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1. INTRODUCTION

 By a financial asset we understand an authorization to receive a future finan-
cial revenue, payable to a certain maturity. The value of this revenue is inter-
preted as anticipated future value (FV) of the asset. According to the uncertainty 
theory (von Mises, 1962; Kaplan, Barish, 1967), any unknown future state 
is uncertain. This uncertainty stems from of our lack of knowledge about the 
future. Yet, in the researched case, we can point out this particular time in the 
future, in which the considered income value will be already known to the ob-
server. After Kolmogorov (1933, 1956), von Mises (1957), Lambalgen (1996), 
Sadowski (1976, 1980), Czerwiński (1960, 1969), Caplan (2001) we will accept 
this as a sufficient condition for modelling the uncertainty with probability. All this 
leads to a conclusion that FV is a random variable. 
 The main focus of following research is present value (PV), defined as a pre-
sent equivalent of a payment available in a given time in the future. PV of future 
cash flows is widely accepted to be an approximate value, with fuzzy numbers 
being one of the main tools of its modelling. Ward (1985) defined fuzzy PV as 
a discounted fuzzy forecast of a future cash flow’s value. Fuzzy numbers were 
introduced into financial arithmetic by Buckley (1987). As a result, Ward’s defi-
nition was then further generalized by Greenhut et. al (1995), Sheen (2005) and 
Huang (2007), who expands Ward's definition to the case of a future cash flow 
given as a fuzzy variable. More general definition of fuzzy PV was proposed by 
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Tsao (2005), who assumes that future cash flow can be treated as a fuzzy 
probabilistic set. All those authors depict PV as a discounted, imprecisely esti-
mated future cash flow. A different approach was given by Piasecki (2011, 
2014), where fuzzy PV was estimated by a current market value of the financial 
asset.  
 Piasecki (2011) showed that if the PV of an asset is a fuzzy real number, then 
its return rate is a fuzzy probabilistic set (Hirota, 1981). Works of Buckley (1987), 
Gutierrez (1989), Kuchta (2000) and Lesage (2001) have previously proved the 
sensibility of using triangular or trapezoidal fuzzy numbers as a fuzzy financial 
arithmetic tool.  
 In Siwek (2015) two cases of a simple two-asset portfolio with fuzzy triangular 
and trapezoidal present value were researched. After Markowitz (1952), both 
articles assume normal distribution of simple return rates, with fuzzy expected 
return rate being the main tool of an asset assessment. Nonetheless, the results 
of performed research were highly complicated in forms of energy and entropy 
measures for the portfolio expected return rate, which made it difficult to contin-
ue researching the topic. 
 In Piasecki, Siwek (2017) an alternative approach is suggested to solve the 
problem researched in Siwek (2015). The fuzzy discount factor is used for ap-
praising the financial instrument with triangular fuzzy PV. Regretfully, entropy 
measure of an arbitrary triangular fuzzy number is constant, which makes it diffi-
cult to analyze the impact of the diversification on imprecision of a portfolio as-
sessment. On the other hand, trapezoidal fuzzy numbers do not have this disad-
vantage. Thus, the main purpose of presented article is to generalize these re-
sults to the case where PVs of portfolio assets are given by trapezoidal fuzzy 
numbers. In addition, in our considerations, the two-asset portfolio will be re-
placed with a more general multiple asset portfolio. This way we can extend the 
possibility of managing the risk burdening a multi-asset portfolio, constructed 
with use of an imprecise information stemming from present value of component 
assets. 
 

2. ELEMENTS OF FUZZY NUMBER THEORY 
 
 By ℱ(ℝ) we denote a family of all fuzzy subsets of a real line ℝ. Dubois, Pra-
de (1979) define a fuzzy number as a fuzzy subset ܭ ∈ ℱ(ℝ), represented by 
membership function ߤ௄ ∈ ሾ0; 1ሿℝ which4 satisfies following conditions 
 

 ∃௫∈ℝ ߤ௄(ݔ) = 1, (1)

                      
4 Symbol ሾ0; 1ሿℝ denotes the family of all function from the real line ℝ into the interval ሾ0,1ሿ. 
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 ∀(௫,௬,௭)∈ℝయ:  ݔ ≤ ݕ ≤ ݖ ⟹ (ݕ)௄ߤ ൒ minሼߤ௄(ݔ), ሽ. (2)(ݖ)௄ߤ
 
 The set of all fuzzy numbers will be denoted as ॲ. Arithmetic operations on 
fuzzy numbers were defined by Dubois, Prade (1978). By ⊚ we denote the ordi-
nary arithmetic operation ∘ generalized to the case of fuzzy numbers. According 
to the Zadeh's Extension Principle (Zadeh, 1965), a sum of fuzzy numbers ܭ, ܮ ∈  ॲ  represented by their corresponding membership functions ߤ௄, ௅ߤ ∈ሾ0; 1ሿℝ is a fuzzy subset 
 

ܯ  = ܭ ⊕ (3) ܮ
 
described by its membership function ߤெ ∈ ሾ0; 1ሿℝ 
 

(ݖ)ெߤ  = supሼߤ௄(ݔ) ∧ ݖ)௅ߤ − ݔ :(ݔ ∈ ℝሽ. (4)
 
 The sum of the sequence ሼܭ௜ሽ௜ୀଵ௡ ⊂ ॲ we denote by 
 

 ⊕௜ୀଵ௡ ௜ܭ = ଵܭ ⊕ ଶܭ ⊕ … ⊕ ௡. (5)ܭ
 
 Analogously, the multiplication of a real number ݕ ∈ ℝା and a fuzzy number ܭ ∈ ॲ represented by membership function ߤ௄ ∈ ሾ0; 1ሿℝ is a fuzzy subset 
 

 ܰ = ݕ ⊙ (6) ܭ
 
described by its membership function ߤே ∈ ሾ0; 1ሿℝ  
 

(ݖ)ேߤ  = ௄ߤ ൬ݕݖ൰. (7)

 
 Moreover, if ݕ = 0, then the multiplication (6) is equal to zero. The class of 
fuzzy real numbers is closed under the operations (3) and (6). Our further re-
search will be limited to the case of fuzzy numbers with bounded support. 
 Fuzzy numbers are widely used for modeling assessments or estimations of 
a parameter given imprecisely. After Klir (1993) we understand imprecision as 
a superposition of ambiguity and indistinctness of information. Ambiguity can be 
interpreted as a lack of a clear recommendation between one alternative among 
various others. Indistinctness is understood as a lack of explicit distinction be-
tween recommended and not recommended alternatives. An increase in infor-
mation imprecision makes it less useful and therefore it is logical to consider the 
problem of imprecision assessment. 
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 We measure the ambiguity of a fuzzy number by applying the Khalili’s meas-
ure (1979) to the energy measure ݀: ℱ(ℝ) →  ℝ଴ା  defined by de Luca, Termi- 
ni (1979). For an arbitrary fuzzy number ܭ ∈ ॲ , with membership function ߤ௄ ∈ ሾ0; 1ሿℝ we have 
 

(ܭ)݀  = න ାஶݔ݀(ݔ)௄ߤ
ିஶ . (8)

 
 The indistinctness of an arbitrary fuzzy number can be measured by its entro-
py ݁: ℱ(ℝ) → ℝ଴ା, also defined by de Luca, Termini (1972) and in form given by 
Kosko (1986). For an arbitrary fuzzy number ܭ ∈ ॲ we have 
 

(ܭ)݁  = ܭ)݀ ∩ ܭ)஼)݀൫ܭ ∪ (஼ܭ ∩ ॺ(ܭ)൯, (9)

 
where ॺ(ܭ) = ሼݔ ∈ ℝ: ߤ௄(ݔ) > 0ሽ. 
 
 The main focus of this study is a trapezoidal fuzzy number. The fuzzy number ܶݎ)ݎ, ,ݏ ,ݐ ,ݎdefined for a non-decreasing sequence ሼ ,(ݑ ,ݏ ,ݐ ሽݑ ⊂ ℝ with a mem-
bership function ߤ(∙ ,ݎ| ,ݏ ,ݐ (ݑ ∈ ሾ0,1ሿℝ given by the formula 
 

,ݎ|ݔ)ߤ  ,ݏ ,ݐ (ݑ =
۔ۖۖەۖۖ
ۓ 0           for         ݔ < ݔ,ݎ − ݏݎ − ݎ     for    ݎ ≤ ݔ < ݏ     for             1,ݏ ≤ ݔ ≤ ݔ,ݐ − ݐݑ − ݑ      for     ݐ < ݔ ≤ ݔ          for           0,ݑ > ,ݑ

 (10)

 
is a trapezoidal fuzzy number.  
 
 For any arbitrary pair of trapezoidal fuzzy numbers, ܶݎ)ݎଵ, ,ଵݏ ,ଵݐ  (ଵݑ
and ܶݎ)ݎଶ, ,ଶݏ ,ଶݐ ,ܽ ଶ) andݑ ܾ ∈ ℝ଴ା we have: 
 

ଵݎܽ)ݎܶ  + ,ଶݎܾ ଵݏܽ + ,ଶݏܾ ଵݐܽ + ,ଶݐܾ ଵݑܽ + (ଶݑܾ = = ൫ܽ ⊙ ,ଵݎ)ݎܶ ,ଵݏ ,ଵݐ ଵ)൯ݑ ⊕ ൫ܾ ⊙ ,ଶݎ)ݎܶ ,ଶݏ ,ଶݐ ଶ)൯, (11)ݑ

 

 ݀൫ܶݎ)ݎଵ, ,ଵݏ ,ଵݐ ଵ)൯ݑ = 12 ଵݑ) + ଵݐ − ଵݎ − ଵ), (12)ݏ

 

 ݁൫ܶݎ)ݎଵ, ,ଵݏ ,ଵݐ ଵ)൯ݑ = ଵݏ − ଵݎ + ଵݑ − ଵݏ−ଵݐ − ଵݎ3 + ଵݑ3 + ଵ. (13)ݐ
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3. RETURN RATE FROM A FINANCIAL ASSET 
 
 All calculations in this article are performed for a fixed time ݐ > 0. We use 
simple return rates ݎ௧ defined as 
 

௧ݎ  = ௧ܸ − ଴ܸ଴ܸ , (14)

 
where: 
 —  ௧ܸ is a FV described by random variable ෨ܸ௧: Ω → ℝ; —  ଴ܸ is a PV assessed precisely or approximately. 
 
 Variable FV is described by a relation  
 

 ෨ܸ௧(߱) = ሙܥ ∙ ൫1 + ௧(߱)൯, (15)ݎ̃
 
where the simple return rate ̃ݎ௧: Ω → ℝ is determined for PV equal to the market 
price ܥሙ. After Markowitz (1952) we assume that ̃ݎ rate has a normal probability 
distribution ܰ(̅ݎ,  .(ߪ
 
 Moreover, in the researched case we assume that the PV is estimated by 
a trapezoidal fuzzy number ܶݎ൫ܥሙ௠௜௡, ,∗ሙܥ ,∗ሙܥ ,ሙ௠௔௫൯ܥ  determined by membership 
function ߤ ∈ ሾ0,1ሿℝ described by (10). This condition was initially introduced by 
Kuchta (2000) and applied in Siwek (2015). Parameters of the trapezoidal fuzzy 
number ܶݎ൫ܥሙ௠௜௡, ,∗ሙܥ ,∗ሙܥ  :ሙ௠௔௫൯ are interpreted as followsܥ
 
 ,ሙ is the market priceܥ —
ሙ௠௜௡ܥ — ∈ ൧0,  ,ሙ൧ is the maximal lower bound of PVܥ
,ሙܥൣ ሙ௠௔௫ܥ — +∞ൣ is the minimal upper bound of PV, 
∗ሙܥ — ∈ ,ሙ௠௜௡ܥൣ ሙ൧ is the minimal upper assessment of prices visibly lower thanܥ

the market price ܥሙ, 
∗ሙܥ — ∈ ,ሙܥൣ ሙ௠௔௫൧ is the maximal lower assessment of prices visibly higher thanܥ

the market price ܥሙ. 
 
 Methods of determining parameters ܥሙ௠௜௡,  ሙ௠௔௫ are given in Piasecki, Siwekܥ
(2015). These parameters are non-negative. 
 According to the Zadeh's Extension Principle, a simple return rate for PV giv-
en as a trapezoidal fuzzy number is a fuzzy probabilistic set with membership 
function ߩ෤ ∈ ሾ0; 1ሿℝൈஐ   
 

,ݎ)෤ߩ  ߱) = sup ቊߤ൫ݔหܥሙ௠௜௡; ;∗ሙܥ ;∗ሙܥ :ሙ௠௔௫൯ܥ ݔ = ෨ܸ௧(߱)1 + ݎ , ݔ ∈ ℝቋ = (16)
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 = ߤ ቀ௏෩೟(ఠ)ଵା௥ ቚܥሙ௠௜௡; ;∗ሙܥ ;∗ሙܥ ሙ௠௔௫ቁܥ = ߤ ቀܥሙ ଵା௥̃೟(ఠ)ଵା௥ ቚܥሙ௠௜௡; ;∗ሙܥ ;∗ሙܥ  .ሙ௠௔௫ቁܥ

 
 According to (10), formula (16) can be transformed into  
 

,ݎ)ߩ  ߱) =
ەۖۖۖ
۔ۖۖ
ሙܥۓۖۖۖ 1 + ௧(߱)1ݎ̃ + ݎ − ∗ሙܥሙ௠௜௡ܥ − ሙ௠௜௡ܥ ,    for   ܥሙ௠௜௡ ≤ ሙܥ 1 + ௧(߱)1ݎ̃ + ݎ < ∗ሙܥ     ሙ∗,1,                                        forܥ ≤ ሙܥ 1 + ௧(߱)1ݎ̃ + ݎ < ሙܥ,∗ሙܥ 1 + ௧(߱)1ݎ̃ + ݎ − ∗ሙܥሙ௠௔௫ܥ − ሙ௠௔௫ܥ ,   for      ܥሙ∗ < ሙܥ 1 + ௧(߱)1ݎ̃ + ݎ ≤ ሙܥ      ሙ௠௔௫,0,            forܥ 1 + ௧(߱)1ݎ̃ + ݎ > ,ሙ௠௔௫ܥ ሙܥ 1 + ௧(߱)1ݎ̃ + ݎ < .ሙ௠௜௡ܥ

 (17)

 
 Thus, the expected return rate ܴ ∈ ॲ is a fuzzy number with membership func-
tion ߩ ∈ ሾ0,1ሿℝ:  
 

(ݎ)ߩ  =
ەۖۖ
۔ۖۖ
ሙܥۓۖۖ 1 + 1ݎ̅ + ݎ − ∗ሙܥሙ௠௜௡ܥ − ሙ௠௜௡ܥ ,    for   ܥሙ௠௜௡ ≤ ሙܥ 1 + 1ݎ̅ + ݎ < ∗ሙܥ     ሙ∗,1,                                forܥ ≤ ሙܥ 1 + 1ݎ̅ + ݎ < ሙܥ,∗ሙܥ 1 + 1ݎ̅ + ݎ − ∗ሙܥሙ௠௔௫ܥ − ሙ௠௔௫ܥ ,   for      ܥሙ∗ < ሙܥ 1 + 1ݎ̅ + ݎ ≤ ሙܥ       ሙ௠௔௫,0,            forܥ 1 + 1ݎ̅ + ݎ > ,ሙ௠௔௫ܥ ሙܥ 1 + 1ݎ̅ + ݎ < .ሙ௠௜௡ܥ

 (18)

 
 The expected discount factor ߭̅ calculated using the return rate ̅ݎ is given by 
identity 
 

 ߭̅ = 11 + (19) ݎ̅

 
which is its definition. Therefore, the function ߜ ∈ ሾ0; 1ሿℝ described by 
 

(ݒ)ߜ  = ߜ ൬ 11 + ൰ݎ = (20) (ݎ)ߩ 

 
is a membership function of the expected discount factor ܦ ∈ ॲ calculated using 
the expected return rate ܴ ∈ ॲ. Combining both (18) and (20) we get 
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(ݒ)ߜ  =
ەۖۖۖ
۔ۖ
ۓۖۖ ݒሙܥ − ∗ሙܥݒሙ௠௜௡̅ܥݒ̅ − ሙ௠௜௡ܥݒ̅       for       ̅ܥݒሙ ሙ௠௜௡ܥ ≤ ݒ ≤ ሙܥݒ̅ ሙܥݒ̅      ሙ∗, 1                            forܥ ∗ሙܥ < ݒ < ሙܥݒ̅ ݒሙܥ,∗ሙܥ  − ∗ሙܥ ݒሙ௠௔௫̅ܥݒ̅ − ሙ௠௔௫ܥݒ̅     for      ̅ܥݒሙ ∗ሙܥ  < ݒ ≤ ሙܥݒ̅ ሙܥݒ̅      ሙ௠௔௫,       0                      forܥ ሙ௠௔௫ܥ < ,ݒ ݒ < ሙܥݒ̅ .ሙ௠௜௡ܥ

 (21)

 
 One can see that the expected fuzzy discount factor stated above is also 
a trapezoidal fuzzy number ܶݎ ቀܥሙ௠௜௡ ௩ത஼ሙ , ∗ሙܥ ௩ത஼ሙ , ∗ሙܥ ௩ത஼ሙ , ሙ௠௔௫ܥ ௩ത஼ሙቁ.  
 An increase in ambiguity of expected discount factor ܦ ∈ ॲ suggests a higher 
number of alternative recommendations to choose from. This may result in mak-
ing a decision, which will be ex post associated with a profit lower than maximal, 
that is with a loss of chance. This kind of risk is called an ambiguity risk. The 
ambiguity risk of ܦ is measured by energy measure ݀(ܦ). 
 An increase in the indistinctness of ܦ, on the other hand, suggests that the 
differences between recommended and not recommended decision alterna-
tives are harder to differentiate. This leads to an increase in the indistinctness 
risk, that is in the risk of choosing a not recommended option. The indistinct-
ness risk of an expected discount factor ܦ is measured by entropy measure ݁(ܦ). Imprecision risk consists of both ambiguity and indistinctness risk, com-
bined.  
 From (15) we have that the return rate is a function of the future value of an 
asset, which is uncertain, since we don’t know the future state of the world. Be-
cause of this, the investor is not sure whether they will gain or lose from the de-
cision made. With the increase in uncertainty, the risk of making a wrong deci-
sion is higher. Here, uncertainty risk of a return rate will be measured by its vari-
ance ߪଶ. 
 As compared to energy and entropy measures of a return rate form a portfolio 
with component assets given imprecisely by a triangular or trapezoidal fuzzy 
number (Siwek, 2015), the simplicity of those measures calculated for discount 
factors encourages their use in analyzing portfolios burdened with imprecision. 
The criterion of minimizing the discounting factor may then substitute the criteri-
on of return rate maximization, with same theoretical conclusions. 

 
4. MULTI-ASSET PORTFOLIO 

 
 By a financial portfolio we will understand an arbitrary, finite set of financial 
assets. Each of this assets is characterized by its assessed PV and anticipated 
return rate.  
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 Let us consider the case of a multi-asset portfolio ߨ, consisting of financial 
assets ௜ܻ  (݅ = 1,2, … , ݊). The PV of assets ௜ܻ   is estimated by fuzzy trapezoidal 
number ܶݎ൫ܥሙ௠௜௡(௜) , ,ሙ∗(௜)ܥ ,ሙ∗(௜)ܥ ሙ௠௔௫(௜)ܥ ൯ where parameters are given as follows: 
 
 ,ሙ(௜) is the market priceܥ —
ሙ௠௜௡(௜)ܥ — ∈ ൧0,  ,ሙ(௜)൧ is the maximal lower bound of PVܥ
ሙ௠௔௫(௜)ܥ — ,ሙ(௜)ܥൣ ∋ +∞ൣ is the minimal upper bound of PV, 
ሙ∗(௜)ܥ — ∈ ሙ௠௜௡(௜)ܥൣ , ሙ(௜)൧ is the minimal upper assessment of prices visibly lowerܥ

than the market price ܥሙ(௜), 
ሙ∗(௜)ܥ — ∈ ,ሙ(௜)ܥൣ ሙ௠௔௫(௜)ܥ ൧ is the maximal lower assessment of prices visibly higher

than the market price ܥሙ(௜) . 
 
 We assume that for each security ௜ܻ we know the simple return rate ̃ݎ௧௜: Ω → ℝ 
appointed by (14) for the PV equal to the market price ܥሙ(௜) . After Markowitz 
(1952) we assume that the ݊-dimensional variable (̃ݎ௧ଵ,̃ݎ௧ଶ, … , -௧௡)் has a cumulaݎ̃
tive normal distribution ܰ(ത࢘, ઱) where ത࢘ = ,ଵݎ̅) ,ଶݎ̅ … ,  ௡)். We appoint an expectedݎ̅
discount factor of security ௜ܻ: 
 

(௜)ܦ  = ݎܶ ൬ܥሙ௠௜௡(௜) ሙ(௜)ܥ௜ݒ̅ , ,ሙ∗(௜)ܥ ሙ∗(௜)ܥ ሙ(௜)ܥ௜ݒ̅ , ሙ௠௔௫(௜)ܥ ሙ(௜)൰, (22)ܥ௜ݒ̅

 
where ̅ݒ௜ is an expected discount factor appointed using the expected return rate ̅ݎ௜. According to (12), the energy measure of ܦ(௜) is given by 
 

 ݀൫ܦ(௜)൯ = ሙ௜ܥపഥ2ݒ ൫ܥሙ∗(௜) + ሙ௠௔௫(௜)ܥ − ሙ௠௜௡(௜)ܥ − ሙ∗(௜)൯, (23)ܥ

 
and from (13), the entropy measure of a discounting factor can be calculated as 
 

 ݁൫ ܦ(௜)൯ = ሙ∗(௜)ܥ − ሙ௠௜௡(௜)ܥ + ሙ௠௔௫(௜)ܥ − ሙ∗(௜)ܥ−ሙ∗(௜)ܥ − ሙ௠௜௡(௜)ܥ3 + ሙ௠௔௫(௜)ܥ3 + ሙ∗(௜). (24)ܥ

 
We have that the market value ܥሙ (గ)of a portfolio ߨ is equal to 

 
ሙ(గ)ܥ  = ∑ ሙ(௜)௡௜ୀଵܥ . (25)

 
Share ݌௜ of an instrument ௜ܻ in the portfolio ߨ is given by 

 

௜݌  = ሙ(గ). (26)ܥሙ(௜)ܥ

 
We denote ࢖ഥ = ,ଵ݌) ,ଶ݌ … ,  equals ݎ̅ ௡)். Then expected portfolio return rate݌
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ݎ̅  = ഥ்࢖ ത࢘. (27)
 

As for the present value of the portfolio, according to (11) it is also a trapezoi-
dal fuzzy number  
 

 
ܸܲ(గ) = ݎܶ ൬෍ ሙ௠௜௡(௜)௡௜ୀଵܥ , ෍ ሙ∗(௜)௡௜ୀଵܥ , ෍ ሙ∗(ଵ)௡௜ୀଵܥ , ෍ ሙ௠௔௫(௜)௡௜ୀଵܥ ൰ = 

ሙ௠௜௡(గ)ܥ൫ݎܶ=  , ,ሙ∗(గ)ܥ ,ሙ∗(గ)ܥ ሙ௠௔௫(గ)ܥ ൯. 
(28)

 
By (20), one can calculate the fuzzy expected discount factor of the port- 

folio ߨ: 
 

(గ)ܦ  = ݎܶ ൬ܥሙ௠௜௡(గ) ሙ(గ)ܥݒ̅ , ሙ∗(గ)ܥ ሙ(గ)ܥݒ̅ , ሙ∗(గ)ܥ ሙ(గ)ܥݒ̅ , ሙ௠௔௫(గ)ܥ ሙ(గ)൰, (29)ܥݒ̅

 
where ̅ݒ is a discounting factor calculated for expected return rate ̅ݎ. We have 
 

 
ݒ1̅ = ෍ ௜௡௜ୀଵݒ௜̅݌ , (30)

 
from which we obtain: 
 

ݒ̅  = ൬෍ ௜௡௜ୀଵݒ௜̅݌ ൰ିଵ = ൬෍ ௜௡௜ୀଵݒ௜̅݌ ൰ିଵ ෍ ௜௡௜ୀଵ݌ = ൬෍ ௜௡௜ୀଵݒ௜̅݌ ൰ିଵ ෍ ௜ݒ௜̅݌ ௜௡௜ୀଵݒ̅ , (31)

 

 

ሙ(గ)ܥݒ̅ ሙ௠௜௡(గ)ܥ = ሙ(గ)ܥݒ̅ ෍ ሙ௠௜௡(௜)௡௜ୀଵܥ = ݒ̅ ෍ ௜݌ ሙ(௜)௡௜ୀଵܥሙ௠௜௡(௜)ܥ = 

= ൬෍ ௜௡௜ୀଵݒ௜̅݌ ൰ିଵ ෍ ௜ݒ௜̅݌ ൭̅ݒ௜ ሙ(௜)ܥሙ௠௜௡(௜)ܥ ൱௡௜ୀଵ , (32)

 

 

ሙ(గ)ܥݒ̅ ሙ∗(గ)ܥ = ሙ(గ)ܥݒ̅ ෍ ሙ∗(௜)௡௜ୀଵܥ = ݒ̅ ෍ ௜݌ ሙ(௜)௡௜ୀଵܥሙ∗(௜)ܥ = 

= ൬෍ ଵ௡௜ୀଵݒଵ̅݌ ൰ିଵ ෍ ௜ݒ௜̅݌ ൭̅ݒ௜ ሙ(௜)൱ܥሙ∗(௜)ܥ ,௡௜ୀଵ  
(33)

 

 

ሙ(గ)ܥݒ̅ ሙ∗(గ)ܥ = ሙ(గ)ܥݒ̅ ෍ ሙ∗(௜)௡௜ୀଵܥ = ݒ̅ ෍ ௜݌ ሙ(௜)௡௜ୀଵܥሙ∗(௜)ܥ = 

= ൬෍ ௜௡௜ୀଵݒ௜̅݌ ൰ିଵ ෍ ௜ݒ௜̅݌ ቆ̅ݒଵ ሙ(௜)ܥሙ∗(௜)ܥ ቇ௡௜ୀଵ , (34)
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ሙ(గ)ܥݒ̅ ሙ௠௔௫(గ)ܥ = ሙ(గ)ܥݒ̅ ෍ ሙ௠௔௫(௜)௡௜ୀଵܥ = ݒ̅ ෍ ௜݌ ሙ(௜)௡௜ୀଵܥሙ௠௔௫(௜)ܥ = 

= ൬෍ ௜௡௜ୀଵݒ௜̅݌ ൰ିଵ ෍ ௜ݒ௜̅݌ ൭̅ݒ௜ ሙ(௜)ܥሙ௠௔௫(௜)ܥ ൱ .௡௜ୀଵ  
(35)

 
 From the formulas given above, we can rewrite the fuzzy discount factor as 
 

(గ)ܦ  = ൬෍ ௜௡௜ୀଵݒ௜̅݌ ൰ିଵ ⊙ ൬⊕௜ୀଵ௡ ௜ݒ௜̅݌ ⊙ ൰. (36)(௜)ܦ

 
 From (12) and (36), we obtain that the energy measure of an expected dis-
counting factor ܦ ∈ ॲ is a linear combination of energy measures calculated for 
each of component assets 
 

 ݀൫ܦ(గ)൯ = ൬෍ ௜௡௜ୀଵݒ௜̅݌ ൰ିଵ ෍ ௜ݒ௜̅݌ ݀൫ܦ(௜)൯௡௜ୀଵ . (37)

 
 The relation above suggests that the energy of a fuzzy expected discount 
factor of a portfolio ߨ is, in fact, a linear combination of weighted energies of 
those factors calculated for its components. The weights calculated for the 
assets ௜ܻ  increase with their shares in the portfolio and, respectively, de-
crease with the value of their discount factor ̅ݒ௜. This fact leads to a conclu-
sion, that when trying to minimize the ambiguity risk of a portfolio, one should 
focus on minimizing the ambiguity of component assets, which are character-
ized by the highest expected return rates. On the other hand, the shares of an 
asset in the whole portfolio are, according to the theory, appointed post fac-
tum, by gathering available information on said assets. Condition (37) shows 
that, in the researched case, the portfolio diversification only ”averages” the 
risk of ambiguity. 
 According to (13), the entropy measure of expected discount factor is equal 
 

 ݁൫ܦ(గ)൯ = ሙ∗(గ)ܥ − ሙ௠௜௡(గ)ܥ + ሙ௠௔௫(గ)ܥ − ሙ∗(గ)ܥ−ሙ∗(గ)ܥ − ሙ௠௜௡(గ)ܥ3 + ሙ௠௔௫(గ)ܥ3 + ሙ∗(గ). (38)ܥ

 
 The variance of a portfolio return rate is calculated by  
 

ଶߪ  = ഥ. (39)࢖ഥ்઱࢖
 

By constructing a portfolio which minimizes the variance Markowitz proved 
that portfolio diversification can ”minimize” the uncertainty risk. 
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5. CASE STUDY 
 
 The portfolio ߨ  consists of financial assets ଵܻ  and ଶܻ . Anticipated vector (̃ݎ௧ଵ,  ௧ଶ)் of their simple return rates has two-dimensional normal distributionݎ̃
 ܰ ቀ(0.25,0.5)், ቂ  0.5 −0.1−0.1  0.4 ቃቁ. 
 
 For the asset ଵܻ with market price ܥሙ(ଵ) = 24, its PV is estimated by a trapezoidal 
fuzzy number ܶ18)ݎ, 23, 25, 37). Then according to (18), the fuzzy expected return 
rate from Yଵ is a fuzzy number ܴଵ ∈  ॲ given by membership function ߩଵ ∈ ሾ0,1ሿℝ 
 

(ݎ)ଵߩ  =
۔ۖەۖ
ۓ 61 + ݎ − 3.6,     for     0.67 ൒ ݎ > 0.30,1,                    for     0.30 ൒ ݎ > 0.20,−2,51 + ݎ + 3.08   for      0.20 > ݎ ൒ −0.19,0                     for       ݎ ∉ ሾ−0.19, 0.67ሿ.

 

 
 For the asset ଶܻ with market price ܥሙ(ଶ) = 69, its PV is estimated  by fuzzy trape-
zoidal number ܶ66)ݎ, 67, 70, 75) . Then according to (18),  the fuzzy expected 
return rate of ଶܻ is a fuzzy number ܴଶ ∈ ॲ with membership function ߩଶ ∈ ሾ0,1ሿℝ  
 

(ݎ)ଶߩ  =
۔ۖەۖ
103.51ۓ + ݎ − 66,    for     0.57 ൒ ݎ > 0.54,1,                    for     0.54 ൒ ݎ > 0.48,−20.71 + ݎ + 15    for      0.48 > ݎ ൒ 0.38,0                     for       ݎ ∉ ሾ0.38, 0.57ሿ.

 

 
 Membership functions for return rates of both assets are presented in figure 1. 
It is easy to see that the expected return rate is not a trapezoidal fuzzy number.  

Figure 1. Membership functions for expected return rates ܴଵ and ܴଶ 

 
Source: own study. 
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 Using the expected return rate ܴଵ  we may now appoint by means of (21) 
a fuzzy expected discount factor ܦ(ଵ) ∈ ॲ. We have 
 

(ଵ)ܦ  = ݎܶ ൬18 0.824 , 23 0.824 , 25 0.824 , 37 0.824൰ = ,0.6)ݎܶ 0.77, 0.83, 1.23). 
 
 According to (29), its energy measure equals 
 

 ݀൫ܦ(ଵ)൯ = 0,82 ∙ 24 (37 − 18 + 25 − 23) = 0.35. 
 
and from (30), the entropy measure has the value of 
 

 ݁൫ܦ(ଵ)൯ = 23 − 18 + 37 − 25−23 − 3 ∙ 18 + 3 ∙ 37 + 25 = 0.29. 
 
 The expected discount factor ܦ(ଶ) ∈ ॲ of the second asset calculated using ܴଶ 
equals 
(ଶ)ܦ  = ݎܶ ൬66 0,6769 , 67 0,6769 , 70 0,6769 , 75 0,6769 ൰ =  .(0.64,0.6,0.68,0.73)ݎܶ
 
 Also, its energy measure equals 
 

 ݀൫ܦ(ଶ)൯ = 0,672 ∙ 69 (75 − 66 + 70 − 67) = 0.06. 
 
and entropy measure has the value of 
 

 ݁൫ܦ(ଶ)൯ = 67 − 66 + 75 − 70−67 − 3 ∙ 66 + 3 ∙ 75 + 70 = 0.2. 
 
 The market price of portfolio ߨ is equal to 
 

ሙ(గ)ܥ  = 24 + 69 = 93. 
 
 Corresponding to (26), shares ݌ଵ  and ݌ଶ  of ଵܻ  and ଶܻ  in the portfolio ߨ  are 
equal 
 

ଵ݌  = ଶ݌   ,2493 = 6993. 
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 We can appoint the fuzzy expected discount factor ܦ(గ) ∈ ॲ of the portfolio ߨ. 
By (36), it is a fuzzy number of the form 
 

(గ)ܦ = ۈۉ
൮ቌۇ 24930.8 + 69930.67ቍିଵ ∙ 24930.8൲ ⊙ (ଵ)ܦ

ۋی
ۊ ⊕ 

⊕ ۈۉ
൮ቌۇ 24930.8 + 69930.67ቍିଵ ∙ 69930.67൲ ⊙ (ଶ)ܦ

ۋی
ۊ = 

= ൫0.2256 ⊙ ൯(ଵ)ܦ ⊕ ൫0.7744 ⊙ ൯(ଶ)ܦ = ,0.63)ݎܶ 0.68, 0.71, 0.84). 
 
 Its energy measure calculated by (37) equals 
 

 ݀൫ܦ(గ)൯ = 0.2256 ∙ 0.35 + 0.7744 ∙ 0.06 = 0.13. 
 
 Entropy measure can be calculated by (38) 
 ݁൫ܦ(గ)൯ = ݁൫ܶ0.63)ݎ, 0.68, 0.71, 0.84)൯ =  0.68 − 0.63 + 0.84 − 0.71− 0.68 − 3 ∙ 0.63 + 3 ∙ 0.84 + 0.71 = 0,27. 
 
 Let us note that we have 
 ൬݌ଵ̅ݒଵ + ଶ൰ିଵݒଶ̅݌ ቆ݌ଵ̅ݒଵ ݁൫ܦ(ଵ)൯ + ଶݒଶ̅݌ ݁൫ܦ(ଶ)൯ቇ = = 0.2256 ∙ 0.29 + 0.7744 ∙ 0.2 = 0.2203 ് 0,27 = ݁൫ܦ(గ)൯. 
 
 It implies that the portfolio entropy measure ݁൫ܦ(గ)൯ cannot be calculated simi-
larly to the portfolio energy measure ݁൫ܦ(గ)൯ by the linear combination (37). 
 We obtain following relations between the energy measure and entropy 
measure appointed for fuzzy expected discount factors of portfolio and its com-
ponents: 
 

(ଵܦ)݀  > ݀൫ܦ(గ)൯ >  ,(ଶܦ)݀
 

(ଵܦ)݁  > ݁൫ܦ(గ)൯ >  .(ଶܦ)݁
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 These inequalities show that the portfolio diversification can average the im-
precision risk. Moreover, using (39) we calculate the variance of a return rate 
from portfolio: 

 
ଶߪ  = 0.2175. 

 
 By increasing the number of assets in the portfolio, we can lower the vari-
ance (which approaches its limit with number of assets going to infinity). This 
means that creating a multi asset portfolio ߨ results in minimizing the uncer-
tainty risk. 
 Let us consider now any portfolio ߨ consisting of financial assets ଵܻ and ଶܻ. 
The contribution of the instrument ௜ܻ in the portfolio ߨ is equal to ݌௜. Then, ac-
cording to (36), the expected discount factor ܦ(గ) ∈ ॲ of the portfolio ߨ can be 
calculated in the following way 

(గ)ܦ  = ቀ ଵ0.8݌ + ଶ0.67ቁିଵ݌ ⊙ 

⊙ ൭ቆ ଵ0.8݌ ⊙ ,0.6)ݎܶ 0.77, 0.83, 1.23)ቇ ⊕ ቆ ଶ0.67݌ ⊙ ;0.64)ݎܶ 0.65; 0.68; 0.73)ቇ൱ = 

= ଵ݌0.67 ⊙ ,0.6)ݎܶ 0.77, 0.83, 1.23) ⊕ ଶ݌0.8 ⊙ ;0.64)ݎܶ 0.65; 0.68; ଵ݌0.667(0.73 + ଶ݌0.8 = 

= ଵ݌ ⊙ ,0.402)ݎܶ 0.5159, 0.5561,0.8241) ⊕ ଶ݌ ⊙ ,0.512,0.52)ݎܶ ଵ݌0.67( 0.544,0.584 + ଶ݌0.8 . 
 
 We see that the expected fuzzy discount factor of portfolio can be expressed 
as a combination of securities contributions and their expected fuzzy discount 
factors. In an analogous way the ambiguity risk may be evaluated because of 
the energy measure for this factor by (37) is given as follows: 

 ݀൫ܦ(గ)൯ = ቀ ଵ0.8݌ + ଶ0.67ቁିଵ݌ ቀ ଵ0.8݌ 0.35 + ଶ0.67݌ 0.06ቁ = ଵ0.35݌0.67 + ଵ݌ଶ0.060.67݌0.8 + ଶ݌0.8 = 

= ଵ݌0.2345 + ଵ݌ଶ0.67݌0.048 + ଶ݌0.8 . 
 
 Above we have shown that entropy measure ݁൫ܦ(గ)൯ cannot be expressed in 
analogous way. The last two equations can be applied to the mathematical pro-
graming task dedicated to portfolio optimization. 
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6. SUMMARY 
 
 The main purpose of this article was to analyse the possibility of managing the 
risk burdening a two-asset portfolio, built with use of an imprecise information 
stemming from present value of component assets. The imprecise present val-
ues were modelled with by trapezoidal fuzzy numbers. For this assumptions we 
have reached the following conclusions: 
— The portfolio diversification can lower uncertainty risk, 
— The portfolio diversification averages ambiguity risk, 
— The portfolio diversification can to average indistinctness risk. 
 The results obtained suggest, on one hand, that the portfolio diversification 
does not help in lowering the imprecision risk, but on the other hand, it also does 
not increase it. Thus, research suggests that there exist portfolios, which impre-
cision risk will not be minimized with portfolio diversification, and thus it is vital to 
create a new risk minimization problem, including all of the risk types. 
 The results obtained above encourage for their broader analysis. Further re-
search can focus on generalizing the representation of the present value to an 
arbitrary fuzzy number. Helpful here can be fundamental results obtained in 
Goetschel, Voxman (1986) and Stefaninia et al. (2006). 
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PORTFEL WIELOSKŁADNIKOWY 
Z TRAPEZOIDALNYMI ROZMYTYMI WARTOŚCIAMI BIEŻĄCYMI 

 
Streszczenie 

 
 Głównym celem niniejszego artykułu jest przedstawienie charakterystycznych 
cech portfela wieloskładnikowego w przypadku, kiedy bieżące wartości składni-
ków portfela są trapezoidalnymi liczbami rozmytymi. W ramach analizy portfelo-
wej jest wyznaczany rozmyty oczekiwany czynnik dyskonta i oceny ryzyka 
nieprecyzyjności. Dzięki temu pojawia się możliwość opisania wpływu dywersy-
fikacji portfela na ryzyko nieprecyzyjności. Przedstawione teoretyczne rozważa-
nia i uzyskane wnioski są poparte przykładem liczbowym. 
 Słowa kluczowe: portfel wieloskładnikowy, wartość bieżąca, trapezoidalna 
liczba rozmyta, czynnik dyskontowy 

 
MULTI-ASSET PORTFOLIO WITH TRAPEZOIDAL FUZZY 

PRESENT VALUES 
 

Abstract 
 
 The main purpose of the following paper is to present characteristics of 
a multi-asset portfolio in case of present values of composing financial instru-
ments being modelled by a trapezoidal fuzzy number. Throughout the analysis 
a fuzzy expected discount factor and imprecision risk assessments are calculat-
ed. Thanks to that, there arises a possibility to describe the influence of portfolio 
diversification on imprecision risk. Presented theoretical inference and obtained 
conclusions are supported by numerical example. 
 Keywords: multi-asset portfolio, present value, trapezoidal fuzzy number, 
discount factor 

 




