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THREE ASPECTS OF DECIDABILITY

Metamathematical problems of decidability 'recurv in logic
in the shape of the question: is a given logical theory
decidable or undecidable. Basic - results concerning different
mathematical and logical theories were achieved  mainly in
the thirties and the 'taurtiqs of . our century. No wonder that
the notion . of -'decidability is usually conbihed. with the
terminology of that time. However, 1 would - suggest that
perceiving at least three different pariods in  the = studies
on decidability is fully justified.

The first period covers the years tlll 1930. At that time
the problem of decidability acquired some llportince, mainly on
account of ‘the studies connected with MHilbert‘s programme.
The second period falls on the thirties and the fourties. Then,
on the basis of varlous approaches, a narrow aatheqatical concept
of decidability was built up, which rendered pbssibld an equally
precise definition ot dccidabllity. »Fiﬁally, in the third partod'
that started about the early sixties, there appeared purely 'me-
chanical procedures for solvtng'vatiouo"p;obldas1’thua qt;-ulpting

the studies on prlcttcal docidabiltty. The notion of decidable

.thoory in these three periods uxll be the basic ‘theme  of this
paper v S 5 y 74 k)

i There is a great varlety of interestin uorkl‘ concerned with
recursive functions and the problems of decidability and . unde-
cidability. The most valuable are, for example, A, Gr z e gor-
¢ z'y k, Zagadnienia rozstrzygalnosci, Warszswa 1957; A. T-a r-
s k i, 'A. Mostow ski, R.M. Robinson, Undecida-
ble thoor!es. North-Holland, Amsterdam 1953; D. Van Dalen,
Algorithmus and Decision Proble-s- a Crash  Course - in Recurlion
Theory, [in: Nandbook ot Philosophical Loolc, eds 0 M. Gabbay,

[65]
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1, Period 1. The decidability of a theory was defined in terms
of the informal intuitive notion of an effective method, What 1is
an effective method? Its paradigm can be found in simple and well~
~known mathematical algorithms as, for example, Euclid’s algorithm
for finding the greatest common divisor of two positive integers
not-relatively prime; effective method is a method which allows to
solve a problem or o class of problems in a finite number of steps.
Accordingly, a general problem (a class of specific questions) is

~decidable if there exists an effective method of solving every
question of that class, e.g. general question: "is a given num-
ber n prime?" is decidable. Consequently, a theory T is decida-
ble if its general problem: "is a formula valid in i1t" is decida-
blez.

Metamathematical studies advanced by Hilbert  and his
school before 1930 aimed ' at proving the consistency and
decidability of the main logical and mathematical theories.
At that time classical mathematics was generally claimed to be
not only consistent but also decidable. That thesis became even
more convincing after Russell and Whitehead "Principia Mathema-
tica". Such attitude made the studies on decidability focus on
new effective methods and new decidable theories; their results
being referred only to mathematical theories or their trngments;
Bt skl L8wenheln3 proved the decidability of first-order monadic
predicate logic =~ (1915), E. Post‘, the decidability of standard

truth-functional propositional " lagic _(1921),'M. Fresburgersg the

F. Guenthner, 1983, vol. 1, pp. 409-478. But all of them, however,
deal only with the first two periecds of studies on decidability. As
far as the author knows, some problems of practical decidabilit

are discussed only in: M. 0. R a b i n, Decidable Theories, [inﬂ
Handbook of Mathematical legic, ed. J. Barwise, North-Holland, Am-
sterdam 1977, : i

2 fen.. a.g. A, G.r.z:8 g o.r.e-z.y Kk ' gp;: Cit.; A T ar-
gk i, A. Wo 8 t oWk, 'R, M."'R'0'b 1-'n'S & W/ “opieit.

3. Lbwenheim, ~Ober Mdglichkeiten im Relativkalkil,
"Mathematische Annalen" 1915, vol. 76, pp. 447-470.

’ E. P o s t, Introduction to a General Theory of Elementary
{rgpgggtions. "Americal Journal of Mathematic" 1921, vol. 43, pp.
63- : ' ‘ i

M. Presburger, Uber die Vollstandigkeit eines pewis-
sen Systems der Arithmetik genzer Zahlen, in welchem die Addition -
als einzige Operation hervortritt; [in:] Sprawozdanie z I kongresu
matematykdw krajdw stowiadskich, Warszawa 1929, pp. 92-101,
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decidability of first-order number theory with addition but without
multiplication (1929), 7. Skolem®: the decidability of first-or-
der number theory with multiplication but without addition (1935).
Moreover some effective methods were invented as, for example, the
reduction to conjuncti#e normal form, truth table method (indepen-
dently - E. Post! and L. Wittgenstein ).and the methods of pro-
ving the decidability for some specified theoriea Beyond the limits
of the basic research work were, houever, undecidable problems
and theories, 'nanely those with no effective methods for solving
their general problem. At least two reasons can be given for that: 1)
after Hilbert had realized his programme, undecidable problems were
assumed not to belong to mathematics; 2) the failure in the field
of undecidable theories was to some extent due to wunprecise defi-
nition of decidability of a theory. As has been atateqvabove. that
definition based on the intuitive concept of effective method. In
the second period the effective wethod was more precisely defined,
which was connected with the introduction of its mathematical coun-
terpart: the concept of recursiveness. 4 ;

2. Period IL. The second period belongs to theﬁinost'prblitic
in the history of decidability studies, and . thus it can be
treated as a whole. When Godel s uork9 was publiuhad in 1931
became evident that the deductive power of formalized systems is
limited and, consequently, not always the right procedure (i.e.
the one that solves the problem in avcry'situation), ‘for a given
broblem of a theory can be settled. Based, on the one hand, on the
intuitive notion of what is calculable,  and, on,the:dthcr hand, on
the existing algorithms, several different mathematical definitions
of recursiveness were formulated (that is, definitions 6t-réqur--
sive function, Godel in [A] for the lirat time, and of recursive
set), which in consequence. unde precise detinitlon of decidlbillty_

LR k ol ewn, Ubar ainioe Satzfunktionen in der Arithee-
‘tik, Skrifter Utgitt av Det Norske Videnskaps- akadeni i 7 0slo,: I.
Mat.~ Naturv. Klasse 1930, No.»7 Oslo 1931.. - ; B

o2 Post, op. cit.

8. Wittgenste i'n, Tractatus lngloo-philoaophmeus.-
Routledge and Kegan- Paul London 1922, - :
K. 6 ddel, Uber formal: unentscheldbare Sitze der Prin-

-cipia Mathematica und verwandter Systeme I, "Monatschtitt fiir Mat—
‘hematik und Physik" 1931, Bd 38 pp. 173~ 198 ;
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possible. The most notable results originated with A. Church, K.
Gddel, S. C. Kleene, J. B. Rosser, E., Post, A. Turing, and 1ater
A, Markov. The most perspicuous definition of recursive functions
(which at the same time characterizes their construction) is foun-
ded on the notions of effective minimum, primitive recursionln and
composition operationsl‘. Namely, if we consider easily calculable
functions: .

(*) Z(x) = 0, S(x) = x «-1, u,i (xl, i) e Xy
for i€ n, n = l,‘ &

then a class of recursive functions can be defined as the minimal
class of functions containing (%) and closed under the operations
of composition, primitive recursion and effective minimum. Making
use of this observation, recursive set was defined as a set for
which there exists a recursive function characteristic for this
set; and decidable theory - as a theory with recursive .set of
theorems. :

In 1936 Tuung12 proposed to define computable function in
terms of computing machines he had invented. Funetion f is compu-
table if there can be designed Turing machine for it, such that it
may be capable of printing succeeding-values of that function on
the tape. Independently, E. Post made a similar analysis. Next
proposition concerning A -definable functions was introduced by
Church and Kleene; it was based on Church's AFcalculils, where

————

10 The operation of effective minimum. The operation of mini-
mum leads from a function g(y, X -.vy, X5) of n + 1 arguments to a
function f(xy, ..., x,) of n arguments, whose value for given «x,,
++vy Xpn is the least value of g. if one such exists, for which
0(y, X3, ..., %3) = 0 and which is undefined if no such y exists.
If for given x,, ..., Xn there always exists the least . value of .
y, then the opelation of minimum is called effective. The opera-
tion of primitive recursion. This operation associates with the
given total functions f(xy, ..., xn) and 0(xy, «.., Xpns2) the fun-
ction h(xy, ..., xp.¢), where: h(0, X1 oo = BU%S5 4oy ),
U0 DS AT SRR 4 5 Do P ey L SRS ik B4 Y

n See, e.g. A.G rzegorczyk, op.cit,

leA. Turing, On Computable Numbers, with ap application
to the Entscheidungsproblem, “Proceedings London Mathematical So-
clety" 1936/1937,"'ser. 2, vol. 42, pp. 230-265. '

: ; i
See: A. C hurch, AnUnsolvable Problem of. Elementary
Number Theory, "American Journal of Mathematic" 1936, vol. 58, pp..

345-363.
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due to A -operator producing functional symbols, the consequent no-
tation is unified'®. Also other different aproaches were tried la-
ter, bringing altogethef various, more precise definitions of the
intuitive notion of calculability. The important fact, however, is
that in all those aproaches the same class of recursive functions
was defined since: 7S .

1) The class of recursive functions is qqu;vnieni to the class
of A-definable functions'®. : ' _

2) The class of conputableb functions is equivalent to the class
of a-definable functionsls. : iy

This fact made Church and Turing put !bruqrd a hypothesis that
the intuitive notion of what is calculable has its precise mathe-
matical counterpart. Ihatvhypotnesxs called Church's. Thesis, Tu-
ring's Hypothesis, or the most rightly, Church-Turing Hypothesis,
can have manifold formes. Let us present two of them:

H1) Every recursive function is effectively calculable.

H2) Algorithmic processes in the intuitive sense cu1he'raaliied
by means of Turing machines. : :
’ Church-luring,ﬂypothedis is not proved. Various app;nachoé to
what is calculable, however, make us belive it is plausible; when
its validity is assumed, the undecidsblllty of, for  instance,
predicate calculi or of the halting problem can'ha showed.

- Not only defining decidability in terms of mathematics but also
the fact of surmounting the difficulties connected with the pos-
sible rfallzotinn of Hilbert programme tesuitad in various conclu-
sions concerning the undecidability of the main mathematical and
logical theories. The best known results (proved in 1936) are as
follows: . =y '

14 X -definable function can be determined as follows: function
F is called A-definable if there exists a formula f = such that,
if Fim) = r and g and r ~the formulas corresponding in  this
calcull to the positive integers @ and r, then Ff(m) «conv r,
where "conv" 1s a relation between formulas F(m) and r iff the
formula r can be derived from F(m) by means of appropriate opera-
tions <dintroduced in A -calculi and called conversion (most exactly:
cany fxngte sequence of these  operations is called a con-
version). A i PR :

A, Churec h, op. cit.
€A, Turing, op. cit: .
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3) First-order predicate logic is undccidablel7

4) Peano's arithmetic is undecidable'®,
and so are first-order theories of groups, rings, fields and lat-
tlcesl9. Each of those cases employs that therer is no effective
method to decide whether any given formula of a theory is valid or
not. In terms of decidability the set of theorems of a given
theory is said to be recursive. It becomes evident that if we
additionally introduce the notion of recursively enumerable set
as a set of values of a recursive function, then Gddel’s First
Theorem can be formulated as follows:

5) The set of Godel numbers of arithmetical theorems is recur-
sively enumerable but is not recursive.

The thorough studies on the decidability problems based on
the notion of recursiveness (this brief presentation does not
even mention all the significant results) disclose their similarity
to computer practice. '0On the one hand, the models of mathematical
machines created by Turing and Post (Turihg machine and Post ma-
chine are equivalent) are not in fact mechanisms but ' mathematical
concepts. Speaking precisely, they are deductive systems: by means
of formal transformation made in accordsnce with the rules given
in advance,' they form new sequences of symbols out of the symbol
sequences given in the input. On the other hand, however, it |is
evident that today every really existing computer can be reduced
to Turing machine. From the theoretical point of view, Turing ma-
chine, and hence also every computer can solve any computable
problem. Consequently, the problems of decidable theories can be
reduced to some appropriate computer procedures. Are the procedures
that solve the problems of decidable theories teasible for compu-
ter? This question was of special attention in the third period.

3. Period III. From what has been stated above too hasty a
conclusion can be inferred that,’ as regards the decidable theory,

17  TOME o4t TS (TS A Note on tha'Entschéidungsproblem, T '"The
Journal of Symbolic Logic' 1936, vol. 1, pp. 40-41; Correction, ibi-
dem,. pp. 101-102. .

Ibidem. Church obtained this result having assumed Churchq
-Turing hypothesis and consistency of arithmetical system.

: ? See, e.g. A. Tarski, A.Mos towski, R. M.
Robinson, op.cit.: D. Van- Da 1 e n, op. cit,
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the question whether a formula is valid crestes a trivial problem.
However, this is not the case since decidable procedures manifest
evident computational complexity as,‘ for example, decidable theory
of arithmetics with addition but without multiplication. " In 1974
Fischer and Rabm20 showed that in the case of elementary theory
of addition, for every decidable procedure, there can be stnnleg
out a sentence of a length n for which given procedure needs 22

steps in order to pr&yide the answer. Let us notice that computa-
~tion in more than 2? steps is impossible (i.e., we say: it |is
not practical decidability). Similar results were achieved in the
theory of lipear-order and the second-order weak theory with one
succesor21. Thus, what should be inevitably ‘defined at this mo-
ment, is such a notion of practical decidability, that would em-
brace the computational bomplexity of the procedures., Therefore, it
16 accepted that if a function is practically calculable then its
computational complexity is determimed by the fact that the number
of steps necessary for pgroducing the answer = grows Apoltnoqia!ly
depending on to the length of a input word, Cleary, if this rela-
tion ls.exponential the due functien is not computable.

The studies of the third period are not completed, therefore,
it 1s dafficult to foretell what results will be obtained. However,
it 15 possible to specify its -objective: 'to construct new, inter-
estxdg, practically dgcidable theories. i ‘

4. Conclusions. Each of the three periods has essentislly
the same notion of decidable theory: a theory is decidable if a
method which is claimed to be effective settles whether a formula is
valid. Whereas what makes them vary is caused by the fact,  that
they concentrate on different problems concerning decidability; in
the first, “intuitive" period the stress was put on the decida-
bility of various theories: " the second mathematical one managed
to prove many elementary theories to be undecidable - and built up a
hieratchy of degrees of undscidabillty, the third period, on the
other hand, was marked by computable practices and restored decida-
ble theorxes but trom the point of view of practxcally realized
procedures (TR

20 JIW FH s idgiypeo 0  Reaab: tuny Super Exponantxal
Complexity of Presburger’s Arxthmetxc, "SIAM AMS Proceedings“ 1974,
No. 7, pp. 27 41.

2l gee: W, 0. Rabin, Decidable Theories.
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In spite of the fact that the studies on decidable theories
are still making progress, I think two facts are worth mentioning:

1%, The range - of the problems connected with decidability
was successively reduced by every next period. If the denotation
of the concept of decidable theory (problem) is refered to us UI'
DII' DIII' the following inclusion is true:

Dy @ Dyp 204y

Les us, however, stress the pecularity of that inclusion:
Church-Turing Thesis states the equivalence between intuitive
calculability and mathematical recursiveness, which cannot be en-
tirely proved (although it is obvious that every recursive func-
tion is intuitively calculable). In order to reject the thesis,
there must be pointed out an intuitively calculable function which
is at the same time not recarsive. The above reasoning deals natu-
rally‘with the concept of decidability, and this fact is the source
of an unexpected problem: we are not able to single out such an
element a, that a e DI and a ¢ DII' which would prove that - DI
is in fact a greater class (according to Church-Turing Thesis no
such an element should be formed). Class DII' on the other hand,
is essentially greater then class D!II' which is obvivus since
the studies were limited only to practically decidable thecries.
Here, however, 'a sensible practically decidable theory can be
hardly appointed. , . . ;

2°. The problems of decidability and the practice are (en-
tirely) analogous; the former stem from the studies on calcula-
ting algorithms: they were combined with computer practice in the
second period, and dealt with the crncrete decidable thearies and
solving procedures in Period III. The question can be put if this
analogy is really close? For the time being the answer is negati-
ve. The results of the studies on practical ;decidahiiity show
that algorithms can be hardly expected to be practlcaliy realized
since qolvinglprocedubas are of too.hign computational complexity.
Houaver,' some algorithms for data from a finite set can be reali-
zed in practice. This is an important fact in the studies of au-
tpnatié theorem proving ,ginpe the possibilities to form theorem,
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proving procedures (!n; a formula of limited lqhnth) are not ex-
cluded. : i ' : ’

University of tdd2
- Poland

- Janusz Kaczparek

TRZY POJECIA ROZSTRZYGALNOSCI

W artykule dokonano krétkiej analizy pojecis rozstrzygalnosci
w trzech kolejnych okresach jej rozwoju. i

Pierwszy okres obejmuje lata przed rokiem 1930, w ktérych pro- .
blemy rozstrzygalnoéci uzyskaly wiadciwe znaczenie gidéwnie za spra-
wg badad zwigzanych z programem Hilberta. Okres drugi obejmuje la-
ta trzydzieste i czterdzieste. MWykorzystujgc rozmaite podejscia,
wypracowano wéwczas $ciste, matematyczne pojgcie obliczalnosci, co
umpzliwilo przyjecie réwnie ppecyzyjnee definicji rozstrzygalnodci.
7 kolei okres trzeci rozpoczyna sig mniej wigcej od  poczatku lat
szedédziesigtych, kiedy to w zwigzku z procedurami . mozliwymi - do
realnego urzeczinlatnxenil pojewita sig refleksja nad praktyczng
rozstrzygalnoscig. o SRR | SR SR - 3



