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Abstract

Research background: Studies of the structures of the income distrimgidave been
performed for about 15 years. They indicate tharehis no model which describes the
distributions in their whole range. This effectegplained by the existence of different
mechanisms yielding to low-medium and high inconv#kile more than 97% of the distri-
butions can be described by exponential or log-mbmmodels, high incomes (about 3% or
less) are in agreement with the power law.

Purpose of the article:The aim of this paper is an analysis of the stmectf the household
income distributions in Poland. We verify the hypegis about two-part structure of those
distributions by using log-normal and Pareto madels

Methods: The studies are based on the households’ budgetedaia for years 2004—2012.
The two-component models are used to describenttaarie distributions. The major parts
of the distributions are described by the two pafaim log-normal model. The highest
incomes are described by the Pareto model. Weilsstigate the agreement with data of
the more complex models, like Dagum, and Singh-Mada
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Findings & Value added: One has showed that two or three parametric masigifain
from about 95% to more than 99% of income distidng. The poorest agreement with data
is for the log-normal model, while the best agreetteas been obtained for the Dagum
model. However, two-part model: log-normal for lomedle incomes and Pareto model for
the highest incomes describes almost the wholesrahtncome distributions very well.

I ntroduction

The studies of structures of the income distrilmgibave been performed
for about 15 years. They indicate that there isone model which de-
scribes the whole ranges the distributions. Thesigsis explained by the
existence of different mechanisms vyielding to lowehium and high in-
comes. This effect has been observed for the loligions of incomes in the
USA, United Kingdom, Germany and Japan. In the nigjmf studies
incomes are best described by lognormal model pativer law tail. One
also notices the stability of this structure indinfrirst works regarding fat
tails of income distributions were published in maphysical literature.
The authors of (Levy & Solomon, 1997, pp. 90-943lgre the data from
the 1996 Forbes 400 list of the richest peoplehinWS. The obtained re-
sults confirm that wealth is distributed accordiogthe power law with
exponent equal 1.36. Okuyarstal. (1999, pp. 125-131) performed the
studies which showed that income distributions agahese firms are the
subject to Zipf's low (power low with exponent etjt@ 1). Suoma (2001,
pp. 463—-470) studied Japanese income distribufimmgears 188%1998.
He showed that two-part model, lognormal with poveav tail is the uni-
versal structure describing distributions of peeancomes in Japan. The
author investigated the negative correlations betwbe value of the pow-
er law exponent and the prices of various asssefeoilly a land price
index and the Tokyo Stock Price Index (TOPIX). Nemaed Souma (2004,
pp. 61-68) continued research and proposed dynatoithastic model
explaining power low tails. Dragulescu and Yakower{fRO01, pp. 213-
221) studied the income distributions in United ¢g@dom (1994-1999) and
in individual US states (1998). They showed thabime distributions had
two-part structure. They were: exponential in lovadbe part and power
law for the highest incomes. Nirei and Souma (2@p7,440—-459) studied
income distributions in Japan and the US basecherindividual income
tax returns data from 1960 to 1999. They confirrttezl hypothesis about
the two-part structure of income distributions. Tgthors described the
left-central part of the distributions by the expaotial model and the top
1% of incomes — by the power law model. Clemend &allegati (2005,
pp. 3—14) investigated income distributions of fehdds in the US (1980
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2001), United Kingdom (1992001) and Germany (1992002). A low-
middle income group was approximated by the logmbrfunction and
a high income group by the power law function irstidied countries. The
fits were stable, but the parameters’ values vaveag much. The authors
of another work (Clementi & Gallegati, 2005, pp74238) studied person-
al income distributions for Italy in the years 192002. They also con-
firmed two-part stable structure of income disttibns: log-normal with
power law tail. They showed that fluctuations cfpés of the income dis-
tributions were related to the business cycle phagperienced by the Ital-
ian economy.

The latest works may point to the more complexcstme of the income
distributions. Jagielski and Kutner (2010, pp. 68B3) studied total in-
comes of Polish households in 2003 and 2006. Tudiest were based on
the Household's Budgets Survey data and indepelydemtdata regarding
wealth taken from rank of the 100 richest Polese @hthors showed that
the Polish income distributions may have a threg¢-gtaucture: lognormal
distribution in the case of poor households, Pdetowith exponent equal
to 3 for middle-income households and Pareto lath wkponent equal to
about 1 in the case of wealth of the richest Pdles paper (Jagielski &
Kutner, 2013, pp. 2130-2138), the authors mergedtat Survey on In-
come and Living Conditions data with income dataleated based on the
wealth of billionaires in the EU published by therlbes (‘“The World’s
Billionaires’ rank). They obtain empirical distritbton with a three-part
structure which, in turn, they approximate by theposed model.

In this paper, we conduct temporal studies of titeme distributions in
Poland. Our studies are based on the householdsjels microdata from
2004 to 2012. Our main aim is to verify the hypesikeabout two-part
structure of the income distributions. In the fisgtp, we assume the struc-
ture is of the form: log-normal with power law taihd we study its charac-
teristics vs. time. It is a well-known fact thaetltog-normal model does not
describe the whole range of income distributiorteeréfore, we also inves-
tigate the agreement of more complex (Dagum anghSitaddala) models
with empirical data.

Data
Data from the Household Budget Survey (HBS) profemn 2004 to 2012
have been used in this work. The HBS studies arfonpeed by Central

Statistical Office (CSO) in Poland each year. TH&SHlata, before being
made accessible, are processed by CSO, which ysakés about 1-2
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years. The 2012 data were the newest data aceessialthors at the time
of studies. One selected subset of data contaimiitgodata about the
available monthly incomes in the households. Hools&h available in-
come is a sum of household's gross incomes fromuasources reduced
by all income taxes, as well as by social secuaritg health insurance taxes.
The available income comprises: wages and salanegmes from farms,
self-employment, properties, rents, various sobmefits (including re-
tirement pensions and pensions), and other incgegsalimonies). Avail-
able income is allocated to expenditures and savimgease.

The data contain a number of zero or negative iesorfhey represent
between 5.7 and 7.4 per mille depending on yeagy ™tcur for some of
the households which gain incomes from businesgeelactivities (farms,
self-employment, rents, and others). Non-positheimes indicate lack of
income or loss according to accounting balanceyHnisse when the costs
of business activity are greater than incomes,hgy are not simply in-
comes of households. On the other hand, the statistethods used in this
analysis (models of incomes) can describe onlytipesincomes. The two
above issues caused the non-positive incomes hesma temoved from
data.

The income of each household has been recalculdethe annual in-
come in thousands PLN. In order to analyze househulith different
number of persons together, we recalculated thal iatome of each
household into the income per person. Thus, thedtmlds described by
their incomes per person are the objects beingestud this work.

The basic statistics of income variables for ydams 2004 to 2012 are
listed in Table 1. The data is characterized by higlues of standard devi-
ation and skewness, which is related to the presehdigh incomes and
significant right-side asymmetry. In order to exadkithe models, the data
have been grouped into income classes of the sadtk. Wwhe numbers of
classes are between 250 and 300, and the widthzetxmeen about 0.9 and
1.5 thousand PLN depending on the year. The numbelasses and their
widths are different in various years, becausesfhread of income data
varies significantly from year to year (see Tableld order to compensate
for the different widths of classes, the percentafebjects in each class
was divided by class’ width providing empirical dég in the class. One
also constructed empirical cumulative distributidresed on the detailed
data to evaluate power models and to present thdtse The empirical
cumulative distribution is defined:
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ki
I:emp(xi )= WI

where data;, i =1, ...,N are sorted ascendinlg,is rank of income.

Research methodology

We study the agreement between the selected moflaisomes and the
empirical distributions. We take into account thceenmonly used models:
lognormal, Dagum, and Singh-Maddala. These digioha come from the

more general family of distributions called genized beta of the second
kind (McDonald, 1984, pp. 647-663; McDonald & X956, pp. 133-

152). Exponential model (Dragulescu & YakovenkoD20pp. 213—-221)

describes well the US personal income data, bubtsuitable for describ-
ing income distributions of Polish households. Rimlity density function

(pdf) of lognormal distribution is:

__ 1 _(nx-p)®
fun (%) xa\/ﬂex{ 252 J (1)

wherex > 0, while theg parameter fulfills the conditioa> 0. They ando
parameters are interpreted as mean value and stlasheldation of incomes
logarithms respectively. Cumulative density funetigcdf) of lognormal
distribution is not an elementary function but t&nexpressed by the cadf
of the standard normal distribution:

Fn() = o M) (2)

Lognormal distribution has been often used to diesatistributions of
wages and incomes (Aitchison, & Brown, 1957, p.)1Rdf of Dagum
distribution (Dagum, 2008, pp. 3—25) is describgdhe equation:

apo
(A+a x B)o*1’

(3)

fD(X) = XB+1
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wherex > 0, while the parameters fulfill the conditions> 1 andg, 6> 0.
The pdf of Singh-Manddala distribution (Singh & Migiala, 1976, pp.
963-970) can be expressed by the formula:

apo
X—ﬁ+1(1+a XB)5+1 !

(4)

fsm(X) =

wherex > 0 anda, S, 0> 0, 0> 1. Cumulative density functions of the
above models are described by the equations:

Fo(¥) = +axP)™, (5)

Foy(X) =1- @+axP)™. (6)

Studies performed in various countries show thadet®(3) and (4) ex-
hibit high conformance with empirical distribution§incomes (Bandouri-
anet al, 2002, p. 47; Dagum & Lemmi, 1988, pp. 123-15I&ilker, 1996,
pp. 265-268). They were adopted successfully fecrilging other kinds of
data (Brzeziski, 2014, pp. 362—368). They are universal, ag thay de-
scribe zero- as well as one-modal distribution®:(¢aikasiewiczet al,
2012, pp. B82-B85). Curves (3) and (4) have ‘fds'tawvhich is their ad-
vantage because empirical distributions are sicpnifily extended in the
range of incomes exceeding average. The Dagum nedely often used
in studies of incomes (see i.e. Lukasiewicz & Odkin2003, pp. 122-130;
tukasiewicz & Ortowski, 2004, pp. 146-151; Quinta&oD’Agostino,
2006, pp. 525-546).

The Pareto model Type | (Pareto, 1896-97, p. 486)deen used to de-
scribe the highest incomes (right tails of theriistions). This model, also
known as a power law, contains one parameter arptiftand cdf functions
are of the forms:

fo(x)=axqx 91, (7

Fo(x) =1-x3x ", (8)

wherex = x,, anda > 0. A limit value of income is indicated by, The pdf
and cdf functions are equal to 0 oK X,
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All the models have been evaluated by means ofmtidinear least
square method utilizing Levenberg-Marquardt algonit Therefore, the
coefficients of the models are estimated by miniingizhe function:

SSE)) =) (v — f(x:6)), 9)

i=1

where@is a vector of the model’s parameters.

The models (1) — (3) were evaluated based on thepgd data. In the
case of the model (7), the obtained results westablte because of the
small number of counts for the highest incomes. Phesto model’s pa-
rametera has been evaluated based on the cumulative diaig the func-
tion (8). The limit values ok, were evaluated for each model and year
after estimating the functions (1) — (3). Tkgwas determined as the in-
come above which the model’s residuals start rising

Results

The lognormal, Dagum, and Singh-Maddala modelsicdmes were fitted
to the empirical distributions. The results ar¢elisin Table 2. There are
standard errors of the parameters’ estimatorsdokats. The columns con-
tain: values of nonlinear coefficient of determioatR? =1 - SSE limit
valuesx,, and values of the theoretical cé{x,). The latter is a percentage
of the income distribution (percentage of housesjoleixplained by the
model.

All the evaluated models describe empirical datey weell. They are
characterized by the high coefficients of deterrmmomaand very small er-
rors of their parameters. The valuesRbfare similar to one another for all
models. The smallest values &t are observed for the lognormal model,
which describes the smallest part of the incomssiblutions: from 94.9%
to 98.3%, depending on year. On the other handntsgal model doesn’t
explain from 1.7% (2004) to 5.1% (2010) of inconistribution, Singh-
Maddala: from 0.8% (2008) to 4.1% (2012), and Daginom 0.1% (2006)
to 2.4% (2012). Models’ functions are plotted irg.F for years: 2007,
2009 and 2012. There are complementary cumulatesmsity functions
(ccdf) in the figure. They are also known as ‘@istributions’, and given
by the equations:

Femp(%) =1= Fem(%) and F (x) =1-F(x). (10)
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In order to emphasize the differences betweenni@reeal and theoret-
ical distributions, the plots are on the log-loglsc The values of annual
incomes (in thousands PLN) are on the horizontad, axhile the percent-
ages of households are on the vertical axis.

In the next step, tails of the empirical distrilbus have been approxi-
mated by the Pareto model. The tails have beemeabkfin this work as
incomes satisfying the inequality= x.. They are the top parts of the in-
comes distributions, which are not explained by rtadels considered in
this work. Further on, we will take into accountlatiscus two cases: when
the limit valuesx,, have been determined for: (i) lognormal model énd
Dagum model. For those two models one obtainedrtimmum and the
maximum values ok, respectively (see Table 2). In the case of Singh-
Maddala model values af, are slightly bigger than in (i), while the values
of estimation parameters for Pareto model are aimtd those in (i). Be-
cause of that, these values are omitted in thigmpdine results of the esti-
mations of Pareto model are presented in Tablegl3lawhile the plots of
the Pareto functions are in Fig. 2 and 3.

In the case (i), the log-normal model does notampl.7%+ 2.1% of
income distributions for years from 2004 to 2006.the next years, the
tails of the distributions are bigger: 3.89%6.1%. The quality of the Pareto
model’s fits is very high (slightly lower in 200&1é 2010). We also ob-
serve very small errors of the parameter. The Pareto exponent has the
value of 3.04 in the first year (2004), and hasugalbelow 3.00, in the
range 2.65- 2.93, for the successive years (2af1BL2). The power law
exponent is very stable in time, its changes arallsamd the values are
around 2.80.

The results are more dispersed in the case (i) thahe case (i). The
Dagum model does not explain only about 0.1% obrime distributions in
2005, 2006, and 2008 and from 0.2% to 0.5% in y2amt, 2009-2011.
One can state that the Dagum model describes alvitde range of the
income distributions in the majority of years. Swahexcellent agreement
of this model with income data is emphasized in ¢mepirical studies
(Bandourianet al, 2002, p. 47; Kleiber, 1996, pp65-269. The Dagum
model is characterized by the high flexibility aadree with various in-
come distributions. This is because the Dagum mpodstesses the proper-
ty of the weak Pareto law. That means (3) convetgeabhe Pareto model
(7) for incomes sufficiently high (Dagum, 2008, [®-25). The right part
of the Dagum model visible in Fig. 1 is approxinhateompatible with
power law (7).

The ranges of income distributions not explainedh®ymodel are nar-
row. They are wider in the years 2007 and 2012,aaacequal to 1.3% and
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2.4%, respectively. These far parts of tails haenbapproximated by the
power models (Table 4). These models are charaetely lower qualities

of fits and greater errors than in the case (i)s Thdue to the smaller num-
ber of empirical points and bigger dispersionsdatright tail-ends. In 2004
Pareto exponent is equal to 3.21, and in 2005-#0dssumes values 1.76
+ 2.75. The obtained results are more dispersedithitae case (i).

Discussion

At the beginning, we want to discuss the issuetadldo the reliability of
the highest incomes. It is well known that the ligthincomes are under-
stated by the interviewed earners. The problemtexisevery household
budget surveys, regardless of the country. As altrdbe right tail of the
income distribution is doubtful, and an evaluatadnPareto model can be
less reliable. The extension of the right tailfe income distribution using
the wealth of the 100 richest Poles, proposed lyieldki and Kutner
(2013, pp. 2130-2138), does not solve this problEms extension of data
leads to adding another society group which prgbaéblnot covered by
survey studies. The empirical distribution gaire #ladition tail and model-
ing of such distribution requires sophisticated eledand methods. This
issue extends beyond the scope of the analysiemiess in this paper,
which is based on the representative’s sample®pfr@l Statistical Office.

The incomes provided by the richest earners arerstated, but it is not
known what the scale of this phenomenon is. Thaltig it is impossible to
determine the true incomes for such individual lebiedds. Let us return to
the reliability of our evaluations of the Paretodab Let us assume that for
the richest households the providednd truex, incomes are related to each
other in the following wayx = wlX;, where O<w < 1 denotes the scale of
the understatement of incomes foP X, (see formula (7)). Replacing
X =W in equation (7) we obtain:

fp(x) =W I Hp(x).

Income density function depending on the new végigh(true income)
has the form:

fo(q) = WwW T Y fp(x),
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where the factor in brackets normalizes the motleus the evaluatedr
parameter for understated incomes remains the aarf@ true income (at
the assumption that both incomes are proportian&atch other). In other
words, the slopes of lines showed in Fig. 2 andli3e the same.

The Dagum model describes almost the whole ranggcofne distribu-
tions for majority of years according to presentdubve analysis. Its
agreement with data exceeds those obtained for Isxdoig-normal and
Singh-Maddala. Unexplained parts of the distritngi@re narrow. Some
weakness of the model is that its parameters ddhae¢ straightforward
economical interpretation. The lognormal and Pamatwlels merged to-
gether explain the income distributions very welb.t Such a composite
model possesses the following parametgrss, anda, having simple and
direct interpretation. Thes and o parameters are interpreted as the mean
value and standard deviation of incomes logarith@spectively. Another
parameterr (Pareto exponent) reflects the slope of the rightof the in-
come distribution in log-log scale. The valuesoodind a reflect economic
inequalities (concentration of incomes) in bothtpaf the distribution. The
performed analysis required an evaluation of theoffulog-normal model
(for 0<x<xq). The obtained values of estimates are very sinildhose
presented in Table 2. Referring to the left parttied distribution (for
X < Xm), We observe that the value giparameter is systematically growing
up for years 2004—2012. This behavior reflectsnbeease of income loga-
rithms. Theg parameter is equal to about 0.60 in 2004—2006tiiggefrom
2007 o parameter is very stable being equal to about. ¥&6ough the
mean log-income increases the dispersion of logAare becomes slightly
lower in 2007 and remains the same onward. Initite part of the distri-
bution = x.) the a exponent has values of about 2.8 for all the aealy
years, except the 2004, when it is slightly biggdre values otr are sur-
prisingly stable starting from 2005, similarly tmgknormal dispersion. The
changes oranda estimators in the 2002012 years are presented in Fig.
4.

Economic inequalities are usually measured by Gohex G, which de-
pends only ono and a (see Dagum, 2006, pp. 235-268). If the income
distribution is described by the log-normal funatienG.y = 2@ (g/V2)

(§ is the parameter related to the cut-off of theridistion, which is close
to 1). For the Pareto distribution of incomes thei Gdex is expressed by
Gp=1/(20-1). Its values calculated for both parts of theome distri-
butions are stable in time. The values of Gini noe20072012 are about
0.295 for low-middle incomes, and they fluctuaténeen 0.206 and 0.233
for the highest incomes. These numbers point toifgigntly higher in-
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come inequalities for the low-middle incomes. Oe ¢ime hand, the highest
incomes are hardly concentrated. Let's note thattatverall empirical val-
ues of Gini index for the whole income distribuscere above 0.33.

The incomes in European countries were studied meénti and
Gallegati (2005, pp. 3—14). They studied the incommeGermany (1990
2002) based on the German Socio-Economic Panebddtthe UK (1991
2001), using British Household Panel Survey. Addilly, they also in-
vestigated incomes in US (19€M01) based on The Panel Study of In-
come Dynamics data. The analysis was based on dheehold post-
government equivalent incomes. They showed thatta®?6—99% of the
studied populations can be explained by log-nommadiel and the remain-
ing 3%—1% of the populations by Pareto model. Titaioed values of the
Pareto exponent are more dispersed than in ouftsedu63+ 2.14 for
Germany, 3.4%# 5.76 for UK, and 1.16 3.34 for US. In (Clementi &
Gallegati, 2005, pp. 427-438) the authors studadgnal income distribu-
tions in Italy from 1977 to 2002. The analyzed dzame from the Survey
on Household Income and Wealth and were made pybh@ilable by the
Bank of Italy. The authors obtained average vabfgzarameters’ estima-
tors for the log-normal distributiop = 3.50, 0= 0.32, and average Pareto
exponenta = 2.74 for years 1992002.

For comparison, average values of power low expouaeior personal
income distributions in Japan, UK, and USA arediwihg: Japan (1887-
1998) a=2.0 (Suoma, 2001, pp. 463-470), UK (1994-1999):+2.3,
US (1998): 1. 0.1 (Yakovenko & Dragulescu, 2001, pp. 213-22h) a
US (1983-2001): 1.4 1.8 (Silva & Yakovenko, 2005, pp. 304-310).

The studies of Clementi and Gallegati based onreegwn household
data are the most similar ones to our work. Thet®axponent for Poland
(2004-2012) obtained within our studies has the valuakafut 2.8 and is
similar to that for Italy (2002) which is equal ®7. At the same time,
a dispersion of the log-incomes in the low-middéetf the distribution in
is significantly larger for Poland. The value @is equal to 0.6 for Poland
(2004), while it is 0.32 for Italy (2002). The Parexponent for Poland is
higher than that for Germany (on average below &) significantly low-
er thana for UK (on average above 4.0). To summarize, incanequali-
ties for the highest incomes at the beginning ef XiXI centaury were at
the same level in Poland and in Italg € 0.22). At the same time, they
were significantly lower than in German@ € 0.33) and higher than in the
UK (G=0.14).
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Conclusions

The income distributions of Polish households i04012 were studied
in this paper. It has evaluated an agreement vath df three models of
incomes: log-normal, Dagum, and Singh-Maddala. bweest goodness-
of-fits were observed for lognormal model, while thest fits were for the
Dagum one. None of the analyzed models were abiesoribe the distri-
butions in their whole ranges with sufficiently higrecision. The biggest
discrepancies were observed in right tail-endfiefdistributions.

The Dagum model describes almost the whole rangkeoincome dis-
tributions in the majority of years, unexplainedstare short. That's why
the tails cannot be described with sufficientlyhijarecision by the Pareto
model. The Power law exponents are not stablaria ind have relatively
big errors.

The lognormal models with power law tails are urextpdly stable
throughout all years. This two-part model will beabyzed in future studies.
The method of estimation of the four-parameter rhofithe form:

(Inx- /1)
f(x) O xaF ﬁ{ J for x<9o

ad¥x 91 for x>0

will be investigated. The boundary between two faliaa d will be evaluat-
ed together with the remaining parameters basethe@m®empirical data. It
seems the two above formulas could be merged icohe model. The
values of derivatives of both functions @ashould be equal to each other.
This would yield to the smooth transition from ditemula to the other.
There are no actual results of income studies fmyrEuropean countries.
To fill this gap, the wide and detailed analysisbépes of the income dis-
tributions in European countries will be performed.
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Table 2. Estimations of the lognormalK), Dagum D), and Singh-MaddalzS{)
models. There are standard errors of the parametimators in the brackets. The
symbolsy, oare the parameters of the lognormal model

Year M odel a(y B(o) J R? Xm F(Xm)
LN (g:(l)gz) (8:835) 0995 3159 0.983
2004 D (8735'1(; (g:ggg) (8:(7)%) 0998  59.04 0.997
o S B R s owe
LN (g:égg) (8:382) 0995  29.83 0.979
2005 D (112182%% (g:égg) (8:(7&2) 0996  72.26 0.999
o 58 B R e wm o
LN (g:(z)gg) (8:33% 0996  33.10 0.981
2006 D (11212393 (g:ggi) (8:212) 0997 10240 >0.999
o b8 B8 B e om
LN (g:ggg) (8:(5)32) 0996  27.47 0.956
2007 D (11%%‘?'3(; (g:(l)fg) (8:3%) 0998 4211 0.987
o S AR A e wm oo
LN (g:ggg) (8:382) 0996  32.36 0.962
2008 D (";%‘.38) (g:gig) (8:383) 0999  103.10 0.999
S MR e am om
LN (g:ggg) (8:(5)82) 0995  33.35 0.954
2009 D (21%?.30) (8:8‘1%) (8:812) 0998 9581 0.998
S S Am e e oo
LN (g:gé‘j) (8:‘382) 0996  34.64 0.949
2010 D %gé%? (g:g‘ﬁ) (8:88% 0999  73.30 0.995
w S S MR e o oms
LN (g:ggg) (8:382) 0994 3675 0.952
2011 D (52%01?5(; (g:gg) (8:882) 0999  80.34 0.996
v 0.0004 2836 1217 o0 anes 0960

(< 10% (0.009) (0.016)




Table 2. Continued

Year Model a(y) B(0) ) R® X F (Xm)
2.707 0.557
LN 0003  (0.002) 0.992 40.27 0.959
7823.0 3.222 0.814
2012 D (567.3) (0.022) (0.010) 0.998 47.70 0.976
M 0.0004 2.753 1.386 0.998 40.27 0.959

(< 10% (0.012) (0.026)

Source: own calculation based on the HBS microdata.

Table 3. Estimations of the Pareto model. Values of limitshave been set for
lognormal model. Values, indicate standard errors of parameters’ estimators

Year Xm a Sa R?

2004 31.59 3.036 0.008 0.996
2005 29.83 2.887 0.006 0.996
2006 33.10 2.865 0.004 0.998
2007 27.47 2.669 0.003 0.998
2008 32.36 2.649 0.007 0.989
2009 33.35 2.928 0.003 0.998
2010 34.64 2.732 0.008 0.983
2011 36.75 2.911 0.005 0.994
2012 40.27 2.761 0.005 0.996

Source: own calculations based on the HBS data.

Table 4. Estimations of the Pareto model. Values of limitshave been set for
Dagum model. Values, indicate standard errors of parameters’ estimators

Year Xm a Sa R?

2004 59.04 3.205 0.043 0.983
2005 72.26 2.542 0.046 0.984
2006 102.40 2.252 0.060 0.986
2007 42.11 2.567 0.085 0.994
2008 103.10 1.756 0.050 0.960
2009 95.81 2.438 0.040 0.979

2010 73.30 1.902 0.026 0.963




Table 4. Continued

Year Xm a Sa R?
2011 80.34 2.747 0.036 0.969
2012 47.70 2.714 0.007 0.994

Source: own calculations based on the HBS data.

Figure 1. Complementary cumulative density functions of thgnlormal, Dagum
and Singh-Maddala models for years: 2007, 2009201® in log-log scale. The
horizontal axis: annual income in thousands PLM, tartical axis: percentage of

the households
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Figure 1. Continued
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Source: own preparation based on the HBS data.

Figure 2. Tails of income distributions and Pareto modelfiits 2008, 2009, 2010
and 2011 in log-log scale. Values of limigs have been set for lognormal model.
The horizontal axis: annual income in thousands RhB vertical axis: percentage
of the households
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Source: own preparation based on the HBS data.



Figure 3. Tails of income distributions and fits of Paretodabfor 2008, 2009,
2010 and 2011 in log-log scale. Values of limitshave been set for Dagum mod-
el. The horizontal axis: annual income in thousaRd$l, the vertical axis: per-
centage of the households
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Source: own preparation based on the HBS data.

Figure 4. Changes of valueg ando estimators of parameters for 2004—2012 years
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Source: own preparation based on the HBS data.





