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Transportation problem (TP) is a special type of linear programming problem (LPP) where the 
objective is to minimize the cost of distributing a product from several sources (or origins) to some 
destinations. This paper addresses a transportation problem in which the costs, supplies, and demands 
are represented as heptagonal fuzzy numbers. After converting the problem into the corresponding crisp 
TP using the ranking method, a goal programming (GP) approach is applied for obtaining the optimal 
solution. The advantage of GP for the decision-maker is easy to explain and implement in real life 
transportation. The stability set of the first kind corresponding to the optimal solution is determined. 
A numerical example is given to highlight the solution approach. 

Keywords: transportation problem, heptagonal fuzzy numbers, ranking method, goal programming, par-
ametric study 

1. Introduction 

Transportation problem (TP) is a special type of linear programming (LP) problem 
where the objective is to minimize the cost of distributing product from m sources or 
origins to n distributions, and their capacities are 1 2, , ..., mu u u  and 1 2, , ..., ,nv v v  respec-
tively. In addition, there is a penalty ijc  associated with transportation a unit of product 
from source i to destination j. This penalty may be cost or delivery time of safety of 
delivery, etc. A variable ijx  represents the unknown quantity to be shipped from source 
i to destination  j. 
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One of the difficulties which occur in the application of mathematical programming 
is that the parameters in the problem formulation are not constants but fluctuating and 
uncertain. Transportation or shipping problem (TP) involves determining the number of 
goods or items to be transported from many sources to several destinations. TP is a spe-
cific case of linear programming (LP) problems and a special algorithm has developed 
to solve it. 

In many scientific areas such as system analysis and operator research, a model has 
to be set up using the data which is known only approximately. Fuzzy sets theory, in-
troduced by Zadeh [23], makes this possible. Fuzzy numerical data can be represented 
employing fuzzy subsets of the real line, known as fuzzy numbers. Dubois and Prade 
[5] extended the use of algebraic operations on real numbers to fuzzy numbers through fuzz-
ification principle. Bellman and Zadeh [2] introduced the concept of fuzzy set theory into 
the decision-making problem involving uncertainty and imprecision. Tanaka et al. [22] for-
mulate a fuzzy linear programming problem to obtain a reasonable solution under con-
sideration of the ambiguity of parameters. Gani and Abbas [6] proposed a new method 
for finding an optimal solution for intuitionistic fuzzy transportation problem (FTP) 
based on a new ranking method. Narayanamoorthy et al. [13] offer a new algorithm, 
called Russell’s method, for solving fuzzy TP. Senthilkumar and Vengataasalam [21] 
discussed and solved the fuzzy transportation problem with fuzzy quantities in two 
stages. Jaikumar [7] extends the approach introduced by Ahmed et al. [1] into fuzzified 
form to TP. Malini and Kennedy [10] studied TP with octagonal fuzzy numbers, using 
the ranking method. Kaur and Kumar [8] suggest a new method for solving FTPs by 
assuming that a decision-maker (DM) is uncertain about the cost coefficients, availabil-
ity, and demand of the product. Melita Vinoliah and Ganesan [12] give a new method 
for obtaining a good initial basic feasible solution of FTP in which all the costs, supplies, 
and demands are trapezoidal fuzzy numbers, without converting to classical TPs. 
Pathade and Ghadle [16] examine FTP with all of the cost, supply, and demand are 
octagonal fuzzy numbers. Ramesh Kumar and Subramanian [19] solved TP using the 
Robust ranking technique where demand and supply are represented in the trapezoidal 
fuzzy numbers. Mathur and Srivastava [11] discussed a new approach using hexagonal 
fuzzy numbers in TP with a fuzzy environment. Chhibber et al. [4] employed in centre 
of centroids to convert trapezoidal FTP of type 1 and type 2 both into crisp one, and 
hence resolved it by north-west corner technique to obtain the primary solution, and 
optimality it is checked through modified distribution method. Maheswari and Vijaya 
[9] developed a methodology for finding an initial basic feasible solution of FTP based 
on the ranking technique of trapezoidal fuzzy numbers using the centroid of incenters. 
Rathi and Balamohan [18] introduced a new form of non-normal fuzzy number named 
heptagonal fuzzy number and defined its arithmetic operations. 

In his earlier work, Osman [14] introduced the notions of the solvability set, the 
stability set of the first kind, and the stability set of the second kind, and analyzed these 
concepts for parametric convex non-linear programming problems. Osman and El- 
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-Banna [15] introduced the stability of multiobjective nonlinear programming problems 
with fuzzy parameters. 

In this paper, a goal programming approach is applied for solving the heptagonal 
fuzzy numbers transportation problem under budgetary constraint, and the stability set 
of the first kind corresponding to the obtaining solution is determined. 

The outlay of the paper was organized as follows: Section 2 presented some prelim-
inary considerations. Section 3 introduced the notation and indices involved in the prob-
lem formulation. Section 4 introduced a heptagonal fuzzy numbers transportation prob-
lem under budgetary constraint. Section 5 gave a solution procedure for obtaining 
a fuzzy optimal solution for the problem. Section 6 investigated a numerical example to 
illustrate the proposed approach. Finally, some concluding remarks have been reported 
in Section 7. 

2. Preliminaries 

In this section, the basic concepts and results related to fuzzy numbers, and heptag-
onal fuzzy numbers and some of the arithmetic operations are recalled [3, 17, 20]. 

Definition 1. A fuzzy set A  defined on the set of real numbers   is said to be fuzzy 
numbers if its membership function [ ]( ) : 0,1A xμ →   has the following property 

• ( )A xμ  is an upper semi-continuous membership function, 

• A is a convex fuzzy set, i.e., 

 ( ) { }(1 ) min (x), ( ) ; , ; 0 1A A Ax y y x yμ γ γ μ μ γ+ − ≥ ∀ ∈ ∀ ≤ ≤    , 
• A is normal, i.e., 0x∃ ∈  for which 0( ) 1,A xμ =  

• { }Supp( ) : ( ) 0AA x xμ= ∈ >
  is the support of ,A  and the closure cl(Supp ( ))A  

is a compact set. 

Definition 2. The α-cut of the fuzzy number [ ], 0,1A α ∈  is denoted by ( )A α
 and is 

defined as the ordinary set: 

: ( ) , 0 1
( )

cl(Supp( )), 0
Ax x

A
Aα

μ α α

α

∈ ≥ ≤ ≤= 
=


  
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Definition 3. A fuzzy number H  of   is said to be a heptagonal fuzzy number 
denoted as ( )1 2 3 4 5 6 7, , , , , ,HP h h h h h h h=  if its membership function [ ]: 0,1

HPμ →   has 

the following properties (Fig. 1): 
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Fig. 1. Heptagonal fuzzy number graphical representation 

A heptagonal fuzzy number ( )1 2 3 4 5 6 7, , , , , ,HP h h h h h h h=  can be represented as in the 

parametric ( )1 1 2 2( ), ( ), ( ), ( ) ; 0 ; 1,pH f r g t g t f r r k k t= ≤ ≤ ≤ ≤ where 1( )f r  and 1( )g t  
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are bounded left continuous non-decreasing functions over [ ]10, w  and [ ]2, ,k w  respec-
tively, 2 ( )f r  and 2 ( )g t  are bounded left continuous non-increasing functions over
[ ]10, w  and [ ]2, ,k w  respectively. 

Let 1 2 3 4 5 6( , , , , , )HA a a a a a a=  and 1 2 3 4 5 6 7( , , , , , , )HD b b b b b b b= be two heptagonal 
fuzzy numbers. Then, the arithmetic operations on HA  and HB  as addition and subtrac-
tion can be defined as follows: 

Addition: 

1 2 2 2 3 3 4 4 5 5 6 6 7 7( , , , , , , )H HA D a b a b a b a b a b a b a b⊕ = + + + + + + +    

Subtraction: 

1 7 2 6 3 5 4 4 5 3 6 2 7 1( ) ( , , , , , , )H HA D a b a b a b a b a b a b a b− = − − − − − − −   

Definition 4. If ( )1 2 3 4 5 6 7, , , , , ,HP h h h h h h h=  be a heptagonal fuzzy number, then, 

the ranking function ( )HR P  is defined as: 

( )
{

} [ ]

1

0
1

2 1 1 4 4 3 6 5 5
0

7 7 5

( ) 0.5 ,

0.5 ( ) , ( ) , ( ) ,

( ) ; 0,1

H h h
R P a a d

h h h h h h h h h

h h h d

α α
α

α α α

α α α

− +=

= − + − − − +

− − ∀ ∈







 

3. Problem formulation and solution concepts 

3.1. Indices and notations 

Indices 

i – source index for all 1, 2, ...,i m=  
j – destination index for all 1, 2, ...,j n=  

Notations 

xij  – number of units of the commodity transported from ith source to jth destination 

Hijc  – heptagonal fuzzy cost of one unit commodity transported from ith source to jth destination 
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xi – total availability of the product at the source i 
xj – total demand of the product at the destination j 

Hi
a  – quantity of a commodity available at the ith source 

Hj
b  – quantity of a commodity demand at the jth destination 

HB  – budget allotted from transportation 

3.2. Problem formulation 

Consider transportation problem with m sources and n destinations in which all of 
, ,

H H Hi j ija b c  and HB  are heptagonal fuzzy numbers. The problem is to find the optimum 
values of ijx  such that: 

 

1

1

1 1

, 1, 2, ...,

, 1, 2, ...,

0, 1, 2, ..., , 1, 2, ...,

H

H

H

n

ij i
j

m

ij ij j
i
m n

ij ij H
i j

ij

x a i m

x b b j n

c x B

x i m j n

=

=

= =

≤ =

≤ ≥ =

≤

≥ = =









 



 (1) 

Definition 5. A transportation problem with one or more fuzzy parameters is de-
fined as a fuzzy transportation problem (FTP). As on definition 4, problem (1) can be 
converted into its corresponding crisp as 

 

1

1

( ), 1, 2, ...,

( ), 1, 2, ...,

0, 1, 2, ..., , 1, 2, ...,

H

H

n

ij i
j

m

ij j
i

ij

x R a i m

x R b j n

x i m j n

=

=

≤ =

≥ =

≥ = =







  (2) 

The goal-programming version for problem (2) is as follows: 

1
min ( )

subject to

n

j
j

V d d −

=

=   
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 ( )

1

1

1 1

( ), 1, 2, ...,

( ), 1, 2, ...,

( )

, , 0, 1, 2, ..., , 1, 2, ...,

, 0, 1, 2, ...,
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m n
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i j
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+ −

=

= =

+ −

+ −

≤ =

− + = =

≤

≥ = =

= =











  (3) 

4. Solution procedure 

In this section, a solution procedure for solving the problem (1) is developed in the 
following steps: 

Step 1. Construct the fuzzy transportation problem (1), and then convert it into 
a balanced one if it is not. 

Step 2. Convert the problem (1) into the corresponding crisp transportation problem (2) 
based on the ranking function as in definition 4. 

Step 3. Apply fuzzy goal programming approach for the problem (2). 
Step 4. Use GAMS software to solve the goal-programming version (3). 
Step 5. Determine * *( , )S x b  by applying the following conditions: 

*
2

*
1

1 2

( ) 0, 1, 2, ..., ;

( ) 0, 1, 2, ..., ;

, 0, , , 1, 2, ...,

j j j

j j j

j j j j j

b e j n

e b j n

b e e j n

γ

μ

γ μ

− = =

− = =

 ≥ ∈ = 

 

Considering the following cases: 
Case 1. { } { }1 1 20, 1, 2, ..., , 0, , 0, 1, 2, ..., ,j j jj J n j J j J nγ γ μ> ∈ ⊂ = ∉ > ∉ ⊂  

20, .j j Jμ = ∉   

Let N  be the set of all proper subsets of { }1, 2, ..., n . Then, 

1 2

2 * *
1 2 2 1 2 1* *

, * *
2 2 2

( , ) : , , ,
( , )

, , ,

n
j j j j

J J
j j ij j

e e e b j J e b j J
S x b

e b j J e b j J

 ∈ = ∈ ≥ ∉ =  
= ∈ ≤ ∉  


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Hence, 

1 2

1 2

* * * *
1 ,

,
( , ) S ( , )J J

J J

S x b x b=   

Case 2. , 0j jγ μ =  
Then, 

{ }* * 2 * *
2 1 2 2 1( , ) ( , ) : , 1, 2, ..., , , 1, 2, ...,n

j j j jS x b e e e b j n e b j n= ∈ ≥ = ≤ =  

Case 3. , 0j jγ μ >  
Then, 

{ }* * 2 * *
3 1 2 2 1( , ) ( , ) : , 1, 2, ..., ; , 1, 2, ...,n

j j j jS x b e e e b j n e b j n= ∈ = = = =  

Thus, 

3* * * *
1

( , ) ( , )qq
S x b S x b

=
=  

5. Numerical example 

Consider the FTP with three sources 1 2 3, ,S S S  and three destinations 1 2 3, , ,D D D  
then the fuzzy transportation cost 

Hijc is 

(3, 6, 2,1, 5, 0, 4) (2, 3,1, 4, 3, 6, 5) (2, 4, 3,1, 6, 5, 2)
(2, 7, 7, 6, 3, 2,1) (1, 3, 5, 7, 9,11,13) (0,1, 2, 4, 6, 0, 5)
(3, 6, 3, 2,1,8, 7) (3, 4, 3, 2,1,1, 0) (2, 4, 6,8,10,12,14)

Hijc
 
 =  
  

  

The fuzzy availabilities of the supply are 

(2, 2,1, 2,1,1, 0), (3, 2,1, 4,5, 0,1), (2, 4,3,1, 6,5, 2)  

and the fuzzy availabilities of the demand are  (1,3,5, 7,9,11,13), (3, 6, 2,1, 5, 0, 4), (2, 4,3,1, 6,5, 2)  
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Table 1. Heptagonal fuzzy transportation problem 

Origin  Destination Supply D1 D2 D3 

S1 (3, 6, 2,1, 5, 0, 4)  (2, 3,1, 4, 3, 6, 5)  (2, 4, 3,1, 6, 5, 2)  (2, 2,1, 2,1,1, 0)  

S2 (2, 7, 7, 6, 3, 2,1)  (1,3,5, 7,9,11,13)  (0,1, 2, 4, 6, 0, 5)  (3, 2,1, 4, 5, 0,1)  
S3 (3, 6, 3, 2,1,8, 7)  (3, 4, 3, 2,1,1, 0)  (2, 4, 6,8,10,12,14)  (2, 4, 3,1, 6, 5, 2)  

Demand (1,3,5, 7,9,11,13)  (3, 6, 2,1, 5, 0, 4)  (2, 4, 3,1, 6, 5, 2)   

Step 2. Convert the problem (1) into the corresponding crisp transportation problem (2) 
based on the ranking function as in definition 4. 

6 6.75 7.25
8.25 14.5 7
7.75 16.5 10.5

Hijc
 
 =  
  

   

Table 2. Crisp transportation problem 

Origin  Destination Supply D1 D2 D3 

S1 6 6.75 7.25 2.5 
S2 8.25 14.5 7 10.5 
S3 7.75 16.5 10.5 14.5 

Demand 14.5 6 7  

Step 3. The fuzzy goal model for the transportation problem is 

 

3

1

11 12 13

21 22 23

31 32 33

11 21 31 1 1

12 22 32 2 2

13 23 33 3 3

min ( )

subject to
2.5
10.5
14.5

14.5
6
7

j
j

V d d

x x x
x x x
x x x
x x x d d
x x x d d
x x x d d

−

=

+ −

+ −

+ −

=

+ + ≤
+ + ≤
+ + ≤

+ + − + =

+ + − + =

+ + − + =



 

(4)

 



 H. A. EL-WAHED KHALIFA 94

11 12 13

21 22 23

31 32 33

6 6.75 7.25
8.25 14.5 7 280.375

7.75 16.5 10.5

, , , 1, 2, 3,

, 0, 1, 2, 3
ij j j

j j

x x x
x x x

x x x

x d d i j

d d j

+ −

− +

+ + 
 + + ≤ 
 + + + 

≥ = =

= =

 

Since all goals are equally priority, we solve the problem using the software GAMS. 
The solution details illustrated as in the following table: 

Table 3. Solution of the problem (4) 

Origin  Destination Supply D1 D2 D3 

S1 0 0 2.5 2.5 
S2 0 6 4.50 10.50 
S3 14.50 0 0 14.50 

Existing demand 14.50 6 7 27.50 
Fulfilled demand 14.50 6 7 27.50 
Deficit 0 0 0 0 

 
It is clear that there is no deficit in the demands; this is because the goal program-

ming is based on the minimizing sum principle of the deviations from the goal values, 
and the achievement function value as ( ) 0.V d =  

To reduce the computational effort through the determination S(2.5, 6.4, 4.5, 14.5, 6.7), 
we confirm the left-hand side of the following intervals 0 ≤ b1 ≤ 14.4,  0 ≤ b2 ≤ 6, 2.5 ≤ b3 ≤ 7.  

Hence, (2.5, 6, 4.5,14.5,14.5, 6, 7)S  is determined by the following conditions: 

1 21

2 22

3 23 1 2 3

(14.5 ) 0
(6 ) 0
(7 ) 0, , , 0

e
e
e

γ
γ
γ γ γ γ

− =
− =
− = ≥

 

We have { }1 1, 2, 3 .J ⊆ For 1 1 2 3, , , 0.J γ γ γ= ∅ =  Then, 

{ }1

3
2 21 22 23(2.5, 6, 4.5,14.5,14.5, 6, 7) : 0 14.5, 0 6, 2.5 7 .JS e e e e= ∈ ≤ ≤ ≤ ≤ ≤ ≤  

For { }2 1 2 31 , 0, , 0.J γ γ γ= > =  Then, 

{ }2

3
2 21 22 23(2.5, 6, 4.5,14.5,14.5, 6, 7) :0 14.5, 6, 7 .JS e e e e= ∈ ≤ ≤ = =  

For { }3 2 1 32 , 0, , 0.J γ γ γ= > =  Then, 
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{ }3

3
2 21 22 23(2.5, 6, 4.5,14.5,14.5, 6, 7) : 0 14.5, 6, 2.5 7 .JS e e e e= ∈ ≤ ≤ = ≤ ≤  

For { }4 3 1 23 , 0, , 0.J γ γ γ= > =  Then, 

{ }4

3
2 21 22 23(2.5, 6, 4.5,14.5,14.5, 6, 7) : 14.5, 6, 2.5 7 .JS e e e e= ∈ = = ≤ ≤  

For { }5 1 2 31, 2 , , 0, 0.J γ γ γ= > =  Then, 

{ }5

3
2 21 22 23(2.5, 6, 4.5,14.5,14.5, 6, 7) : 0 14.5, 0 6, 7 .JS e e e e= ∈ ≤ ≤ ≤ ≤ =  

For { }6 2 3 12, 3 , , 0, 0.J γ γ γ= > =  Then, 

{ }6

3
2 21 22 23(2.5, 6, 4.5,14.5,14.5, 6, 7) : 14.5, 0 6, 2.5 7 .JS e e e e= ∈ = ≤ ≤ ≤ ≤  

For { }7 1 3 21, 3 , , 0, 0.J γ γ γ= > =  Then, 

{ }7

3
2 21 22 23(2.5, 6, 4.5,14.5,14.5, 6, 7) :0 14.5, 6, 2.5 7 ,JS e e e e= ∈ ≤ ≤ = ≤ ≤  

7

1
(2.5, 6, 4.5,14.5,14.5, 6, 7) (2.5, 6, 4.5,14.5,14.5, 6, 7).

qJ
q

S S
=

=  

6. Concluding remarks 

In this paper, a transportation problem in which the costs, supplies and demands 
represented by heptagonal fuzzy numbers has been studied. A goal programming ap-
proach is applied to solve the problem after converting it into the corresponding crisp 
problem. The stability set of the first kind corresponding to the obtained solution is 
determined. The advantage of this approach that it is more flexible, can absorb the na-
ture and intricacies of the fuzzy parameters, proves applicable and makes a situation 
realistic. 
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