1, к
/

í s ,  i  * 1

s i  •  ° ' V  1 v - ‘ ’  I f  г г ь



ax,
= 0 » — и» V . * 0 o r  (V r:  x I V . )  o r  

Эх s l  r> - i
•8

C vs i  -  0 ,  Vr : x r x  V>1) ,  

s  , i  “ 1, k

ЭХ.

ix 0 <===> (Vrs xr. 1 V -i^ ° r ^V -iV 'i “ °^'

x f  0

0

V '  ' i - "  ;
l i  -  b  k

S r " 0 v  k v :k * v V -1 v ’ i f

H t ~  " °  <===> V r!  V  1 CV8kV-k " V V8 1V - 1 ^  ° r
• S

/

( v -k - v v alV>1 i f  ko < k ) ,

( 1 . 0 )  or|V _ _  .  o «  CVsk .  v  -  0 )  or  ( v  -  >  £ 1 * )

Г З

o r

Cx r. 1 V - k '  *r .  1 V -1)>

For r e g r e s s i o n  d i a g n o s t i c s  one o f  t h e  roost im p o r ta n t  r e s u l t s  

i s  t h a t  f o r  e a c h  x ,  v 6 [ 1 ,  ® [  we have

»  0 ,  E -  Y -  xD, ß “ ( x ' x )” 1 x' Y ( 1 5 )

The r e l a t i o n  ( 1 5 )  t e l l s  us  t h a t  t h e  b e h a v io u r  o f  E ' E ,  e ' e ,
1 — 1 *

( E ' E )  ( n  -  к ) ” , e ' e ( n  -  k )  d o e s  n o t  d ep en d  l o c a l l y  i n  t h e

n e ig h b o u r h o o d  o f  v on t h e  d e g r e e  ( l e v e l )  o f  bad c o n d i t i o n i n g

(m e a su r ed  by v  ■ The same i s  t r u e  f o r  e a c h  p a r t i c u l a r  X^

i . e .

| f ^  -  0 Vi w ~ k  (1 6 )
o A . i

/



A nother v e r y  im p o r ta n t  d i a g n o s t i c  m easure i s  d e f i n e d  by

i  -  r r k  ( n )

where MSEri i s  th e  moan sq u a r e  e r r o r  o f  e s t i m a t o r  B.

The f o l l o w i n g  form ula  r e l a t e s  t h e  l o c a l  s e n s i t i v i t y  o f  MSEB 

t o  t n e  l e v e l  v o f  bad c o n d i t i o n i n g  o f  x ' x i

e  -  a 2 . - 1 -  o 2 » ; ’ V - 2  -  a 2 ( > - ’ -  x ; 1 V - 2 )  ( 1 8 )

9MSPB dMSEB
The q u a n t i t i e s  ý j ~ ~ >  "dv"1- a r e  a t t r a c t i v e  f o r  t h e  p u r p o s e s

o f  s i m u l a t i o n  s t u d i e s  o f  t h e  i n f l u e n c e  o f  bad c o n d i t i o n i n g  l e v e l
2

on t h e  p r e c i s i o n  o f  B. In  p r a c t i c e  we do n o t  know о and t h e

2 — 1
o n ly  k now led ge  we have i s  S_ = (n  -  k )  E ' E,  i . e .  an e s t i m a t o r

2 2 
o f  a . R e p la c in g  о by t h i s  e s t i m a t o r  we h ave  sam ple  e s t i m a t -

e s  o f  above m easu res  ( s e e  ( 1 7 ) ,  ( 1 8 ) ) .  T h ese  can be u sed  a s  ap -

p r o x im a te  c h a r a c t e r i s t i c  o f  s e n s i t i v i t y  o f  l e a s t  s q u a r e s  e s t i -

m a t o r ' s  p r e c i s i o n  t o  t h e  l o c a l  s m a l l  c h a n g e s  o f  l e v e l  v o f  bad  

c o n d i t i o n i n g .

I t  i s  o b v io u s  t h a t  f o r  i d e a l l y  c o n d i t i o n e d  d a ta  ( i . e .  v = 1)

we h ave  = 0 and t h a t  f o r  e a c h  о 2 > 0 and v > 1 , t h e

dMSFB
f u n c t i o n  tiS<üB i s  i n c r e a s i n g  w i t h  r e s p e c t  t o  v ( i . e .  ■'- > 0

a lw a y s  i f  v > 1, j** > 0 ) .
л -1

In  t h e  c a s e  o f  p r e d i c t o r  Y = xB * x X x ' Y ,  X “ x ' x ,  by 

u s in g  5VD i d e a s  we have two c a s e s .

1 . The c a s e  o f  Y = x X - 1 x ' Y,  Y n o t  t r e a t e d  a s  f u n c t i o n  o f  x.,

£  u . i u V  i=1 1 -1
( 1 9 )

= th e  i - t h  ęolumn o f  U, i . e .  t h e  nxn m a t r ix  o f  e i g e n - v e c t o r s

o f  x x ' .

I t  n>eans t h a t

dY
= 0 ,  Vv>, X  ( 1 9 a )

л _ 1
2.  The c a s e  o f  Y * xB = x$ + xX x ' E ,  w here Y я xß + S .  In  

t h i s  c a s e

/



íc H
v -  £  ь У 2 u . v ' ,  ß + T  u . u ' . S  C20)

i - 1  1 * 1^1 -1

V “ x^/ 2  V*”172 u . ^ : ,  в + \ \ / 2  v 1 / 2u , kv ; k ß + S u . ' jU '^ B

Hence

3 1  -  _ i  \ T 3 / 2 X V 2 U v , g + V 1 / 2 X1/2 u , t 2 1 )
dv  2 V X k U -1V -1 6 + 2V *1 U- kV-k P K2 )

_ A
Xt i s  o b v io u s  t h a t  " 0 ( t h e  p r e d i c t o r  У i s  i n s e n s i t i v e

t o  s m a l l  l o c a l  c h a n g e s  i n  t h e  n e ig h b o u r h o o d  o f  v a lu e  v )  i f f  

v , .  J ß and s i m u l t a n e o u s l y  v  , 1 ß. The p r e d i c t o r  Y i s  i n -
,л

dY
c r e a s i n g  com p on en tw ise  f u n c t i o n  o f  v i f f  > 0 ,  i . e .  i f

u >k > v’ 1' *  • ( v [  , ß r ' ( v : k ß)  u . r

4. FINAL REMARKS

Due t o  s p a c e  l i m i t a t i o n s  we h ave n o t  p r e s e n t e d  h e r e  d e t a i l s  

o f  d e r i v a t i o n s  f o r  p a r t i c u l a r  fo r m u la e .

They can be e a s i l y  c o m p le t e d  by r e a d e r s  from  t h e  assumed  

form s o f  f u n c t i o n s  d e f i n i n g  у ,  В , E, e ' e , У , v ,  MSEB.

Our s c o p e  o f  s e n s i t i v i t y  a n a l y s i s  i s  by no means c o m p le t e .

O u t s id e  o f  t h i s  s c o p e  we h ave  l e f t ,  among o t h e r s ,  su ch  t o -

p i c s  a s  s e n s i t i v i t y  o f  moments o f  1 - s  r i d g e  e s t i m a t o r s ,  p r e d i c -

t o r s ,  t e s t  s t a t i s t i c s  w i t h  r e s p e c t  t o  X^, v .
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Władysław M ilo

REGRESYJNA DIAGNOSTYKA ŹLE UWARUNKOWANYCH 

DANYCH STATYSTYCZNYCH

Celem artykułu j e s t  opis wykrywania liniowych zależności wg: 

n) wspó ł  rü̂ i dny ch w ek to ra  własnego macierzy x ’x. 

h) uogóln ionej macierzy  kijtów między wektorami macierzv x. 

ľodajio p rzykłady  liczbowej a n a l iz y  z a le ż n o śc i  za pomoeq metod ( a )  -  (b )  

o raz  wskazano na wady i z a l e t y  obu metod.

W p a r a g r a f i e  3 wyprowadzono nowo wzory uzależniające wrażliwość wskaźni-

ka złc)>o uwarunkowania od wpływowych elementów z macierzy x ,  wpływcwych ko-

lumn x oraz nowe wzory u / a l e z n i a j q e e  w raż liw ość  3tatystyk B, Y, E, E'£,  E'E 

n-k) ' o taz  ieh c h a ra k te ry s ty k  na  poziom zlef\o uwarunkowania.

Ppdano warunki w y s ta r c z a ją c e  i  konieczne bezwrażliwości tycłi statystyk .

/


