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THREE ASPECTS OF DECIDABILITY

Metamathematical problems of d e c id a b il it y  recur in  lo g ic  

in the shape of the question : is  a given lo g ic a l theory 

decidable or undecidable. Bas ic  re s u lts  concerning d if fe re n t  

mathematical and lo g ic a l theo rie s  were achieved mainly in  

the t h i r t ie s  and the fo u rt ie s  of our cen tu ry . No wonder that 

the notion of d e c id a b il it y  is  u su a lly  combined with the 

terminology of that tim e. However, I would suggest that 

p e rce iv in g  at le a s t  three d if fe re n t  periods in the stud ies 

on d e c id a b il it y  is  f u l ly  ju s t i f ie d .

The f i r s t  period covers the years t i l l  1930. At that time 

the problem of d e c id a b il it y  acquired some importance, mainly on 

account of the stud ies  connected w ith H i lb e r t 's  programme. 

The second period f a l l s  on the t h i r t ie s  and the fo u r t ie s .  Then, 

on the basis  of various approaches, a narrow mathematical concept 

of d e c id a b il it y  was b u i l t  up, which rendered p oss ib le  an equa lly  

p rec ise  d e f in it io n  of d e c id a b il i t y .  F in a l ly ,  in  the th ird  period 

that s ta rted  about the e a r ly  s ix t ie s ,  there appeared pure ly  me­

chan ica l procedures fo r so lv in g  various problems, thus s tim u la tin g  

the s tud ies  on p ra c t ic a l d e c id a b il i t y .  The notion of decidab le 

theory in  these three periods w i l l  be the basic  theme of th is  

paper1. -

1 There is  a great v a r ie ty  of in te re s t in g  works concerned w ith  
recu rs ive  functions and tho problems of d e c id a b il it y  and unde­
c id a b i l i t y .  The most va luab le  a re , fo r example, A. G r z e g o r ­
c z y k ,  Zagadnienia ro z s trz yg a ln o á c i, Warszawa 1957; A. T a  r- 
s к í ,  A. M o s t o w s k i ,  R.  M. R o b i n s o n ,  Undecida­
b le  Theories, North-Holland, Amsterdam 1953; 0. V a n  D a l e  n, 
Algorithmus and D ecis ion  Problems: a Crash Course in  Recursion 
Theory, [ in : }  Handbook of Ph ilo so p h ica l Log ic , eds 0. M. Gabbay,



1. Period I .  The d e c id a b ility  of a theory was defined in  terms 

of the inform al in tu it iv e  notion of an e f fe c t iv e  method. What is  

an e f fe c t iv e  method? I t s  paradigm can be found in  simple and well- 

-known mathematical algorithm s as, for example, E u c l id 's  algorithm  

for find ing  the g reatest common d iv is o r  of two p o s it iv e  in tegers 

n o t- re la t iv e ly  prime; e f fe c t iv e  method is  a method which a llow s to 

so lve a problem or a c la 'js  of problems in a f in i t e  number of steps. 

Accord ing ly, a general problem (a c la ss  of s p e c if ic  questions) is  

decidable i f  there ex is ts  an e f fe c t iv e  method of so lv in g  every 

question of that c la s s , e .g . general question: " is  a given num­

ber n prim e?" is  decidab le. Consequently, a theory T is  decida­

ble i f  i t s  general problem: " i s  a formula v a lid  in  i t "  is  decida­

b le 2.

Metamathematical stud ies advanced by H ilb e rt  and h is 

school before 1930 aimed at proving the consistency and 

d e c id a b il it y  of the main lo g ic a l and mathematical theo ries . 

At that time c la s s ic a l mathematics was genera lly  claimed to be 

not only cons isten t but a lso  decidab le . That thesis  became even 

more convincing a fte r  Russe ll and Whitehead "P r in c ip ia  Mathema- 

t ic a " .  Such a tt itu d e  made the stud ies on d e c id a b il it y  focus on 

new e f fe c t iv e  methods and new decidable th eo rie s ; th e ir  re su lts  

being re fe rred  only to mathematical theories  or th e ir  fragments, 

e .g .,  L. Löwenheim3 proved the d e c id a b il it y  of f irs t- o rd e r  monadic 

p red ica te  lo g ic  (1915), E. Post4 , the d e c id a b il it y  of standard 

tru th - fun ctio na l p ropositiona l lo g ic  (1921), M. Presburger^; the

F. Guenthner, 1983, vo l. I ,  pp. 409-478. But a l l  of them, however, 
deal only with the f i r s t  two periods of stud ies on d e c id a b ility . As 
fa r  as the author knows, some problems of p ra c t ic a l d e c id a b ility  
are discussed only in : M. 0. R a b i n ,  Oecidable Theories, [in :J 
Handbook of Mathematical lo g ic , ed. J .  Barw ise, North-Holland, Am­
sterdam 1977.

2
See, e .g . A. G r z e g o r c z y k ,  op.  c i t . j  A. T a r ­

s k i ,  A. M o s t o w s k i ,  R.  M. R o b  i -n s o n ,  op.  c i t .

3 L . L ö w e n h e i m ,  Öber M öglichkeiten im R e la t iv k a lk ü l,  
"Mathematische Annalen“ 1915, vo l. 76, pp. 447-470.

h
E. P o s t ,  In troduction  to a General Theory of Elementary 

P rop os ition s, "Am erical Jou rna l of Mathematic" 1921, vo l. 43, pp. 
163-185. ,

5 M. P r e s b u r g e r ,  Uber die V o lls tä n d ig k e it  eines gewis­
sen Systems der A rithm etik  genzer Zahlen, in welchem die Addition 
a ls  e inz ige  Operation h e r v o r t r i t t ;  [ in : ]  Sprawozdanie z I kongresu 
matematyków krajów słow iańsk ich , Warszawa 1929, pp. 92-101,



d e c id a b il it y  of f irs t- o rd e r  number theory w ith add ition  but without 

m u lt ip lic a t io n  (1929), T. Skolem6 : the d e c id a b il it y  of f i r s t - o r ­

der number theory w ith  m u lt ip lic a t io n  but w ithout ad d ition  (1935). 

Moreover some e f fe c t iv e  methods were invented as, fo r example, the 

reduction to con junctive  normal form, tru th - tab le  method (indepen­

dently  - E. Pos t7 and L. W ittgen ste in 8), and the methods of pro­

ving the d e c id a b il it y  fo r some sp e c if ie d  th e o r ie s . Beyond the lim its 

of the basic  research work were, houever, undecidable problems 

and theo ries , namely those with no e f fe c t iv e  methods fo r so lv ing  

th e ir  general problem. At le a s t  two reasons can be given fo r th a t: I )  

a f te r  H ilb e r t  had realized h is  programme, undecidable problems were 

assumed not to belong to mathematics; 2 ) the f a i lu r e  in  the f ie ld  

of undecidable theo ries  was to some extent due to unprecise d e f i ­

n it io n  of d e c id a b il it y  of a theory. As has been s ta ted  above, that 

d e f in it io n  based on the in tu it iv e  concept of e f f e c t iv e  method. In 

the second period the e f fe c t iv e  method was more p re c is e ly  defined , 

which was connected w ith the in trod u ction  of i t s  mathematical coun­

te rp a rt : the concept of recu rs iveness.

2. Period  I I .  The second period belongs to the most p r o l i f i c  

in  the h is to ry  of d e c id a b il it y  s tu d ie s , and thus i t  can be
a

trea ted  as a whole. When G odel's  work was published in  1931, i t  

became evident tha t the deductive power of form alized systems is  

lim ited  and, consequently, not always the r ig h t procedure ( i . e .  

the one that so lves the problem in  every s itu a t io n ) ,  fo r  a given 

problem of a theory can be s e t t le d . Based, on the one hand, on the 

in tu i t i v e  notion of what is  c a lc u la b le , and, on the other hand, on 

the ex is tin g  a lgorithm s, seve ra l d if fe re n t  mathematical defin itions 

of recurs iveness were formulated (th a t  i s ,  d e f in it io n s  of re cu r­

s ive  function , Gödel in  [ a]  fo r the f i r s t  tim e, and of re cu rs ive  

s e t ) ,  which in  consequence made p rec ise  d e f in it io n  of d e c id a b il it y

6 T. S k o l e m ,  Uber e in ig e  Satzfunktionen  in  der Arithm e­
t ik ,  S k r i f t e r  U tg it t  av Det Norske Videnskaps-akademi i  Oslo, I .  
M at.-Naturv. K lasse 1930, No. 7, Oslo 1931.

7 E. P o s t ,  op. c i t .

8 L. W i t t g e n s t e i n ,  T ractatus logico-philosophicus, 
Routledge and Kegan Pau l, London 1922.

9 ».
K. G ö d e l ,  Uber formal unentscheidbare Sätze der P r in ­

c ip ia  Mathematica und verwandter Systeme I ,  "Monatschri f t fü r  Mat­
hematik und Phys ik " 1931, Bd. 38, pp. 173-198.



p oss ib le . The most notable re s u lts  o rig in a ted  w ith A. Church, K. 

Gödel, S. C. Kleene, J .  B. Rosser, E. Post, A. Turing, and la te r  

A,Harkov, The must perspicuous d e f in it io n  of recu rs ive  functions 

(which at the same time ch aracte rizes  th e ir  con stru ctio n ) is  foun­

ded on the notions of e f fe c t iv e  minimum, p r im it iv e  recursion*^ and 

composition opera tions*1, Namely, i f  we consider e a s ily  ca lcu la b le  

fu n c tio n s :

<*) Z (x ) = 0, S (x ) « x ♦ I ,  Uni ( x j .......... xn) = xx

for i < n, n = 1, 2 ..........

then a c la ss  of recu rs ive  functions can be defined as the minimal 

c la ss  of functions contain ing (# ) and closed under the operations 

of composition, p r im it iv e  recursion  and e f fe c t iv e  minimum. Making 

use of th is  observation , recu rs ive  set was defined as a set for 

which there e x is ts  a recu rs ive  function  c h a ra c te r is t ic  fo r tb is  

se t; and decidable theory - as a theory w ith recu rs ive  set of 
theorems.

12
In 1936 Turing proposed to define computable function  in 

terms of computing machines he had invented. Function f is  compu­

tab le  i f  there can be designed Turing machine for i t ,  such that i t  

may be capable of p r in tin g  succeeding values of that function  on 

the tape. Independently, E. Post made a s im ila r  a n a ly s is . Next 

p roposition  concerning A -d efinab le  functions was introduced by 

Church and Kleene; i t  was based on Church 's A - c a lc u l i1 } , where

The operation of e f fe c t iv e  minimum. The operation  of m ini­
mum leads from a function  g (y , x., . . . .  x „ ) of n ♦ I arguments to a 
runction f ( x 1t xn) of n arguments, whose value fo r given x.
•••• *n 1S the le a s t value pf y, i f  one such e x is ts ,  fo r which

* i > •••i ~ 0 and which is  undefined i f  no such у e x is ts . 
I f  fo r given x. , xn there always e x is ts  the le a s t  value of
y, then the operation of minimum is  c a lle d  e f fe c t iv e .  The opera­
tion  of p r im it iv e  recu rs ion . This operation  associa tes  w ith the
rtľ nn  h ?ta l ,unctlon i\  f ( * 1> xn) and g (x , .......... xn<2) the fun-
F ÍČ on t*(x l .......... where: h (0 , x ,,  . , , ,  x „) = f ( x . . . .  Xn),

( +n l - *1» *n) = 9(k, h (k , x ,,  . ! . ,  xn) .......... xn ) l

^ee* e -9- A. G r z e g o r c z y k ,  op.  c i t ,

A. T u r i n g ,  On Computable Numbers, w ith an ap p lica tio n  
to the Entscheidungsproblero, "Proceedings London Mathematical So­
ciety 1936/1937, ser. 2, vo l. 42, pp. 230-265.

к A ' .,C h u r c h, An tlnsolvable Problem of Elementary
Number Theory, "American Jou rna l of Mathematic" 1936, vo l. 50, pp! 

jo 3.



due to л -operator producing fu n ctio n a l symbols, the consequent no­

ta t io n  is  u n if ie d 14. Also other d if fe re n t  aproaches were t r ie d  l a ­

te r ,  b ring ing  a ltoge ther va rious , more p rec ise  d e f in it io n s  of the 

in tu it iv e  notion of c a lc u la b i l i t y . The important fa c t ,  however, is  

that in  a l l  those aproaches the same c la s s  of re cu rs ive  functions 

was defined s ince :

1) The c la ss  of recu rs ive  functions is  eq u iva len t to the c la ss  

of A -definab le  fu n c tio n s15.

2) The c la ss  of computable functions is  eq u iva len t to the class 

of А-definab le  fu n c tio n s16.

This fa c t  made Church and Turing put forward a hypothesis that 

the in tu it iv e  notion of what is  c a lcu la b le  has i t s  p rec ise  mathe­

m atica l coun terpart. That hypothesis c a lle d  Church 's Thesis, Tu­

r in g 's  Hypothesis, or the most r ig h t ly ,  Church-Turing Hypothesis, 

can have m anifold formes. Let us present two of them:

H I) Every recu rs ive  function  is  e f f e c t iv e ly  c a lcu la b le .

H2) A lgorithm ic processes in  the in tu it i v e  sense can be rea liz e d  

by means of Turing machines.

Church-Turing Hypothesis is  not proved. Various approaches to 

what is  c a lc u la b le , however, make us b o live  i t  is  p la u s ib le ; when 

i t s  v a l id i t y  is  assumed, the u n d e c id a b ility  o f, fo r in stance , 

p red ica te  c a lc u l i  or of the h a lt in g  problem can be showed.

Not only d e fin in g  d e c id a b il it y  in  terms of mathematics but a lso  

the fa c t  of surmounting the d i f f i c u l t i e s  connected w ith the pos­

s ib le  r e a liz a t io n  of H ilb e r t  programme resu lted  in  various conclu ­

sions concerning the u n d e c id a b ility  of the main mathematical and 

lo g ic a l th eo rie s . The best known re s u lts  (proved in  1936) are as 

fo llo w s:

14 "
л -definab le  function  can be determ ined 'as fo llo w s: function

F is  c a lle d  A-defm ab le  i f  there e x is ts  a formula £ such th a t, 
i f  F(m) * r and jd end _£ the formulas corresponding in  th is  
c a lc u l i  to the p o s it iv e  in tegers  m and r ,  then F(m) conv r , 
where "conv” is  a r e la t io n  between formulas F(m) and r i f f  the 
formula r can be derived  from £(m) by means.of appropriate  opera­
tion s  introduced in x - c a lc u li and c a lle d  conversion (most e x a c t ly : 
any f in i t e  sequence of these operations is  c a lle d  a con­
ve rs io n ).

15 A. C h u r c h ,  o p . c i t .

*6 A. T u r i n g ,  o p . c i t .



3) F irs t-o rd e r  p red icate  lo g ic  is  undecidable17.
18

4) Peano's a rith m etic  is  undecidable

and so are f irs t- o rd e r  theories  of groups, r in g s , f ie ld s  and la t-  
19

t ic e s  . Each of those cases employs that there is  no e f fe c t iv e  

method to decide whether any given formula of a theory is  v a lid  or 

not. In terms of d e c id a b ility  the set of theorems of a given 

theory is  sa id  t.o be recu rs ive . I t  becomes evident that i f  we 

a d d it io n a lly  introduce the notion of re c u rs iv e ly  enumerable set 

as a set of values of a recu rs ive  function , then Gödel's F i r s t  

Theorem can be formulated as fo llow s:

5) The set of Gödel numbers of a rith m e tica l theorems is  recu r­

s iv e ly  enumerable but is  not recu rs ive .

The thorough stud ies on the d e c id a b il it y  problems based on 

the notion of recursiveness ( th is  b r ie f  presentation  does not 

even mention a l l  the s ig n if ic a n t  r e s u lts )  d isc lo se  th e ir  s im ila r i t y  

to computer p ra c tic e . On the one hand, the models of mathematical 

machines created by Turing and Post (Turing machine and Post ma­

chine are eq u iva len t) are not in  fa c t  mechanisms but mathematical 

concepts. Speaking p re c is e ly ,  they are deductive systems: by means 

of formal transform ation made in  accordance with the ru les  given 

in  advance, they form new sequences of symbols out of the symbol 

sequences given in  the input. On the other hand, however, i t  is  

evident that today every r e a l ly  ex is tin g  computer can be reduced 

to Turing machine. From the th e o re t ic a l point of view, Turing ma­

ch ine, and hence a lso every computer can so lve any computable 

problem. Consequently, the problems of decidable theories  can be 

reduced to some appropriate computer procedures. Are the procedures 

that so lve the problems of decidable theories  fe a s ib le  fo r compu­

te r ?  This question was of sp ec ia l a tten tio n  in  the th ird  period.

3. Period I I I .  From what has been sta ted  above too hasty a 

conclusion can be in fe rred  tha t, as regards the decidable theory,

A. C h u r c h ,  A Note on the Entscheidungsproblem, "The 
Jou rna l of Symbolic Log ic" 1936, vo l. I ,  pp. 40-41; C o rrection , ib i­
dem, pp. 101-102.

I Q
Ibidem. Church obtained th is  re s u lt  having assumed Churchi 

-Turing hypothesis and consistency of a r ith m e tica l system.
19

See, e .g . A. T a r s k i ,  A . M o s t o w s k i ,  R.  M. 
R o b i n s o n ,  op.  c i t . : D. V a n  0 a 1 e n, op. c i t .



the question whether a formula is  v a lid  crea tes  a t r i v i a l  problem. 

However, th is  is  not the case sioce decidable procedures m anifest 

evident computational complexity as, for example, decidable theory 

of a rith m etics  w ith add ition  but w ithout m u lt ip lic a t io n . In 1974 

F isch er and Rabin20 showed that in  the case of elementary theory 

of ad d ition , for every deciUable procedure, there can be s ing led' л П
out a sentence of a length n fo r which given procedure needs 2 

steps in order to provide the answer. Let us n o tice  that computa­

tion  in more than 22 steps is  im possible ( i . e . ,  we say: i t  is  

not p ra c t ic a l d e c id a b i l i t y ) .  S im ila r  re su lts  were achieved in the 

theory of lin ea r-o rd er and the second-order weak theory w ith  one 

succesor21. Thus, what should be in e v ita b ly  defined at th is  mo­

ment, is  such a notion of p ra c t ic a l d e c id a b il i t y ,  that would em­

brace the computational complexity of the procedures. Therefore, i t  

is  accepted that i f  a function  is  p r a c t ic a l ly  c a lc u la b le  then i t s  

computational complexity is  determined by the fa c t  that the number 

of steps necessary fo r producing the answer grows p o lin o m ia lly  

depending on to the length of a input word. C lea ry , i f  th is  r e la ­

tion  is  exponential the due function  is  not computable.

The stud ies of the th ird  period are not completed, th e re fo re , 

i t  is  d i f f i c u l t  to f o r e t e l l  what re s u lts  w i l l  be obtained. However, 

i t  is  possib le  to sp ec ify  i t s  o b je c t iv e : to construct new, in te r ­

e s tin g , p r a c t ic a l ly  decidable th e o r ie s .

4. Conclusions. Each of the three periods has essen tia lly  

the same notion of decidable theory: a theory is  decidable i f  a 

method which is  claimed tu be e f f e c t iv e  s e t t le s  whether a formula is  

v a l id .  Whereas what makes them vary is  caused by the fa c t ,  that 

they concentrate on d if fe re n t  problems concerning d e c id a b il it y ;  in 

the f i r s t ,  " in t u i t i v e "  period the s tre ss  was put on the decida­

b i l i t y  of various th e o r ie s : the second mathematical one managed 

to prove many elementary theories to be undecidable and b u ilt  up a 

h iera rchy  of degrees of u n d e c id a b ility ; the th ird  period , on the 

other hand, was marked by computable p ra c tic e s  and restored  decida­

b le theo ries  but from the point of view of p r a c t ic a l ly  rea liz e d  

procedures.

20
J .  M. F i s c h e r ,  M. 0.  R a b i n ,  Super Exponential 

Complexity of P resb urg er's  A rith m etic , "SIAM AMS Proceedings" 1974,
No. 7, pp. 27-41.

21
See: M. 0. R a b i n ,  Decidable Theories.



In  sp ite  of the fa c t  that the stud ies on decidable theories 

are s t i l l  making progress, I  th ink two tac ts  are worth mentioning:

1 °. The range of the problems connected with d e c id a b il it y  

was success ive ly  reduced by every next period . I f  the denotation 

of the concept of decidable theory (problem) is  refered  to us Dj, 

О ц , ° j i i > fo llow ing  in c lu s io n  is  true :

° I  3 D1I 3  D1 I I

Les us, however, s tre ss  the p e cu la r ity  of that in c lu s io n : 

Church-Turing Thesis s ta tes  the equivalence between in tu it iv e  

c a lc u la b i l i t y  and mathematical recu rs iveness, which cannot be en­

t i r e ly  proved (although i t  is  obvious that every recu rs ive  func­

tion  is  in tu it iv e ly  C a lc u la b le ). In order to re je c t  the th e s is , 

there must be pointed out an in tu i t i v e ly  c a lcu la b le  function  which 

is  at the same time not re cu rs ive . The above reasoning deals natu­

r a l ly  w ith  the concept of d e c id a b il it y ,  and th is  fa c t  is  the source 

of an unexpected problem: we are not able to s ing le  out such an 

element a, that a e Dj and a ť U j j ,  which would prove that Dj 

is  in fa c t a g reater c la ss  (accord ing to Church-Turing Thesis no 

such an element should be formed). C lass Dj j , on the other hand, 

is  e s s e n t ia lly  g reater then c la ss  O j j j i  which is  obviuus since 

the stud ies were lim ited  only to p r a c t ic a l ly  decidable theo ries . 

Here, however, a sensib le  p r a c t ic a l ly  decidable theory can be 

hard ly appointed.

2 °. The problems of d e c id a b ility  and the p ra c tice  are (en ­

t i r e l y )  analogous; the former stem from the stud ies on c a lc u la ­

t in g  algorithm s: they were combined w ith  computer p ra c tice  in  the 

second period , and d ea lt w ith  the concrete decidable theories and 

so lv ing  procedures in  Period  I I I .  The question can be put i f  th ia  

analogy is  r e a l ly  c lo se ? For the time being the answer is  n eg a ti­

ve. The re su lts  of the s tud ies on p ra c t ic a l d e c id a b il it y  show 

that algorithm s can be hard ly expected to be p r a c t ic a l ly  rea liz ed  

s ince  so lv ing  procedures are of too high computational com plexity. 

However, some algorithm s fo r data,from  a f in i t e  set can be r e a l i ­

zed in p ra c tic e . This is  an important fa c t  in  the stud ies  of au­

tom atic theorem proving s ince  the p o s s ib i l i t ie s  to form theorem,



proving procedures ( fo r  a formula of U n ite d  leng th ) are not ex­

cluded.

U n iv e rs ity  of Łódź 
Poland

Janusz Kaczmarek 

TRZY POJĘCIA ROZSTRZYGALNOŚCI

W a rtyku le  dokonano k ró tk ie j  an a liz y  p o jęc ia  rozstrzyga lnośc i 
w trzech ko le jnych  okresach j e j  rozwoju.

Pierwszy okres obejmuje la ta  przed rokiem 1930, w których pro­
blemy rozstrzyga lnośc i uzyskały właściwe znaczenie głównie za spra­
wą badaó związanych z programem H ilb e rta . Okres drugi obejmuje la ­
ta trz yd z ie ste  1 cz te rd z ie s te . Wykorzystując rozmaite p od e jśc ia , 
wypracowano wówczas ś c is łe ,  matematyczne p o jęc ie  o b l ic z a ln o ś c i, co 
um ożliw iło p rz y ję c ie  równie p recyzyjne j d e f in ic j i  ro z s trz yg a ln o śc i. 
Z k o le i okres t rz e c i rozpoczyna s ię  mniej w ięce j od początku la t  
sześćd z ies ią tych , kiedy to w związku z procedurami możliwymi do 
realnego u rzeczyw istn ien ia  po jaw iła  s ię  r e f le k s ja  nad praktyczną 
ro zs trz yg a ln o śc ią .


