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ON  M EAN SQUA RE ER R O R  
O F SY N T H E T IC  REG R ESSIO N  ESTIM A TO R

Abstract. The problem o f estimation of the total value in a small domain is considered. 
Because o f the small number (or the lack) o f  elements o f the considered subpopulation in 
the sample, information on all drawn elements is used. The synthetic regression estimator is 
presented. The equations o f  the bias and the mean square error for any sample design are 
derived. The problem o f  the assumptions on the population and the dom ain’s structure due 
to the bias and MSE reduction is considered. The importance o f  the bias influence on the 
accuracy o f the estimation is presented. The possibility o f  the increase o f  the M SE and bias 
due to the increase o f  the sample size is shown. The approximate equations o f the bias and 
mean square error for the simple random sampling without replacement are derived. The 
accuracy o f the synthetic regression estimator (based on approximate equations and the 
simulation study) and the Horwitz-Thompson direct estimator is compared. The comparison 
is based on agricultural data from Dąbrowa Tarnowska region. The entire population consist 
of 8624 farms and it includes the domain o f interest -  Bolesław commune -  with 588 farms.
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1. INTRODUCTION

Synthetic estim ation is considered both in Polish (e.g. B r a c h a  1994), 
B r a c h a  1996, G e t k a - W i l c z y ń s k a  2000 and in foreign literature (e.g. 
S ä r n d a l ,  S w e n s s o n ,  W r e t m a n  1992). In this paper equations o f the 
mean square error and the bias of the synthetic regression estim ator are 
presented taking differences between the population and dom ain’s structure 
into consideration.

The term  “synthetic” m eans, that the estim ator uses inform ation both 
on surveyed small dom ain and period of time and also on other dom ains 
and/or periods o f time. The estim ator considered in this paper is dom ain 
indirect estimator. The idea o f synthetic estimation is based on the assumption, 
that some relationship between the variable o f interest and the auxiliary
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variable observed in the entire population is the same in small area. 
Because m ost often the assum ption is not m et, it m ust be stressed, that 
synthetic estim ators are biased.

2. M EAN SQ UARE ERROR (M SE) FOR ANY SAM PLING  DESIGN

C onsiderations are conducted for any sampling design. It is assumed, 
that the sample Sis draw n from the entire population by sam ple design 
P(S)  with first order inclusion probabilities where i = l ,  ..., N .  F or 
any sample S with size n draw n from the population ę with the size N,  
Sd =  sn í} ,,, where the d-th dom ain is denoted by ęd. T he size o f Sd 
equals nd (random  variable) and the size o f ęd equals N d. T he set o f 
elements o f the population, which belong to d-th dom ain ęd, could be 
written as f t d = Sdu J d, where S d denotes elements o f the J-th  dom ain, 
which were not draw n to  the sample. Equations o f the M SE and the 
bias for simple random  sam pling without replacement will also be derived 
in this paper.

Synthetic regression estim ator o f total value in small dom ain, which is 
m ost often m ore precise than  synthetic ratio estim ator, is as follows:

fSYN-regr =  N  d [ f  +  J}(xd -  X)] = ^  Ý'*9' + N  J ( x d ~  x )  (1)

where
N d -  small dom ain size,
N  -  population size,
л J И

У =  Y  1 -  H orw itz-T hom pson (HT) estim ator of the m ean value
"  ie S  n i

of the variable o f interest in the population,
J x •

X  =  Y  1 -  H T estim ator o f the m ean value o f the auxiliary variable 
N  u s  n i 

in the population,
x d -  the m ean value o f the auxiliary variable in d-th small dom ain, 
x  -  the m ean value o f the auxiliary variable in the population,

Д =  — ------------------- ------ - -  the estim ator of regression coefficient in the

K x - f ) 2 '
ieS Щ

population,



Ý re<>r =  дг(У  +  ß (5 i_ X )  -  regression estim ator o f  the to tal value in the 
population.

Let the bias o f the regression estim ator o f  the to tal value in the 
population be denoted by Bregr =  E (Ý re*r — У). T he bias Bregr for simple 
random sample without replacement is as follows (e.g. W y w i a ł  1992, s. 137):

K . . .  =  E (  Y ) _  Z T ] { * 2l ( x , y )  -  +

+  0 ( N  n ~ 2) (2 )

where

fc3(x )  =  , k2l(x,y) =  c2i(x,y)s/c2(x)[ct(x) -  cj(x)] ч / с 20 ' ) [ с 4(х )  -  c i (x ) ]

B2(x) = c 4( x ) c j 2(x ) ,

С ц (х ,у )
K x .ľ) =

J c 2(x )c2(y)

CM  =  i l ( x i - x  )r> cr(y) =  ~  £  (y, -  у )r, crt(x, y) =  I  £  (x i -  * ) r(tt -  У)*-
ie(l  iv ( ей  л  i6H

Let us derive the equation o f synthetic regression estim ator o f the total 
value in small dom ain for any sample design:

E (y s ™ -r ..0  — Уd =  ~  E (? " * ') +  E0)Nj[xd- x ) - Y d- N̂ Y  + ~ jY = 
w N  N

=  B'"" +  E t f ) N J x t  - x )  +  ( ^ Y -  y \  =  (3 )

- f '  « ’•"  +  Е(Д) X -  X ,)  -  ^  У -  Y.

If  the m ean value o f the variable of interest in the population  equals 
the m ean value o f the variable o f interest in d-th small dom ain and if the 
m ean value o f auxiliary variable in the population equals the m ean value

Nof auxiliary variable in d-th small dom ain, then E(Y$rN~reer) -  Y d =  —  Brear.

In this case the bias o f synthetic regression estim ator o f to tal value in 
small dom ain is the function o f the bias o f regression estim ator o f the 
total value in the population  and it is the less, the less is the value o f



ratio  o f dom ain size and population size. It is w orth stressing, tha t for 
simple random  sample it is o f  order 0 ( N  ■ n ~ 1), so it decreases due to the 
increase o f sam ple size.

T he equation (3) could also be written as follows:

* [(

Breer- ( E { J } ) - ß )  J x - X
n a

N +

^ y - O - Ä - X ,

[(Let us notice, th a t the value o f \ [ ^  Y  — y A  — ß i ^  X  — X d

dX - X .

does no t depend on sam ple size. Let us consider the expression 

^  Breer — (Е(Д) — ß) — ß(^jy X  — - ^ У |-  The absolute value o f the bias o f

regression estim ator o f  to tal value in the popu lation  denoted by the
expression Brear reduces due to  the increase o f sample size. The same
property has the bias o f estim ator of regression coefficient denoted by
(ß(ft) — ß)- Because the limit o f  the sum o f sequences equals the sum o f

t N  Í N
—d- B reer—(E(ft) — ß) — ß[

N  \ N
decreases due to  the increase o f sample size. The absolute value o f this
expression can decrease m onotonically due to the increase o f sam ple size.
It should be m entioned, that if values o f both considered elements, into
which the bias o f synthetic regression estim ator was decom posed, have
opposite signs, then the absolute value of the bias o f  synthetic regression
estim ator can grow due to the increase of sample size. It is also possible,
that the absolute value o f the bias o f synthetic regression estim ator does
not change m onotonically  due to the increase o f sam ple size.

Analysing the equation  (3), it is w orth stressing, that using synthetic
regression estim ators it should be assumed, that:

• M '  and (4)N  Y  N  X  K ’

what can be w ritten as:

N d = X d = Yd 
N  X  Y



Com paring aforem entioned assum ption (4) with assum ption using for
X  Y

synthetic ratio  estim ator given by expression it should be men-
Л. Y

tioncd, that assum ption for synthetic regression estim ators is m ore re
strictive.

Let us derive equation o f the m ean square error o f the estim ator 
ÝSYN regr taking the assum ption (4) into consideration.

M S E (ý s w - i w )  =  E ^ d Ý"»' + N j ( x d- x ) -  YdJ  =

-  E ( j j  +  NN Y - NNi Y +  " Л * . - П - Y dJ  -  

_  E ( ” ' (ý"" -  Y )  + " j  Г  -  У, -  ß  -  E ®  + X -  И У  =

=  + Y . J  + (0>ф) + Е‘ф ) ) ф х - х Х  +

• E { ((Ý ~ "  -  E ( r e»0) +  ( Е ( Г ^ )  -  У ))(Д -  Е(Д)) +  Е(Д))} +

- 2 E 0 ) ( ^ Y - Y ^ X - X ty  

= ( ^ ) Ím se< í ’'"> + ( ^ ' у -  у‘) ! + № !(й  + X  -  х Х  +

+  2  w  (  w  у  ~  у ' ) в " "  ~ 2  n  (  Ty *  ~  Х ‘) ( с т (  f " " -  f t  +  Е <АВ" " )  +

- 2 Е ( й ( ^ У - у , ) ( ^ Х - ^ .  (5)

I f  the assum ption (4) is m et, then M S E (fJ1'JV_reer) =  ^ ~ ^ M S E ( F 'effr),

/iV  V  iV
and it should be pointed out, that i ^ J  < — < 1 .



E quation (5) could also be w ritten as follows:

D 2( f " " )  +  D 2( Д ) ( ^  X -MSE(1 +

2

(6)

First three elements o f above-m entioned sum (6 ) form the variance o f 
ý s Y N -  reer estim ator. It can be written by alternative expression:

The fourth  element o f  the sum (6 ) is squared bias o f ý*™ -'«»' estim ator, 
which is given by the equation (3).

The value o f D 2(ý * rjw_,eír) decreases due to the increase of sam ple size. 
T he value o f squared bias o f synthetic regression estim ato r given by

to the increase o f sam ple size. If the increase of value o f squared bias due 
to the increase o f sam ple size is higher than  the decrease o f value of 
D 2( ý J ľN" reer) due  to  the  increase o f sam ple size, then  value o f 
M S E ( F YN~reer) will increase due to the increase of sam ple size. It is also 
possible, tha t the value o f the M SE of synthetic regression estim ator does 
no t change m onotonically  due to  the increase of sam ple size.

3. M EAN SQ UARE ERROR FOR SIM PLE RANDOM SAM PLING  
W ITHOUT REPLACEMENT

The accuracy o f synthetic ratio  estim ator will be com pared with the 
accuracy o f H orw itz-T hom pson estim ator of to tal value in the dom ain, 
which for simple random  sampling w ithout replacem ent is given by equ
ation:

expression
2

can increase due



Its variance is as follows ( S ä r n d a l ,  S w c n s s o n ,  W r e t m a n  1992): 

D H f  1 - J V * —  — ( S ‘  ; N ~ N ‘ * A
u ( r " > - JV N n  N ( s ->'‘ + — J T y ‘ }

where

Ч . а - Т г Ц -  i i y i - y * ) 1- 
, y <i 1 i = i

Synthetic regression estim ator given by the equation ( 1) for any sample 
design, for simple random  sampling w ithout replacem ent is as follows:

ý S Y N - r e e r  =  N

where

Q  =  -  x s)2> &X, =  —Ц Е (*1 -  * s)(y, -  y s),
n  MeS n  l i e s

1 " _  1 n
*5 = ; E*i. ys = ~ Ett- 

n i = l  ” / =1

Using following expressions: Six = — —  E  (xf -  x )2, S.2, =  —L -  V (y -  y )2,
«  ЧбО N -  l ien

N— ^ x ‘ - * ) ( У « - Л .  ^ *  =  г г т Е К - ^ ) 2. =  ~— r ECľi -  Уж)2>
”  i ei l  " — 1łeS n — 1i 6 S

=  7 3 т  E  (x i ~  *s)(.V( -  y s) let us specify above-m entioned elem ents o f
1 ieS

equations (5) o f M S E (f J ł'N_,ee'') for simple random  sam pling w ithou t 
replacement.

F irst (see e.g. B r a c h a  1996),

, N  — n
M SE( Yreer) = N 2——— S L ( l  — r 2(x, y))  +  0 ( N 2n ~ 2). 

Nn

Second,

D 2($) =  M SE($) — (E(ft) — ß)2,



where

MSEO» =  M S e ( ^ )  =  - У - D \ ? xy) - 2 S ' ;ycov(S.xy,§}x) +
U*y

+  ( ' | г У е>! (Я , f  0 ( п ~  ),

+ 0 ( п - 2)

(7)

where (see e.g. W y w i a ł  2 0 0 0 )

D 2(S?*y) =  (cov .22(x, у) -  соv?u (x, у)) +  0 ( N  ‘) +  0 (n  2),

D 2(S ?J =  (cov.4(x) -  cov?2(x)) +  0 ( N  *) +  0(n 2),

and (the equation is derived in the P art A.3 of the Appendix)

cov(S?xy, S.2,)  =  (cov .31(x, y)  -  cov .2(x )c .u  (x, y) +  0 ( N  x) +  0 (n  2). 
n

T hird (the equation is derived in the Part A .l of the Appendix),

+
/утерт Йч = N N ~nfcOV.12(x, y) _  COV.u (x, y)COV.21(x, y) COV?n (x, y)COV.3(x)

C0V ’ n N  — 2 y  co v .2(x) cov.22(x) co vJj (x )

-  C0V*11̂ ’̂  ( NNM "\/cov2(y)[52(x) -  \}{kn (x, у) -  k3(x)r(x, у)Л + 0{N -n '2) + 0(n~l). 
cov.2(x) \ n N -  2 /

F ourth , Breer for simple random  sampling w ithout replacem ent is given 
by the equation (2 ).

The bias o f synthetic regression estim ator given for any sam ple design 
by the equation (3) for simple random  sampling w ithout replacem ent using 
the equation (2 ) is as follows:

N d / N  N  — n
щргк- гевг) - Y d = ~ ~ ^ 2 s / c o \ 2(y)[B2(x) -  \]{k2l(x ,y)  -  k 3(x)r(x,y)} ) +



COV.u (x, y) 1 1 (

~ ^ x T  ■  y) “  У)) +

4. SIM ULATIO N STUDY

The com parison is based on agricultural da ta  on 8624 farm s from 
D ąbrow a T arnow ska region. A pproxim ate equations o f the bias and the 
MSE derived in the Section 3will be used. The com parison will also be 
supported by sim ulation study in which 500 samples will be draw n at 
random . D ata  includes inform ation on sowing area (in 100 square m eters) 

the variable o f  interest, and arable area (in 1 0 0  square meters), which 
is auxiliary variable. T he value o f the correlation coefficient between these 
variables equals 0.974. Bolesław com m une is treated as the dom ain o f 
interest. It includes 588 farms. Two sample sizes are considered -  8 6  and 
259 elements, w hat equals 1 and 3% o f population size. Let us analyse

N  X
the assumptions given by equation (1). The value of d =  0.0682, — =  0 0922

N  X
Y

and the value -  =  0.0968. The difference between first ratio  and other

ratios is significant.
Let us analyse results presented in the T ab. 1. At the beginning high 

relative efficiency of synthetic estim ator (the ratio  o f the M SE o f synthetic 
estim ator and the variance o f H orw itz-T hom son estim ator) m ust be stres
sed, but it also should be pointed out, that it decreases due to  the 
increase o f sample size. The reason is that the M SE o f synthetic ratio 
estim ator includes the element, which does not depend on sam ple size. 
The value o f the M SE o f synthetic regression estim ator equals ca. 1% o f 
the variance o f H orw itz-Thom son estim ator for sam ple size o f 8 6  elements 
and 3% for sam ple size o f 259 elements. Because o f the possibility o f low 
efficiency o f estim ation, synthetic regression estim ation should be used 
only for small dom ain estim ation purposes. The value o f the bias has 
strong influence on the accuracy o f estim ation. It does no t exceed 5%  of 
real m ean value and it decreases due to  the increase o f sample size for 
analysed sample sizes. Sim ulation study shows that for sam ple size o f 8 6  

elements variance equals ca. 12% of M SE, for sample size o f 259 ele
m ents -  only ca. 3% .



DCЮ

T a b l e  1

Results

H orwitz-Thom pson
estimator

Synthetic ratio 
estimator simulation

Synthetic ratio 
estimator -  Taylor

sample size sample size sampl e size

86 259 86 259 86 259

Square root o f  M SE 127 462.72 72 700.505 13 545.723 12 954.143 12 194.238 11 308.607

Relative square root o f  M SE (in %) 47.9434 27.3453 5.0950 4.8725 4.5867 4.2536

Standard error 127 462.72 72 700.505 4 709.3590 2 739.6764 3 009.1891 1 808.8175

Relative standard error (in %) 47.9434 27.3453 1.7714 1.0305 1.1319 0.6804

Bias 0 0 -1 2  700.73 -1 2  661.12 -11 817.12 -11 163.01

Relative bias (in %) 0 0 -4 .7772 -А Л Ь П -4.4448 -4.1988

Ratio o f  variance and M SE 1 1 0.1209 0.0447 0.0609 0.0256

R atio o f M SE and variance 
o f HT estimator 1 1 0.0113 0.0317 0.0091 0.0242

T
om

asz 
Ż

ądło



5. CONCLUSION

Summing up, in the paper the m ean square erro r o f synthetic regression 
estim ator o f to tal value in small dom ain is considered. T he erro r was 
presented in convenient way as the function o f inter alia the bias o f ratio  
estim ator o f population  m ean value and the bias resulted from  the fact, 
that the assum ption (4) is not met. The accuracy o f the estim ator was 
compared in simulation studies with the accuracy of direct Ilorw itz-Thom pson 
estim ator for simple random  sampling. They confirmed know n fact, that 
synthetic estim ator should be recommended for small samples.

APPENDIX

A.I.  DERIVATIO NS

In this part o f the appendix an equation o f co v (Ýregr, ft) for simple 
random  sam pling w ithout replacem ent will be derived. Follow ing notations 
will be used:

covr(x) =  * £  (*I -  *)'> cov.f(x) =  £  (xu -  x ) ',  covr(y) =  i  £ ( y t -  y ) ' ,
™ f e d  '  i e í l  M  iet l

c o \ .r(y) = A  Z  (Л -  УУ’ covr*(*> y) =  — £  (xu -  x ) r (y, -  y ) k,
~  1 t e n  iet l

cov.r*(x, y) =  — Ц  X  (xt -  x ) r (y, -  y ) k,
™ 1 iei)

Si  =  cov2(x), S2 =  co v2(y), Sxy =  covn (x, y), Six =  cov ,2(x), Siy = c o \ . 2(y),

S.xy = cov .u (x, y),

Ś.2, = -  Ц  X (x, -  x s)2, Śiy =  1 ■ XCVi“  Ух)2. Š.xy =  - 1 z  (х,- -  X)(уi -  у)-
п  ̂ i e S  П I ieS П l j 6S

F o r sim ple random  sam pling w ithout replacem ent x = x s =  £ х ; ,
n i e S



Let us notice that:

с о v ( r e«', [!) =  E ((fl -  E (ß))  =  ( r eer -  N y ) )  =

=  E [^(N ys +  j)(Nx  -  N x ,) -  Ny)]  -  Е(Д)Вгевг.

The bias o f the regression estim ator of the total value in the population 
denoted by Bregr = E ( Ý regr -  N y )  for simple random  sam pling w ithout 
replacement is given by the equation (8 ).

F or simple random  sam pling without replacem ent E(ft) is given by the 
equation (7).

T o derive an equation o f cov (Ýreer,fí) let us notice, that:

E [$(N xs +  f t (Nx -  N x s) -  Ny)]  = E
Ś.
§L

xy
N y s + : ? ( N x - N x s) - N y

J*v

=  E S' ľ  + A - ( Š : ,  -  S .„ )  -  (Š?, -  S h )
X  J , x  ( Э ' х )

(N y s -  N y )  +

I
S .,
о2 о2 (^*xy S*xy) 

Ü«,
+  0 ( N  ■ n~ ) =

-  ~2 ™ & x y ,  ľs) /о2 42C0V(^’*> Уз) -  (o2~\2COVffixy, *s) + \2  ' COvffixf Xs) +
X \^4x)

+  (S ? )2 E (^ x  S‘xy)2(* *s) 2 N y E ( Ś . xy — S*xy)($'x ~~ S?x)(x  — X s )  +

+ N  ~  &x)2(x  -  *s)  +  0 ( N  ■ n z).
W*x)

Using results presented in J. W y w i a ł  (1992, p. 138-139) it is know n, that:

ч 1 N  -  n 
соv(S.xy, y s) = ~ тг— > cov .12(x ,y ), 

n N  — 2

cov(S.xy, x s) =  cov (Šix, у) =  1 ^ c o v .21(x, y),
n N  — 2

/Л2  _  ч 1 N - n  
со \ ( S ixy, x s) =  —— ^_cov.3(x). 

n N  — 2



According to equations derived in the Part A .2 o f the A ppendix we have:

E(Š.xy- S xy) 2( x s - x )  =  0(rt~2) +

Because E(S.xy — Sxy)(Śix — S 2)( xs — x )  and E (Ślx — S$)(x s — x )  are simplified 
forms o f E(Š.xy — S xy)2( x s — x ) ,  we have:

E(Ś.xy -  Sxy)(Śtx -  S 2x) ( x s -  x )  =  0 ( n - 2) +  0(n~

E(S.x -  Sx) ( x s - x )  = 0 ( n ~ 2) +  0 ( n ~ 1N ~ i ).

Hence,

f a-N N ~ n( cov*»(*.Jfl_ jflcav.ufc у) , cov?n(x,y)cov.3(x)\
4  n N ~ 2 \  cov.j(x) cov*j(x) “ + cov.32(x) )  +

~  (~n W - l . n /c 0 V2(X)[ß 2(X) -  l ] { fc2l ( x ,  У) -  k 3( x ) r ( x , y ) } ^  '

COV.n(x,y) 1 1 Л  . , ч .
-------- -----------  - 2~/~ \ ( (cov*3 i(*> )0-cov .2(x)cov .11(x ,j0 ) +
cov.2(x) n c o v r2( x ) \  '

CO v .u (x,y)
+

cov .2(x)
( c o v .4(x )  -  co v ?2( x ) ) V j  +

+  0 ( N ■f ») +  0 ( . - )  -  N g - - - " ( 'со^ ф ^ _ 2 ^ - n t e r t c o v - ^ t e y )
n N  — 2 \  cov.2(x) covr2(x)

c?u (x, y )c .3(x)N 
c?2(x) l +

™  ^  _  2 \ / c o v 2( y ) [ B 2( x )  -  I]{ / c2i ( x , y )  -  /c3( x ) r ( x , y ) } ^  +

+  ^  ^ ^ \ / c o v 2(y)[B2(x) -  l]{k21(x ,y) -  k 3(x )r(x ,y) }^  ■

■ ^ ( c o v * 3 l( x » y ) -  c o v . 2( x ) c o v . u ( x , y ) )  +  

+  ^  C O V .4 ( x )  —  COV?2 (> ;))  J )  +  0 ( N  - n ~ 2) +  0 ( n ~ 1).



Because

' N  N - n
N _  2 V cov2(y )[ß 2(x) -  l]{fc21(x,y) -  /c3(x)r(x,y)}

1 (cov .31( x ,y ) - c o v .2(x)cov .n (x,}0 ) +
n cov?2(x) 

CO v . u i x . y )
+  

cov
(cov.4(x) -  cov?2( x ) ) ^  =  0 ( N  ■ n 2)

finally we have:

fvrror by N N -n (co\ .n (x,y) ,covM1(*,y)cov.2l(*,y) , coviu (x,y)cov.3(x)\ , 
“ V(y covii(x) + 5 ®  j

-  cov' “ f c ^ ( — í j a > v 2(yyíB, (x)  -  1]{кц(х ,у)  -  k , ( x ) r ( x , y ) ] \  +  
cov .2(x) \ n  N  — 2 J

+  0 ( N - n - z )  +  0 ( n ~ l ).

A.2. A D D IT IO N A L  DERIVATIO NS -  PART ONE

In this p art o f the appendix an equation of E(S . X)1 — S 'Xy) 2( x s — x )  for 
simple random  sam pling w ithout replacement will be derived. Following 
derivations are based on the assum ption, that x  =  у  =  0 , w hat does not 
have influence on the generality o f results:

-S'.,,) (Xj x) =  E(Ś»XyXg 2S.xyŠ.xyx s -f SXyX) =

= E(Šixyx s) — 2S.xyE(Š'Xyx s).

Then, using results presented in J. W y w i a ł  (1992), p. 138-139, we receive 

E(Ś.xy- S .xy)2(xs - x )  = E(Śixyxs) -  - 2co\.n (x,y)co\.2l(x,y). (8)
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Let us notice, tha t

\ ( N Y  i
E(ś»XfXs) = ^  _  JJ2 Ei Yj xďlai — nx$ysJ X S =  ^ \ (  E w i V f  I  x f l i )+

i  = 1

- l ö ^ X H C H +? ( W C W
All of three elements o f above-m entioned sum will be derived separately

л _J \
using follow ing equations: E ( a ,)= - ->  E(a,a,) = —-— — —»

N  v N ( N - l )
с /  ч п ( и - 1 ) ( и - 2 )  n ( n -  l ) ( n - 2 ) ( n - 3 )

( a A r k )  -  _  j ̂  * ( a ta jaka,) -  Щ ц  _  _  2 ) ( N  _  3 ) ‘ S o m e

simple transform ations will be omitted.
First,

3 ^ 2  E( E ( E “ ^ ov*2 i(* .y )cov .u (x ,} 0  +  0 ( n ~ 2).n(n 

Second,

„ >  - 2 , ) 2  E ( | / W , )  ( J > a )  -  ( I  у а ) = 0 ( n - »).

Third,

Й ^ Е(1 ,3<А) ’( 1 / Л) г = 0 ( " " >- 

After sum m ing up the three elements derived above we receive:

E(S}xyx s) =  ^  -  ^ J c o v .2 i(x ,y )cov .u (x,y) +  0 (n ~ 2).

Using the equation  (8 ) finally we received:

2 N  — n
E(StXy S»xy) ix s x ) — Е(Х»ХуХ5) covji(x)cov«2 i(x ,y ) —

n iV — z

r2  2 2 t f - n
= ( n ~  N  ]cov.2 i(x,y)covM1(x,y) covn (x)cov.21(x,y) + 0 (n“2) =  0(n 2).

n t f - 2



A 3. ADDITIONAL DERIVATIONS -  PART I WO

In Part A .2 o f the appendix an equation of cov(Ś.xy, Śixy) for simple 
random  sam pling w ithout replacem ent will he derived. Following derivations 
are based on the assum ption, that x = у  = 0 , what does not have influence 
on the generality o f results.

c o v & x y J K )  = E(Ś.xy -  S.xy)(Śix -  Slx) = E(Ś.xy,Ś .xy) -  S. ,ySlx (9)

Let us notice, that:

( n -  1)

(n
Z "i)Ľ(  Z  W i  -  ľ , x f a t -  n x ^ J  =

-  n(,íx‘a‘X k AX,ím) +H ž xiaN i ml  ■
All o f four elem ents o f  above-m entioned sum will be derived sep a

rately using following equations: E (af) =  E(a,a; ) =  ■ ^  Е ( а ^ а к) 

n(n — l)(n  — 2 ) p .  . _  n ( n -  l ) ( n -  2)(n -  3) 
N ( N  -  1 ) (N  -  2) (a‘aJa*a‘} -  ]V(N -  1)(N -  2) (N  -  3)" 

transform ations will be om itted:
First,

Some simple

(n E( Z  Ц Z ĉov.3i(x,y) + 1̂ + ^ c o v .n (x,y)cov.2(x) +

Second,

- 1

Ф -  l)2“ V r i

Third,

1

+ 0 ( n - 2) + 0 ( N - 1).

Щ Z W i Y Z * i a ]  =  - ^ c o v . u (x,y)cov.2(x) +  0 ( n " 2) +  0(iV L).

n \ / n

.1 = 1 / \ i = l
E Í x f a i) 1 у а ) =  соу.и (х,у)соу.2(х) + 0(п_2) + 0(А/ ‘).



F ourth ,

After sum m ing up the four elements derived above we receive:

E(ś.xyś . x) =  1 cov.31(x,y) + ( 1  -  ' 
n \  n

Using the equation (9) finally we received:

cov(Ś.xy,Ś.x) =  * (cov .3 ł (x,y) - c o v . 2(x)cov .n (x ,y) )  -f 0 ( N _1) -I- 0 ( n ~ 2). 
n
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T o m a sz  Ż ą d ło

O BŁĘDZIE ŚREDNIOKW ADRATOW YM  
SYNTETYCZNEG O  ESTYMATORA REGRESYJNEGO

W opracowaniu rozważa się problem estymacji wartości globalnej w małym obszarze. Ze 
względu na małą liczbę (lub brak) elementów populacji z rozważanej dom eny, w próbie 
wykorzystywane są informacje o wszystkich elementach populacji. Zaprezentowany zostaje 
syntetyczny estymator regresyjny. W yprowadzono też ogólne wzory na błąd średniokwadratowy 
i obciążenie tego estymatora dla dowolnego planu losowania. Omówiony zostaje problem  
założeń dotyczących struktury populacji i domeny z punktu widzenia redukcji błędu średnio- 
kwadratowego i obciążenia rozważanego estymatora. Zaprezentowane jest znaczenie wpływu

\ - 0 V . n (x ,y ) c 0 V .2(x )  +  0(n  2) + 0 ( J V _1).



obciążenia na precyzję estymacji. Pokazana zostaje możliwość wzrostu wartości błędu średnio- 
kwadratowego i obciążenia wraz ze wzrostem liczebności próby. W yprowadzone zostają 
przybliżone wzory na błąd średniokwadratowy i obciążenie estymatora dla próby prostej 
losowanej bezzwrotnie. Porównano również precyzję syntetycznego estymatora regresyjnego 
(wartości uzyskane na podstawie wzorów przybliżonych oraz symulacji) z precyzją bezpośred
niego estymatora Horwitza Thom psona. Porównanie bazuje na danych ze spisu rolnego dla 
powiatu Dąbrowa Tarnowska. Populacja składała się z 8624 gospodarstw rolnych i obe
jmowała rozważany mały obszar gminy Bolesław, na której terenie znajduje się 588 gos
podarstw rolnych.


