
A C T A  U N I V E R S I T A T I S  L O D Z I E N S I S  

FOLIA OECONOMICA 90, 19 89______________________

#
H a l in a  K le p a o z

THE BIAS OF ESTIMATORS OF MODELS 

WITH ERRORS IN VARIABLES

1. INTRODUCTION

The main s u b j e c t  o f  t h i s  p ap er  a r e  e s t i m a t o r s  o f  p a r a m e te r s  

o f  o n e - e q u a t i o n  l i n e a r  m od e ls  w i t h  e r r o r s  in  e x o g e n o u s  v a r i a b l e s .  

The known a n a l y s e s  w ere  c o n c e n t r a t e d  o n ,  a s  f o r  t h e  c l a s s  o f  mo-

d e l s  under i n v e s t i g a t i o n ,  t h e  co m p a riso n  o f  a s y m p t o t i c  mean sq u -

a r e  e r r o r s  o f  c h o se n  e s t i m a t o r s  a c c o r d in g  t o  d i f f e r e n t  e s t i m a -

t i o n  m e t h o d s .

From t h e o r e t i c a l  and p r a c t i c a l  p o i n t s  o f  v ie w  t h e  small samp-

l e  f e a t u r e s  o f  e s t i m a t o r s  f o r  t h e  e r r o r s  in  v a r i a b l e s  m o d e ls  are  

a l s o  im p o r ta n t .  A p r a c t i c i o n e r  i s  i n t e r e s t e d  in  t h e  c o n d i t i o n s  

o f  a p p ly i n g  s p e c i a l  e s t i m a t i o n  m eth o d s .  I f  we s tu d y  these m ethods  

in  ter m s o f  mean sq u a r e  e r r o r  e q u a l  t o  t h e  sum o f  b i a s  sq u a r e  

and v a r i a n c e  t h e n ,  know ing t h e  s i z e  o f  t h e  b i a s  o f  p a r a m e te r  e s -

t i m a t e s  o f  t h e  model d e s c r i b i n g  t h e  r e s u l t s  o f  o b s e r v a t i o n s  

w it h  m easurem ent e r r o r s  I s  a b s o l u t e l y  n e c e s s a r y .

The p a p e r  c o n t a i n s  t h e  a n a l y s i s  o f  b i a s e s  o f  t h e  c h o s e n  e s -

t i m a t e s  o f  th e  t h r e e  v e r s i o n s  o f  t h e  model :

1) w i t h  two e x o g e n o u s  v a r i a b l e s ,  one o f  w h ich  i s  m easured  

w it h  e r r o r ;

* L e c tu r e r  in  th£ I n s t i t u t e  o f  Econometrics and S t a t i s t i c s ,  U n iv e r s i ty
o f  Łódź.

1 For the  model w ith  one e x p la n a to ry  v a r i a b l e  measured w ith  e r r o r ,  th e  
a n a ly s i s  of r e s u l t s  of the  tlonte C arlo  experim ent was p re s e n te d  in  [1 j ,

[3 ] .



2 ) w i t h  t h r e e  e x p l a n a t o r y  v a r i a b l e s ,  one o f  w h ich  h a s  th e  

n ea su re m e n t  e r r o r ;

3 )  w i t h  t h r e e  e x p l a n a t o r y  v a r i a b l e s ,  tw o o f  w h ich  a r e  o b s e r v e d  

w it h  e r r o r .

The a n a l y s i s  i s  c o n d u c te d  on t h e  b a s i s  o f  t h e  r e s u l t s  o f  Mon-
2

t e  C a r lo  e x p e r im e n t s  f o r  c h o s e n s  i r e t h o d s , t h e  sam p le  s i z e s ,  

c o e f f i c i e n t  o f  d e t e r m i n a t i o n ,  t h e  e r r o r s  o f  t h e  m easurem ent o f  

v a r i a b l e s  and t h e  c o r r e l a t i o n  c o e f f i c i e n t  b e tw e en  t h e  e x p l a n a t o r y  

v a r i a b l e s .
e-

2. STEERINC VARIABLES AND PARAMETERS ACCEPTED 

IN THE EXPERIMENTS

We w i l l  a n a l y s e  t h e  b i a s e s  o f  t h e  e s t i m a t o r s  o f  t h e  m o d i f i e d  

l e a s t  s q u a r e s  method (O L S ),  o f  t h e  Maximum l i k e l i h o o d  method  

(m lm ),  o f  t h e  in s t r u m e n t a l  v a r i a b l e s  m eth od s:  by Wald (IV WAL), 

B a r t l e t t  (IV BAR) and Durbin  (IV DUR). T h ese  b i a s e s  w ere c a l c u -

l a t e d  and compared f o r  t h r e e  v e r s i o n s  o f  o n e - e q u a t i o n ,  l i n e a r  mo-

d e l  [ 1]  w i t h  e r r o r s  i n  e x p l a n a t o r y  v a r i a b l e s ,  i . e .
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I n s t e a d  o f  u n o b s e r v a b le  e x p l a n a t o r y  v a r i a b l e  X, t h e  o b -
 ̂ /  J

s e r v a L l e  X̂  3 i s  i n t r o d u c e d  i n  t h e s e  m o d e ls .  Random

v a r i a b l e  V  ̂ e x p r e s s i n g  t h e  m easurem ent e r r o r s  o f  t h e  X_. , i s  

n o r m a l ly  o i s t r i b u t e d  w i t h  e x p e c t e d  v a l u e  Е(У^) = 0 and v a r i a n c e

•у 2
D (Vj') = O’ j , j  = 2 ,  3 .  M oreo v e r ,  i t  i s  assumed t h a t :  E ( e / v )  =

= E ( c )  = 0 ,  E(Y/v) = Xa and X i s  t h e  m a t r ix  o f  o b s e r v a t i o n s

В (eeT/ v ) = в 2I .

The construction of the sandle space was discussed in [3] the re-
view of estimation methods for the models with measurement errors are given
in [1] .  [ 2].



3
V a r i a b l e s  a r e  t r e a t e d  in  e x p e r im e n t s  as  f i x e d  o n e s , b e in g

r e p e a t e d  i n  a l l  e x p e r im e n t  r e p e t i t i o n s .

In  th e  e x p e r im e n t s  t h a t  h ave  been  c a r r i e d  o u t ,  t h e  number o f  

o b s e r v a t i o n s  In  a sam ple  was f i x e d  a t  t h e  l e v e l s  n = 20 , 30, 40, 

5U ( o b s e r v a t i o n s  f o r  w ere ch o se n  as  th e  f i r s t  n e l e m e n t s

from th e  c n o se n  column o f  a t a b l e  o f  random n u m b e rs ) .  The v a -

l u e s  o f  s t r u c t u r a l  p a r a m e te r s  o f  th e  m od e ls  ( 1 ) -  ( 3 )  w ere f i x e d  

a t  t h e  l e v e l !  = 1000 , = 3 ,  = 2 .  The c h o i c e  o f

a g iv e n  v e c t o r  o f  s t r u c t u r a l  p a r a m e te r s  i s  l i m i t i n g  t h e  ran ge  

o f  r e a s o n in g  t o  t h e  g i v e n  s t r u c t u r e  o f  l i n e a r  model w i t h  e r r o r s -  

- i n - v a r i a b l e s . The d i r e c t i o n s  o f  c h a n g e s  o f  e s t i m a t i o n  b i a s e s  

and t h e  q u a n t i t i e s  o f  t h e s e  b i a s e s  depend on t h e  s i z e  o f  th e

sam ple  ana s t o c h a s t i c  s t r u c t u r e  o f  t h e  c h o s e n  m o d e ls .
2

The f o l l o w i n g  l e v e l s  w ere a c c e p t e d !  P = 0 . 5 0 ;  0 . 6 0 ;  0 . 7 0 ;  

J.dO; 0 . 9 0 ;  0 . 9 5 ;  0 . 9 9  and t h e  RB l e v e l s ,  i . e .  t-he q u o t i e n t  

o f  t h e  e r r o r  v a r i a n c e  and t h e  sam ple  v a r i a n c e  o f  a g iv e n  e x -

p l a n a t o r y  v a r i a b l e :  0 . 0 1 ;  0 . 0 5 ;  0 . 1 0 ;  0 , 1 5 .

3. THE BIASES OF ESTIMATORS OF CHOSEN METHODS 

IN DEPENDENCE ON THE SAMPLE SUE AS I) THE ERRORS OK MEASUREMENT

ле s h a l l  a n a l y s e  now t h e  i n f l u e n c e  i f  t h e  e n l a r g i n g  o f  e x -

p l a n a t o r y  v a r i a b l e s  in  t h e  m odel on th e  b i a s e s  o f  th e  n a ra m eter  

e s t i m a t i o n s  o f  t h e  m od e ls  w i t h  e r r o r s  in  t h e  v a r i a b l e s .

I t  s h o u ld  be remembered t h a t  t h e  i n c r e a s e  o f  v a l u e s  o f  RB
4

e r r o r  in  t h e  model w i t h  one e x p l a n a t o r y  v a r i a b l e  m easured  w i t h  

e r r o r  c a u se d  a lm o s t  p r o p o r t i o n a l  i n c r e a s e  o f  t h e  a v e r a g e  b i a s e s .  

I t  was o b s e r v e d  in  r e l a t i o n  t o  t h e  r e t h o d  w h ich  we may c a l l  

" b a s ic "  a s  f u r t h e r  we s h a l l  compare t h e  r e s u l t s  o b t a i n e d  by t h i s  

m ethod w i t h  o t h e r s .  The e n l a r q i n g  o f  t h e  model by a d d in g  an ad-

d i t i o n a l  v a r i a b l e  m easured  w i t h o u t  e r r o r ,  c a u s e s  s i m i l a r  t e n d e n -

c y ,  b u t ,  f o r  e a c h  t e s t e d  m eth od ,  e x c e p t  t h e  LSM and MLM, we ob -

s e r v e  t h e  d e c r e a s e  in  b i a s e s  o f  t h e  a v e r a q e  e s t i m a t e s  o f  p a r a -

The sequences of the  v a r i a b l e  va lue«  taken  from [4 ].
4

The a n a ly s i s  o f  Monte C arlo  experim ent f o r  the  model Y. = « q  + +

+ ( с .  -  i s  g iven in  i_t] and [ з ] .



r f ie te r s , f o r  t h e  m o d e ls  w i t h  v a r i a b l e  m easured  w i t h  e r r o r s  ( s e e  

T a b le  O .

T a b l e  1

Average b i a s e s  of the  p a ram e te r  e s t im a te s  

of th e  models ( 0 - ( 2 )  in  r e l a t i o n  

to  th e  average  e s t im a te s  of th e  b a s i c  method 

f o r  n -  20 and R2 -  0 .9 9 ,  IP -  500

Rfl Methods

Average b i a s e s  ( i n  %) f o r  th e  model w ith

a
one

v a r i a b l e

u 3 )

b
two 

v a r i  ab le s

three*5

v a r i a b l e s

( x 3 ) (X ,) ( x 3 ) ( x , ) ( x 2 )

LSM - 4 . 4 - 3 .5 0 .6 - 3 . 3 0 .6 - 0 .7

OLS 0 .6 1.5 - 0 .5 1.8 - 0 . 2 0-5

0 .05 MLM 0 .7 1 .8 - 0 . 2 2.1 - 0 .3 0 .6

IV DUR - 3 . 7 - 3 .7 0 .6 - 3 .5 0 .7 - 0 . 8

LSM - 8 . 2 - 7 .  1 1.1 - 6 . 8 1.3 - 1 . 6

OLS 1.4 2 .8 - 0 .2 3 .4 - 0 . 4 0 .2

0 .  10 MLM 1 . 8 3.4 - 0 . 4 4 .0 - 0 .6 1.2

IV DUR - 7 .6 - 7 .1 1.1 ■ - 6 . 8 1.3 - 1 . 6

LSM - 1 1 .4 -1 0 .6 - 1 0 .6 -1 0 .0 1.9 - 2 Л

OLS 2.2 3 .7 - 0 .3 5 .3 - 0 . 5 0 .9

0 . 13 MLM 2.7 5 .0 - 0 . 6 6 .0 - 1 . 0 1. 7

V IV DUR -1 0 .3 - t o .  1 - 1 . 6 - 9 . 7 1.8 - 2 . 3

a The r e s u l t s  g iven in  t h i s  column are  taken  from [ 3 ] .

^ The c o n s t r u c t i o n  o f  th e  sample space was d is c u s s e d  in  [3 ]  the  review 

o f  e s t im a t io n  methods f o r  th e  models w ith  measurement e r r o r s  are  g iven  in  [ 1j, 

[2].
\ ,

A verage  e s t i m a t e s  o f  t h e  p a r a m e te r s  f o r  su ch  m od e ls  a r e  a l s o  

b i a s e d  a l t h o u g h  t h e  change o f  t h e  b i a s  d i r e c t i o n  i s  in  t h e  s m a l l  

d e g r e e ,  a c h a r a c t e r i s t i c  f e a t u r e  o f  t h e s e  b i a s e s ,  i . e .  i f  in  a 

g iv e n  method we u n d e r e s t i m a t e  p a r a m e te r s  w i t h  t h e  v a r i a b l e  m eas-

ured  w i t h  e r r o r ,  t h e n  t h e  a v e r a g e  v a l u e  o f  e s t i m a t o r  w i t h  "no-  

- e r r o r "  v a r i a b l e  i s  o v e r e s t i m a t i n g  p a r a m e te r  and v i c e  v e r s a .

The i n t r o d u c t i o n  o f  a n o t h e r  " n o - e r r o r “ v a r i a b l e  t o  t h e  model

( 1 ) c a u s e s  r a t h e r  s m a l l  i n c r e a s e  in  t h e  a b s o l u t e  a v e r a g e  b i a s e s

/



o f  t h e  p a ra m eter  e s t i m a t e s  w i t h  t h e  f i r s t  " n o -e r r o r "  v a r i a b l e  and 

t h e  d i m i n i s h i n g  o f  t h e  a v e r a g e  b i a s e s  o f  e s t i m a t o r s  i n  t h e  same 

d i r e c t i o n ,  w i t h  t h e  v a r i a b l e  m easured w i t h  e r r o r  ( e x c e p t  OLS 

and LSM m e th o d s ,  w here t h e  t e n d e n c y  i s  t h e  o p p o s i t e  o n e ) .

I f  we in t r o d u c e  a d d i t i o n a l l y  t o  t h e  m odel ( 1 )  a v a r i a b l e  

m easured w i t h  e r r o r  ( i n s t e a d  o f  " n o - e r r o r “ o n e ) ,  t h e n  t h e  i n c r e a -

s e  i n  b i a s e s  can be o b s e r v e d  f o r  t h e  e s t i m a t e s  o f  b o th  p a r a -

m e t e r s .  The b i g g e r  RB f o r  t h e  i n t r o d u c e d  v a r i a b l e  i s ,  t h e  g r e a t -

e r  th e  i n c r e a s e  i n  b i a s e s  w i l l  b e .

The i n c r e a s e  in  t h i s  b i a s  i s  n o t  v e r y  b i g  f o r  t h e  p a r a -

m e te r s  e s t i m a t e  w i t h  t h e  f i r s t  v a r i a b l e  m easu red  w i t h  e r r o r  and 

b i g  f o r  p a ra m eter  e s t i m a t e s  w i t h  t h e  v a r i a b l e  m easured  w i t h -

o u t  e r r o r .  T h is  b i a s  I n c r e a s e  q u i c k l y  t o g e t h e r  w i t h  t h e  i n -

c r e a s e  o f  t h e  RB l e v e l  ( s e e  T a b le  2 ) ,  and t h e  i n c r e a s e  o f  e a c h  

m easurem ent e r r o r  o f  RB c a u s e s  t h e  i n c r e a s e  o f  a l l  t h e  b i a s e s .

T a b l e  2

Average b i a s e s  o f  the  p a ram ete r  e s t im a te s  
of th e  model ( 3 )  in  r e l a t i o n  

to  th e  average e s t im a te s  of th e  b a s i c  method 

fo r  n ■ 20 and R2 " 0 .99

RB2 Methods

Average b ia s e s  o f  th e  p a ram e te r  e s t im a te s  
fo r

RBI » 0 .05 RBI -  0 .15

“ l a 2 a 3 a 1 a 2 a 3

LSM 1.3 -5 .  1 - 3 .9 2 .5 -1 3 .6 - 4 . 3

OLS - 0 .4 2 .2 1.6 - 0 . 8 5.4 1.7

0.05 MLM - 0 . 6 2 .9 1.7 - 1 .3 7 .2 1.9

IV DUR 1.5 - 6 .2 1 ■*
>

*o 2 .5 -1 3 .0 - 4 .3

LSM 1.9 - 6 . 0 - 7 .5 3 .2 - 1 4 .5 -7 .9

OLS - 0 . 6 2 .7 2 .8 - 1 . 5 7.3 3 .2

0 .  10 MLM - 0 .9 3 .3 3 .4 - 1 . 6 7.7 3.7

IV DUR 2.1 - 7 . 3 - 7 . 4 3 .2 -14 .9 / - 7 . 7

LSM 2 .5 - 6 . 8 - 1 0 .8 3 .8 -1 5 .3 -1 1 .2

OLS - 0 .9 3 .3 3 .4 - 1 . 6 7.6 3 ,8

0 .15 MLM - 1 .2 4 .0 5 .3 - 1 . 9 8.3 5 .7

IV DUR 2.7 - 8 . 4 - 1 0 .3 3 .7 - 1 5 .8 -1 0 .6  '



In  LSM IV DUR m ethods t h e  i n t r o d u c t i o n  o f  an a d d i t i o n a l  v a r i a b l e  

( w i t h  o r  w i t h o u t  e r r o r )  c a u s e s  t h e  u n d e r e s t i m a t i o n  o f  t h e  e s t i -

mate when a v a r i a b l e  i s  m easured  w i t h  e r r o r  аз  w e l l  a s  f o r  t h e  

in t r o d u c e d  v a r i a b l e ?  w h i l e  in  OLS and MLM m ethod s t h e r e  can  be  

o b s e r v e d  t h e  o v e r e s t i m a t i o n  o f  a v e r a g e  p a r a m e te r  e s t i m a t e s  and 

i t s  a b s o l u t e  v a l u e  i s  s m a l l e r  th a n  f o r  LSM and IV DUR.

T a b l e  3

Average b iases  ( i n  of the parameter estimates  
of the model ( 3 )  in re lation  to the average estimates  

of the basic method in re la t ion  to  the measurement errors 
of the explanatory variables for n * 20, R2 ■ 0 .95 ,  IP “ 500

Estimated
Rhl RB2

Methods of estimation

parameter
LSM OLS MIX IV DUR

0.01 1.3 - 0.6 -0.8 1 .3

0.05 1.8 -0 .9 - 1.0 1.9

0 . 10 0. 10 2.5 - 1.2 -1 .4 2.6

0. 15 3.2 -1 .4 -1 .7 3.3

“ l 0.01 1.3 —0 • 6 -0 .7 1.4

0.05 1.9 -0 .9 - 1.0 2.0

0.10 0. 10 2.5 -1 .3 -1 .4 2.6

0.15 3.1 -1 .5 -1 .7 3.1

0.01 -7 .9 3.4 5.5 -8 .9

0.05 -8 .7 3.9 5.8 -9 .8

0. 10 0.10 -9 .5 4.2 6.3 -10.9

0. 15 - 12.0 5.6 7.3 -13.7

• a 2
0.01 -2 .3 1.1 1.6 -3 .7

0.05 -5 .5 2. В 3 .8 -7 .4

0 . 10 0. 10 -9 .5 4.9 6.3 -10.9

0. 15 -13 .3 7.6 8.9 -13.5

0.01 - 1.1 0.3 - 0.6 - 1.1

0.05 -4.1 1.6 1.9 -4.1

0.10 0.10 - 7 .6 3. 1 3.6 -7 .5

0. 15 - 11.0 4.9 5.6 -10.4

“3 0.01 -7 .2 2.8 3.4 -7 .4

0.05 -7 .4 2.9 3.5 -7 .3

0.10 0 . 10 -7 .6 3. 1 3.6 -7 .5

0.15 - 7 .8 3.2 3.8 -7 .6



A verage  b i a s e s  o f  t h e  p ara m eter  e s t i m a t e s  f o r  t h e  model ( 3 )  

i n  r e l a t i o n  t o  t h e  a v e r a g e  p ara m eter  e s t i m a t e s  of  the b a s i c  m eth-

od depend more on RB than  on t h e  c h a n g e s  o f  d e t e r m in a t io n  c o e f -

f i c i e n t .  T h is  i s  i l l u s t r a t e d  by t h e  T a b le s  3 and 4 .  H ow ever, we
2

o b s e r v e  t h a t  t o g e t h e r  w i t h  t h e  i n c r e a s e  o f  R th e  b i a s e s  o f  

p a ra m eter  e s t i m a t e s  OLS and MLM d e c r e a s e  and t h e  b i a s e s  o f  t h e  

e s t i m a t e s  f o r  o t h e r  method i n c r e a s e .

T a b l e  4

Average biases of the parameter estimates  
for the model (3,) in relatwm  

to the average c'Stimates of the basic method 
for RBI -  0 .05 ,  RB2 -  0 .1 0 ,  n “ 20, IP -  500

Estimated
parumeter

Method

of
estima-

tion

Assumed values of correlation co e f f ic ien t

0 .5 0.6 0.7 0.8 0.9 0.95 0.99

LSM 1 .3 1.4 . 1.6 1.7 1.8 1.9 1.9

*
OLS -1 .3 -1 .3 - 1.2 - 1.1 1.0 -0 .9 - 0.8

“ l
MLM -1 .5 -1 .4 -1 .3 -1 .3 - 1.1 - 1.0 -0 .9

IV DUR 1.4 1.5 1.7 1.9 2.0 2.0 2 . 1

1
IV WAL 0.4 0.5 0.7 0. 7 0.8 0.9 0.9

IV BAR 0.8 1.0 1.2 1.4 1.5 1.6 1.6

LSM -3 .7 - 4 .2 -4 .8 -4 .8 -5 .1 -5 .5 , - 6.0

OLS 5.1 4.8 4.2 3.8 3.3 2.8 2.7

a2
MLM 5.3 5. 1 4.7 4.3 4. 1 3.8 3.3

IV DUR -4 .9

CO1 - 6.1 -6 .3 -6 .7 -7 .4 -7 .3

IV WAL 1 .6 0.9 0.5 0.2 0 . 1 - 0.2 -0 .5

IV BAR -3 .2 -4 .3 -5.1 -5 .7 - 6.2 -6 .4

LSM -6 .9 -7 .  1 -7 .2 -7 .  1 -7 .3 -7 .4 -7 .5

OLS 3.6 3.5 3.4 3.4 3.1 2.9 2.8

a3
MLM 3.8 3.7 3.7 3.7 3.5 3.5 3.4

IV DUR -6 .7 - 6.8 -6.9 -7 .1 -7 .2 -7 .3 -7 .4

IV WAL -6 .3 - 6. 1 -5 .8 -5 .6 -5 .3 -5 .1 - 4 .8

IV BAR - 4 .8 -5 .  1 -5 .3 -5 .6 - 5 .8 - 6.0 -6 .3

The i n c r e a s e  o f  t h e  sam ple  s i z e  I s e e :  T a b le  1 and 5 )  d o e s  

n o t  c a u s e  t h e  d e c r e a s e  i n  b i a s e s  e i t h e r  in  LSM or  in  XV DUR.This  

d e c r e a s e  i s  o b s e r v e d  f o r  OLS and 'LLM m eth od s .



T a b l e  5

Average biases of the parameter estimates  
of  the model ( 2)  in relation  

to  the average estimates of the basic  method 
for RBI “ 0.10 and n “ 50, IP ■ 500

RB2 Method

Assumed value of the determination 
co e f f ic ie n t

0.90 0.95 0.99

*1 *2
x3

*1 *2 *3 Xt x2 x3

LSM 0.8 - 1 .4 -4 .6 0.8 -1 .3 -4 .6 0.8 -1 .3 -4 .6

OLS 0.0 0.2 0.5 0.0 0.2 0.5 0.0 0.2 0.6

0.05 MLM 0.0 0.2 0.5 0.0 0.2 0.5 0.0 0.2 0.6

IV DUR 0.7 -1 .7 - 4 .4 0.7 -1 .3 -4 .3 0.7 - 1.2 -4 .3

LSM 1.5 -2 .7 -8 .9 1.4 - 2.6 - 8.8 1.5 - 2 .5 - 8.8

OLS - 0 . 1 0.3 1.1 - 0.1 0.3 1. 1 - 0.1 0.4 1.1

0 . 10 MLM - 0.1 0.3 1.1 - 0.1 0 .4 1.1 - 0.1 0.4 1.2

IV DUR 1.4 -2 .5 - 8.2 1.4 -2 .4 - 8.2 1.4 -2 .3 - 8.1

LSM 2. 1 -3 .9 - 12.8 2.1 - 3 .8 -12 .7 2.1 -3 .7 - 12.6

OLS - 0.2 0.5 1.6 - 0.2 0.5 1.6 0.2 0.5 1.6

0. 15 MLM - 0.2 0.5 1.6 - 0.2 0.6 1.7 - 0.2 0.6 1.8

IV IX!R 2.0 -3 .6 - 11.8 1.9 -3 .5 -11.7 1.9 - 3 .3 - 11.6

We can  o b s e r v e  s i g n i f i c a n t  i n f l u e n c e  o f  t h e  d e g r e e  o f  c o r r e -

l a t i o n  b etw een  t h e  e x p l a n a t o r y  v a r i a b l e s  m easured  w i t h o u t  any 

e r r o r  on t h e  b i a s e s  o f  p a ra m eter  e s t i m a t e s  o f  t h e  m o d e ls  ( s e e  

T a b le  6 ) .  The i n c r e a s e  o f  t h e  d e g r e e  o f  v a r i a b l e  c o r r e l a t i o n  

c a u s e s  t h e  i n c r e a s e  o f  b i a s e s  f o r  b o th  t h e  p a r a m e te r  e s t i m a t e s  

m easured  w i t h  and w i t h o u t  e r r o r .  The a b s o l u t e  v a l u e  o f  e s t i m a t o r s  

b i a s  i s  g r e a t e r  when t h e  v a r i a b l e  i s  m easured  w i t h  e r r o r .  Con-

s i d e r i n g  t h e  b i a s e s  in  d i f f e r e n t  m ethods o f  e s t i m a t i o n  we can  

s t a t e  t h a t  OLS and MLM a r e  f a r  b e t t e r  th a n  t h e  o t h e r s  and IV -  

-m e th o d s  a re  n o t  " b ę t t e r "  th a n  o r i d i n a r y  l e a s t  s q u a r e s  m ethod i f  

in  sa m p le s  o f  20 e l e m e n t s  t h e  c o r r e l a t i o n  c o e f f i c i e n t s  i n c r e a s e .  

O uick  r e a c t i o n  o f  t h e  IV WAL method on t h e  i n c r e a s e  o f  t h e  v a l u -

e s  o f  t h e  c o r r e l a t i o n  c o e f f i c i e n t  l e a d i n g  t o  l a r g e  b i a s e s  when 

c o r r e l a t i o n  c o e f f i c i e n t  ę?i s  l a r g e  i s  v e r y  a la r m in g .



T a b l e  6

Average biases of the parameter estimates  
of the model ( l )  in relation  

to average estimates of the basic  method 
for n -  20, RJ -  0 .95 ,  RB -  0 .5  

in dependence on the degree of correlation  
of the explanatory variables IP " 500

Estimated
parameter

Cor re 1 a- 
tion  

c o e f f i -
cient

Method of estimation

LSM OLS MLM IV DUR IWAL IV BAR

0.03 0.1 - 0.0 0.0 0 . 1 0 . 1 0.1

0.45 0.5 - 0 . 1 -0.2 0.6 0.6 0.7

a2
0.70 1.1 -0 .4 - 0.6 1.4 2.7 1.6

0.88 3. 1 -1 .7 - 2.0 3.3 21.8 3.7

0.03 -3 .3 1.4 1.7 -3 .5 -2 .7 -3 .3

0.45 -4 .0 1.9 2.2 -4 .6 -4 .1 , -5 .2

a3 0.70 - 6.8 3.1 3.5 -7 .9 -15.7 -9 .1

0.88 -13 .3 7.9 8.7 -13,6 -26.5 -16 .4

On t h e  b a s i s  o f  t h e  c a r r i e d  o u t  e x p e r im e n t s  we can  c o n c lu d e  

t h a t  th e  more " n o -e r r o r "  v a r i a b l e s  we have  i n  t h e  m o d e l ,  t h e  

s m a l l e r  t h e  a v e r a g e  b i a s e s  o f  t h e  e s t i m a t e s  c o v e r i n g  p a r a m e te r s  

s t a n d i n g  n earb y  a v a r i a b l e  m easured  w i t h  e r r o r  a r e  in  LSM and IV 

DUR. I f  th e  v a r i a b l e  i s  m easured  w i t h o u t  e r r o r ,  t h e r e  e x i s t  

h a r d ly  o b s e r v a b l e  b i a s e s .  The o p p o s i t e  s i t u a t i o n  t a k e s  p l a c e  i n  

th e  c a s e  o f  e n l a r g i n g  o f  t h e  m odel w i t h  v a r i a b l e s  treasured  w i t h  

e r r o r .
2

There can a l s o  be n o t i c e d  i n s i g n i f i c a n t  i n f l u e n c e  o f  R and  

tne sam ple  s i z e  on a v e r a g e  b i a s e s  o f  t h e  p a r a m e te r  e s t i m a t e s  in  

r e l a t i o n  t o  t h e  b a s i s  n e t h o d ,  i . e .  t o  th e  model w here  a l l  t h e  

v a r i a b l e s  are  o b s e r v e d  w i t h o u t  e r r o r .

4. FURTHER INVESTIGATIONS

The p r e s e n t e d  a n a l y s i s  o f  b i a s e s  o f  p a r a r e t e r  e s t i m a t e s  on 

t h e  b a s i s  o f  Monte CÍarlo e x p e r im e n t  f o r  t h e  ch o se n  l i n e a r  m odels  

a a s  a narrow s c o p e .  Only a p i c t u r e  o f  b e h a v io u r  o f  th e  ch o se n



e s t i m a t i o n  methods under g iv e n  e x p e r im e n t  c o n d i t i o n s  was o b t a i n -

e d .  To e v a l u a t e  t h e  e f f i c i e n c y  o f  t h e s e  methods in  a b road  s e n -

s e ,  i t  i s  n e c e s s a r y  t o  e n l a r g e  t h e  i n v e s t i g a t i o n s ,  f i r s t  o f  a l l ,  

t o  c o n s i d e r  d i f f e r e n t  n u m e r ic a l  s t r u c t u r e s  o f  p a r a m e te r s  f o r  th e  

ch o se n  m o d e ls ,  g iv e n  d i f f e r e n t  d e g r e e s  o f  c o r r e l a t i o n  o f  c x n l a -  

n a t o r y  v a r i a b l e s .  I t  w ould  be a d v i s a b l e  t o  c a r r y  o u t  e x p e r im e n t s  

g iv e n  lo w e r  l e v e l s  o f  R2 c o e f f i c i e n t  and h i g h e r  l e v e l s  c.f. PD. In  

t h e  m o d e ls  w i t h  a t  l e a s t  two v a r i a b l e s  w i t h  m easurem ent e r r o r s ,  

t i i e r e  i s  an a d d i t i o n a l  prob lem  c a u se d  by th e  n e c e s s i t y  o f  t a k i n g  

i n t o  a c c o u n t  d i f f e r e n t  v a r i a n t s  o f  r e l a t i o n s h i p s  b e tw e en  t h e  e r -

r o r s  f o r  s e p a r a t e  v a r i a b l e s  w h i l e  a n a l y s i n g  th e  p r o p e r t i e s  o f  

t h e s e  m eth od s .
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H alina Klepacz

OBCIĄŻENIE ESTYMATORÓW PARAMETRÓW MODELI Z BŁĘDAMI 

W ZMIENNYCH OBJAŚNIAJĄCYCH

W artykuli- mai i żuje s ię  wielkości obciążeń pflrametr<>w strukturalnych mo-

deli z dwiema zmiennymi objaśniającymi, w tym jedna j e s t  obarczona błędem po-

miaru oraz z trzema zmiennymi, z których jedna lub dwie s# mierzone z b łę-

dem, Analizę przeprowadza s ię  ze względu na metody estymacji,  wielkość próby, 

poziom: współczynnika determinacji, błędu pomiaru i  współczynnika korelacji  

miedzy zmiennymi.


