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Conditional density function for surrogate scalar response

Mounir Boumahdi !, Idir Quassou 2, Mustapha Rachdi 3
Abstract

This paper presents the estimator of the conditional density function of surrogated scalar re-
sponse variable given a functional random one. We construct a conditional density function
by using the available (true) response data and the surrogate data. Then, we build up some
asymptotic properties of the constructed estimator in terms of the almost complete conver-
gences. As aresult, we compare our estimator with the classical estimator through the Relatif
Mean Square Errors (RMSE). Finally, we end this analysis by displaying the superiority of
our estimator in terms of prediction when we are lacking complete data.

Key words: Density function, surrogate response, functional variable, almost complete con-
vergence, kernel estimators, scalar response, entropy, semi-metric space.

1. Introduction

There are many situations that may study the link between two variables, with the main
goal to be able to predict new values. This predicted problem has been widely studied in
the literature when both variables are of finite dimensions. Of course, the same problem
can occur when some of the variables are functional. Our aim is to investigate this problem
when the explanatory variable is functional and the response one is still real.

We are based in the following model:

Y =m(X)+e. (1)

Where m is the regression operator, X is a functional covariate which belongs to a semi-
metric space (E,d) and Y is the response variable, € is a random error.
Our goal is to build the conditional density function for surrogate data by using the true
response data and the surrogate data. By following the work of Wang (2006), Firas et al.
(2019) and based on the work of Ramsay and Silverman (2002), Ferraty and Vieu (20006),
Horvath and Kokoszka (2012), Cuevas (2014), Zhang (2014), Bongiorno et al. (2014), Hs-
ing and Eubank (2015), Goia, Vieu (2016) and Wang, Chiou, and Miiller (2016) and the
references therein, we construct our estimator f,’f ().

The problem we are addressing in this work i.e., the unavailability of some data in the
response variable, can be motivated both from a practical and a theoretical point of view.
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In fact, it may be difficult or expensive to exactly measure some response observations Y.
Our goal is then to improve the modeling by filling/recovering some of the information
missed in the response variable with this surrogate variable. In this case, one solution is
to use the help of validation data to capture the underlying relation between the true vari-
ables and surrogate ones. Some examples where validation data are available can be found
in Duncan and Hill (1985), Carroll and Wand (1991) and Pepe (1992).

This paper aims to study the conditional density for missing response by the kernel
method, we explore in this work the aspect of missing data in the response variable to es-
timate the conditional density function for surrogate data. We adopt an approach based on
validation data ideas. In fact, the idea is to introduce the information contained in both the
validation data and the surrogate data.

The unavailable observation of Y will be replaced by the estimator of E (Y | X, f’), de-
noted by U (X, Yj) for all j € V that corresponds to the size of the missing data, where ¥ is
surrogate variable of Y. To estimate E (Y | X, )7) we adopt an approach based on validation
data and the brut data (the primary data), which includes surrogate data and the correspond-
ing observations of the covariate X.

Inside the simulation study of section 4, the surrogate variable ¥; of ¥; was generated
from ¥; = pZ; + ¢;, where Z; is the standard score of ¥; and & ~ N (O, 1= pz) , in such

a way that the correlation coefficient between Y; and ¥; is approximately equal to p which
would not be controllable in practice, but we can clearly notice that the quality of our f;{
depends on the size n of the validation data and p. Specifically, our estimator greatly better
as the value of n and p increases.

We already know the convergence almost complete of the classical kernel estimator
FX(y)( Ferraty and Vieu (2006)) towards the real f;(y), In fact, within the section 4, we cal-
culated and represented graphically the conditional density function estimator for surrogate
data and we conduct a computational study on a simulated data in order to show advantages

of using fﬁ(y) over f§ ().

Effectively, we are in a position to give the alternative estimator of fé (y) (estimator of
Ferraty and Vieu) when we are lacking complete data with the help of Y (the surrogate vari-
able of Y), so in reality the choice of ¥ is important to improve the quality of our estimator.
In practice we can cite as an example two diseases (Y and ¥) presenting similar symptoms,
more that there is a strong correlation between these two diseases, more our estimator is bet-
ter. So, there exists a wide scope of applied scientific fields for which our approach could
be of interest for examples Biometrics, Genetics or Environmetrics and this approach can
be helpful for a lot of statistical models when we are lacking complete data.

The main objective of this paper is to estimate the conditional density function for surro-
gate data. Then, we present the almost complete convergence of our estimator f}{ (y) and we
study its performance against f‘}f (y) by computing the relative mean squared error (RMSE)
using simulated data.
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2. Estimation procedure

Let (X,Y) € .# x R denote a random vector, where (.%,d) is a semi-metric space
equipped with the semi-metric d. We are concerned with the estimation of the conditional
density function for surrogate data. Therefore, let (X;,Y1), ..., (Xy,Yy) be a random sample
consisting of independent and identically distributed (i.i.d) variable from the distribution of

(X,7).
The regression function for surrogate data defined in [?] as follows
x) =Y YiWiix)+ Y UX;, Y)W 5(x), )
icV jev
with
UX;,Y)) = ) YiWoni(X;,Y)), viev. 3)
eV

We can estimate the conditional c.d.f Fj(y) for surrogate data as follows

=Y H ( ) Wini(x)+ Y, R(Xj, 3, Y)W (%), “4)
icVv jev
where
(d(X,-,x))
K h
W, ni\X) = 5 5
1,.,() v K<d(Xl,x)> ()
=K T
and
5 —Y o
R(Xj7y7Yj):ZH<y )Wan(X];Y])a VJEV- (6)
icv 8
With L
v (d(Xj,x» Yl—n)
- h b
W n,i XaY = 7
2l 1) d(X;, X)) Yi—Y @
ZlEVW h ) b

The conditional density function can be obtained by derivating the conditional c.d.f.
Since we have now at hand some estimator Fg(y) of Fy(y), it is natural to propose the
following estimate:

X _ aﬁ';;(y)
R(y)_ ay .

Assuming the differentiability of H, we build our new estimator of conditional density
function for surrogate data as following:

ZQ Wll‘ll +ZL Y, )Wlnj()
icV jev

Where
Qi) =g 'Ko(g 'y 13)),
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and
X0, 7) =Y ¢ 'Ko(g ' (v = Yi) ) Wani(X;,¥;), Vjev. (8)
eV
Where K is a kernel function and both &2 = Ay and g = gy are a sequence of positive
reals that tends to zero when N goes to infinity.

VueR, H(u /Ko dv. ©)

Ky is a function from R into R™ such that [ Ky = 1. To give an estimator of F;' when
there are surrogate data in the response variable, let us introduce the integer n (n < N) that
corresponds to the size of the validation set V. Let V be the complementary set of V in the
set {1,2,...,N}.

W is a kernel function which is defined on R? and b is sequence of real numbers which
tend to zero. To simplify, we will use only one kernel. In sense that K = Ky and W (-,-) =
K(-)K(-). This consideration is because the choice of the kernel has less influence on the
performance of the estimator.

3. Some asymptotic properties

In the sequel, when no confusion is possible, we will denote by C and C’ some strictly
positive generic constants, we denote by f¥11(y) the conditional distribution function of ¥
given (X,Y):

_ JFX1)1 )
X151 —
) 3y

with 5
F9i(y) =P(Y <y|x,y).

Recall that a semi-metric (sometimes called pseudo-metric) is just a metric violating the
property [d(x,y) = 0] = [x =y]. We define the Kolmogorov’s entropy as follows:

Definition 3.1 Let S5 be a subset of a semi-metric space ¥, and let € > 0 be given.
A finite set of point x1,x2, ....... X, in F is called an g-net for Sz if Sz C Ugil B(xg,€).
The quantity s, = 1og(Ng), where N s the minimal number of open balls in .F of radius
€ which is necessary to cover S, is called the Kolmogorov’s €-entropy of the set S z.

This concept was introduced by Kolmogorov (see, Kolmogorov and Tikhomirov, 1959)
and it represents a measure of the complexity of a set, in sense that, high entropy means
that much information is needed to describe an element with an accuracy €. Therefore, the
choice of the topological structure (with other words, the choice of the semi-metric) will
play a crucial role when one is looking the uniform (over S) asymptotic results. For more
precision about this concept, see Ferraty et al. (2010).

We consider the following assumptions:

(H1) For all x in the subset S # we have,

0<Co(h) <P(X €B(x,h)) <C'¢(h) < oo
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For all 7 in the subset S
0<Co(b) <P(Y <F<Y+b)<C(b) <o

For all x,y in the subset Sz x S

Co(h)9(b) <E[K(h™'d(x,X;))K(b™" (7= Y1)] < C'9(h)§(b).

(H2) There exists by, b, b3 > 0 such that Vxj,x» € Sz, Vy|,y2 € S and Vyi,y € Sy
) = 20 < C<dﬁ‘ (x1,%2) + [1 —y2|ﬁ2> :
and [0 (y1) = 2% ()] < € (dP (x1,22) + Iy =y P+ 7 =32l

(H3) K and Kj are bounded and Lipschitz kernel on its support [0, 1], such that —eo < C <
K'(r)<C' <O.
(H4) The functions ¢ and ys,, are such that:

(H4a) 3C > 0,3n9 >0, ¥Yn < 1o, ¢'(n) <C, and
"M
3C>0,3m >0, ¥0<n <m. [ odu>Cno(m).
JO

(H4b) For some Y€ (0,1),7 € (0,1) and y € (0,1) 4
limys+00n’h = o0, Jlimy_s1wn? g = o0 and lim,_,+en? b = oo, and for n large
enough:

(logn)* _ (logn)® logn _ ngg(b)o(h) _ ngo(h)
ng¢(h><ng¢<b>¢<h><"’5f*‘< >< logn  ~ logn

(HS5) The Kolmogorov’s e-entropy of S & satisfies

i 1
(I (| B

n=1 n

and

Y nzyﬂ“exp{(l —B)Vs, <logn>} < oo, for some f§ > 1.

n=1 n
Note that (H4a) implies that for n large enough
0<¢(h) <Ch. (10)
The condition (H4b) implies that:

Vs (8) an Vs » (8)
ngo(r) 0 o b)o(n)

—0. (11)
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The condition (H4b) implies that:

Y 2 FINg(S2) P < oo, and Y n2THIN(S5)' P < oo, (12)

n=1 n=1

Conditions (H2)-(H3) are very standard in the nonparametric setting. Concerning (H4a),
the boundness of the derivative of ¢ around zero allows to consider ¢ as a Lipschitzian func-
tion. Hypothesis (H4b) deals with topological considerations by controlling the entropy of

Sg. For a radius not too large, one requires that Vs, lof") is not too small and not too
. . II/Sf;? (8) Ys a (8)
large. Moreover (H4b) implies that— — 0 and —————-— — 0 tends to 0 when n
ngo(h) ng¢(h)9(b)

logn

tends to +oo, in some “usual” cases, one has Vs, ( -

) ~ Clogn. The assumption (HS)
acts on the Kolmogorov e-entropy of S .

The following Theorem states the rate of convergence of fAje‘ for the surrogated scalar
response, uniformly over the set Sz and Sg. The asymptotics are stated in terms of almost
complete convergence (denoted by a.co.), which imply both weak and strong convergences
(see Section A-1 in Ferraty and Vieu, 2000).

Theorem 3.1 Under the hypotheses (HI)-(HS), we have

sup sup |f5(y) — f5(y)| = O(hP') + 0(gP)

XES 7 yES%R

(%)
ngd(h)9(b)

4. Numerical results

In this section, we evaluate the performance of the proposed estimator by conducting
a number of simulation studies. Let fj(y) be the classical conditional density function
estimator which is obtained with the true observations in the validation data set V:

Py = Yiev K(h'd(x.X:))g Ko (g7 (y—17))
Yiev K(h'd(x,X;)) 7

and fg(y) the classical kernel estimator which is obtained with the complete data for (such
as an example with N = 300 in the simulation below)

o LK (hd(x, X)) g7 Ko (g7 (y—T7)
el YV K (h'd(x,X;)) '
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Within this section we will calculate and represent graphically the conditional density
function estimator for surrogate data and we conduct a computational study on a simulated
data in order to show advantages of using f3(y) over f&(y).

We choose K and K the Gaussian kernel as follows

1 —u
Ko(u) = K(u) = Eexp 2,

We generate 400 observations (X;,Y;); using the following model:
Yi=m(X;) +e.

Where the errors & are i.i.d. according to the normal distribution N(0;5). More pre-
cisely, the functional regressors X;(¢) are defined, for any ¢ € [0, 1], by

X;(t) = sin(27mw 1) + W; *1.

Where W; ~ U(0.5;2). The scalar response variable Y is generated by taking as a re-
gression operator:

m(x) = 2w *sin(b;) x /01 X% (t)dt + €.

Where: & ~ N(0,2) and b; ~ N(0,0.1). Let Iy = {1,....,300} and I, = {301, ....,400}
be two subsets of indices. Then, we choose A = (Xiin)ielO as the learning sample and
I = {(Xi,Yi) }ics, as the testing sample. The surrogate variable ¥; of V;, for all i € Iy was
generated from Y= PZ; + €, where Z; is the standard score of ¥; and & ~ N(0,+/1 — p?),
in such a way that the correlation coefficient between ¥; and ¥; is approximately equal to p
which would not be controllable in practice.

In the sequel of this simulation study, we take p = 0.75. From the learning sample
containing N = 300 functional data, we randomly choose a set V of n validation data
{(X;,Y;) }iev which allows to build the estimator f;;(y) of f§(y).

The estimator f3(y) is then constructed by using the surrogate data {(X;,Y;)},cp with
the help of the validation data, where VUV = {1,....N}. It should be pointed out that for
N = n (complete observations), we have fi;(y) = fz(v) = f&().

We evaluate the performance of the estimator f,§ (y) in terms of prediction, by computing
the relative mean squared error (RMSE) on the test sample:

(v _ fx(V. 2
RMSE(f3) = \/Ziel" (fc(llfzgo 89) .

We have run 100 replicates of the simulation process for various values of n. We com-
puted, for the two estimators f3(y) and fi;(y) the mean and relative mean squared error
(RMSE) over this 100 replications.
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The comparison study results, for different values of percentage of validation data in
samples:

_ card(V)

p(V) % 100% = % x 100%.

The results are summarized in the following Table 1.

Table 1. f5(Y;) and f5(Y;) whereas f(Y;) for n= 100 and n = 210.
estimator p(V)  Mean RMSE
0)  33% 0048 0.34
) 33%  0.03767 0.02356
720) - 0.03960 .
) 70% 0.044 0.0368
fAy)  70% 0.03882  0.001
0)

- 0.03960 -

RMSE=0.3457954333 RMSE=0.023568423
N o
(=} (=2}
(&2} (=2}
— —
o o
[} [} N
o o
(= (=}
(=2} (=2}
L= —
o o
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© <<} © o
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c c
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o o
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0 20 40 60 80 100 0 20 40 60 80 100
testing testing

Figure 1. f3 (the red line ) and f;¢ (the green line ) with f% (blue line) for Card(V)=n=100.

Obviously the quality of the prediction of the two estimators depend on the size n of
the validation data. Specifically, RMSE decrease when the value of n increases. On the
other hand, for n = 100 that means the percentage of validation data in a sample is 33% our
estimator f3(y) is better than fi%(y) in terms of RMSE inferior. In addition for n = 210 that
means that we know 70% of data, our fjé (y) still greatly better as result of RMSE = 0.001.
Nearly with the same mean of f&(y).
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RMSE=0.0368299640328521 RMSE=0.0015262482161128
N N
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Figure 2. f3 (the red line ) and f; (the green line ) with £ (blue line) for
Card(V) =n = 210.

It can be noticed from Figure 1 and Figure 2 that our f3(y) is closer than fi(y) to the
curve fg (y) which represents the estimator with the complete samples. Consequently, even
if the percentage of validation data in sample increases from 33% to 70%, the estimator
f#(y) keeps performing better than f;;.

5. Remarks and Conclusion

This paper has stated uniform consistency results when X is functional and Y is scalar.
The fact to be able to state results on the quantity

sup sup [fx(y) = ¥ ().

XES 7z YESyh

Allows directly to obtain results on quantity
R0) = ).

The entropy function represents a measure of the complexity of a set, in sense that, high
entropy means that much information is needed to describe an element with an accuracy
£= lof", in fact, the quality of the prediction of this estimator depends on the size n of the

validation data. By building a suitable projection-based semi-metric, the entropy function

becomes s, 10%) = O(logn) and for N = n (without surrogate data) we get the estimator

of Ferraty and Vieu (2006)

) logn
X _ :OhBI 0] B2 Ou.co £ :
sup sup () = 50)] = O6) + O(g) + ( ng¢<h>>
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We present in this paper the almost complete convergence of conditional density func-
tion for surrogated scalar response variable given a functional random by using validation
sample set. In addition, we show the performance of our estimator fz(y) than fj(y) to
reduce RMSE by using the simulated data. This confirms that our estimator is a good alter-
native to the fZ(y) estimator (see Ferraty and Vieu, 2006) when we lack complete data.
Proof of Theorem

We note that :

ieV=ie{l,...n}, and jeV=je{n+1,..,N}.

We can write

fl)é(y)_f))’c(y) :ZQ Wlnt ZfXY Wlnl )

ic i€V

_fo Wlnj +ZL Wll‘l,j()

jev jev

JFZfX”Y’ Wlnl( )*f})’c(y)
=E +E2 +E37

with

And

Furthermore, we put

and we define

fll(x) :;ZA,'(X),
I9%
g TN
r (x) - NiilAl(x%
1 X: Y

() = 1 (90) =400 aito),
. 1l€N X7

n =3 Y (A0 - F0)) A
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By the definition of 7, 71, 7», and 73 we have:

E\ = Wlx) (Fa(x,y) —E(P2(x,y))) + IE(’;TE);’))]))7
and

:W(r_g(x,y)_]E(r?»(xvy)))_" fl(x)

The numerators in this decomposition will be treated directly by using Lemma 6.2 and
Lemma 6.3 below, while the denominators are treated directly by using Lemma 6.1 together
with part 1) of Proposition A.6 defined in p232 of Ferraty and Vieu, 2006. For the term E;
will be treated by using Lemma 6.4.

Finally, the Theorem 3.2 is consequence of the following intermediate results

Lemma 5.1 Under the hypotheses (H1) and (H3)-(H5), we have

(%)

sup |71 (x) = 1| = Oy co. ) ,

X€Sgz

and

ZP(mf Fi(x) < ;) < oo,

xXES 7z
The Proof of this Lemma is detailed in [?]

Lemma 5.2 Under the hypotheses (HI1),(H2) and (H4)-(H5), we have
sup sup [E[f2(x,)]| = O (g”2) ,
xeSz yeSgp

and
sup sup [E[7(x,y)] = 0 ().
XES 7 YESy

Proof of Lemma 5.2

By stationarity, we have

Byl = [E[a@E[(@0)- A7) ]|
= [E[ai@ER6)x]-ELF T 0)]]|
=B [ By ()M E (R ()31] - 0] |-
The fact that [ Ko(u)du = 1 allows us to write:
B0~ A0) = [ 57 Ko (57 =) (K9 0) £ ) du
= [K0) (A0 =K 0=ve))av
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ThuS, under (H3) we Obtain uniformly
Y y — g N

Hence, we get

Vx €Sz, [Elf(xy)]] <Cgh.

EfRE = [E[M@E[(AT0)-A0) ]|
= E [Ty 00DA () | 5 0) = K 0)|| < cn.

Lemma 5.3 Under the assumptions of the Theorem, we have

o (%)

A —E[# = Ua.co. ’
sup sup |72 (x,y) —E[%2(x,)]| = Oa. ng¢(h)

XES 7 yESy

and

Vs, (1olgVN)

sup sup |#3(x,y) — E[f3(x,y)]| = Oa.co. Ng¢(h)

xXESz yeSy

Proof of Lemma 5.3

We treat only the first case, the second result can be treated by the same arguments.
Firstly, we simplify the notation by denoting for alli =1,...,n, by

Ki(x) = K(h™'d(x,X))).

Observe that, according to (H1) and (H3) we have

VxeSe Co(h) <E[K,(x)] < C'¢(h). 13)
Next, we denote by xj, ..., Xy, (s ) an €-net (see Kolomogorov and Tikhomirov (1959))
for S and by 11,...,4, some [,-net for the compact Sg. Furthermore, for all x in S.# and y

in S5 we put

k(x)=ar min d(x,x;) and j(y) = ar min —t;|.
() ng{l,Z,...,Ng(Sg;)} (e, 3%) Jo) gje{l,z,...,dn}|y i
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logn
n

Now, we fix € = and [, = n=2"~! and we use the following decomposition

P2(x,y) —E[R2(x,3)]| < sup sup |Aa(x,y) — P2 (ke )|
XES 7 yESy

T
+ sup sup \fz(xk(x),y) — Pa () j(y>)}
xe€Sz yeSy
T
+ sup sup |72 (xi(w), 1)) — ElP2 (xia), 1)l
X€S 7 yESy
I3
+ sup sup |E[A2(xe(2) )] — ElF2 (X, )] |
XES 7 yESy
Iy
+ sup sup [E[f(xy(r),y)] — E[f2(x,y)]|-
X€S 7 yESy
Ts

For the term 77 we employ the Lipschitzianity of the kernel K on [0, 1] which gives

ca
T < ;;Ziwithzi:

€
——1 Xi),
> D) BUx.h)UB 3y ) (Xi)

Therefore, it is clear that the assumption (H3) permits to write that

2
Z1=0 (Wg(h)) JE[Z]=0 <;g) and var(Z;) =0 (h2g§q>(h)) .
So, we get
< Cce"
= gy
By using the result (10) together with the definition of € we have for n large enough:

E(1Zi ") (14)

€
— <C.
hg —

So, we get:

C£m_1
E(| Z ‘m) = hmflgmfl(p(h)mfl :

Now, by applying Corollary A.8 in Ferraty and Vieu (2006) with a*> =

1 & elogn

-y Z;=EZ 1+ 040 .

3% ( ngh¢<h>>
Finally, applying (14) for m = 1 one gets

€ | elogn
Tl—O(hg)+0a.co.< nhg(])(h))
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By (10) and the definition of € for n large enough :

(logn)? elogn
g0 ()2 = nhgo (1)

Using (H4b) together with (11) and the fact that:

e | s, 1o | [cliogny
{ n &%) >\ ngoth) } . { n &%) >\ Ggo i }
we get
_ Vs (8)
Tl - Oa.co. < ng¢(h)) . (15)

Thus, by Assumption (H4b) we deduce that

o Ys» (€) n _ Vs (¢)
11 =Ouco ( ng¢<h)> and Ts = 0( ng¢<h>> ' (10

We use the same ideas to treat R,. In fact, we use the Lipschitz condition on the kernel
K and the assumption (H2) to write that

C
. R N <
P2 (X)) — P2 (i) L)) | < 0L

~-

lKi(xk(x)) (|Qi(Y) - Qi(tj(,v))|

+

OB Ol)
izia
i=1

<

30

1K () Wy ) (X0)
g2 o(h)

It is clear that the assumption (H3) permits to write that

n-0( Y 50 ) wi vrizo -0 L)

Invoking the same idea in (15), allows to get:

T = Oy o, ( "'Sﬁ(e)> and Ty = O ( W59(8)> . (17)

where Z; =

gne (h) gno(h)
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It remains to evaluate R3. Indeed, we write
Vs, (€)
P|T; > n =
( no(h)

= P( max max lfz(xk,tj)—Efz(kajH >N Yss (€ )>

JE{1.2, ey} k{1, Ne(S5)} no(h)
. . Vs, (€)
< duNe (S5 1) — By (.t
< duNe( y)je{ga akel m]%?sy)} <|r2(xk tj) =By (xr,1)| > 1 0
<d,Ne(S#z) max max lil", >N Vs (€) .
- T je{12,dyy ke{1,... Ne(S2)} n= no(h)

Where

L= g (K@) = P70) — E (K ((0) = £,

It follows, from the fact that the kernel K and K and in Yi are bounded, that
E|T;> <C(g(h)™".

Thus, we apply the Bernstein exponential inequality, we obtain for all j < d,,, that

P <|f2(xk,tj) —]E?z(xk,tj)] >1n %(;(gl))> < ZeXp{ —anwgf(e)}.

Therefore, by choosing Cn? = B, and using the fact that d, = O(l, '), we conclude that

WSJ‘(E)
dNe (S : , E , =
g(Sy);e{g?..,d”}ke{l ..... o (S} <|r2 X 1) — B2 (xi,j)| > 1 no(h) )
< Cldy (Ne(S.7))7C.
Finally, we obtain
_ Vs (8)
T3 - Oa.ca. ( I’lly(])(h)) (18)

For the term 73(x,y) — E[#3(x,y)]. First we fix € = IO%N and [y = N~271,
Using the decomposition and invoking the same arguments as for the proof of 7, (x,y) —
E[?2(x,y)], we get:

sup sup |l”\‘3()€,y) 7E[f3(x7y)” = Oa.co.
x€Sz yeSy
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Lemma 5.4 Under the assumptions of Theorem (HI)-(H6), we have ¥j € V

Vs, (lolgfn )

n¢(h)9(b)

sup sup |f7%i (y) — L(X;,7;)| = O(hP') + Ouco.
x€SzyeSz

To simplify we put X; = xand ¥; = §
Proof of Lemma 5.4

The proof is based on the following decomposition

L3) = 70) = s [La(en) ~ Blla(e.)]
; )
+L1(x )7) |:E[L2(xay7)7)} 7f1)/(“Y[(y):| + [1 7L1()C,)7)] li(x )7) .
Where
Ll(x»)j) = nE[K(h—ld(x X1;)K(b Z‘,/K ld x X K(b 1()7_ ~i)),
and
La(.3.3) = 1 5 T KO e XK =T,

nE[K(hd(x, X1 ))K(b ! | =

IL1(x,9) —E[Li (v, §)]| < sup sup [Li(x,5) — Li(x,5)]

xSz §E€SH
Ry
+ sup sup |Li(xi, ) — Li (x,2(5)) |
XES 7 FE€Sy
Ry
+ sup sup |Li(x,5)) — E[L1 (v, 25|
XES 7 FESH

R3
+ sup sup |E[L; (xi,tj5))] — E[L1 (%, )] |

XESz ¥ESyp

Ry

+ sup sup [E[L; (x¢, §)] — E[L1 (x, 9)]]
x€Sz €Sy

Rs



STATISTICS IN TRANSITION new series, June 2023 133

For the term R; we employ the Lipschitzianity of the kernel K on [0, 1] with (H1) and
(H2) lead directly

C ) €
Ry = — ;Zi with Z; = Ro Wb W ey B gy ) (Ki) Mgy <5<y}

It is clear that the assumption (H3) permits to write that

2
Z =0 (@) E[zi]=0 (%) and var(Z)) = O (W) .

By using the same steps as (15) we get
Vs (€) Vs (€)
R = Oy co. — dRs=0 — | 19
! ( n¢<h>¢<b)> andfs < ()0 (b) )

We use the same ideas to treat R,. In fact we use the Lipschitz condition on the kernel
K and the assumption (H2) to write that

_c
n¢(h)9(b) |

(ngE

L1 (x¥e(x), ) — L1 () L) | < Ki(xx() (|Ki(9) = kilt )|

1

IN

I

9 Zi7
n
WK (X)) Wy o ) (Xi) gy <g<y 0}

bo(h)9(b)

It is clear that the assumption (H3) permits to write that

where Z;, =

Wy Wy, w2
Aa=0 (b¢(b)¢<h)) B2 =0 () and var(z) =0 <b2¢(b)¢<h>> |

Similarly, as previously we get

_ _¥se(e) _ _Wse(e)
Rz‘o“"( n¢<b>q>(h>> and Ry 0( n¢<b>¢<h>>' 20

It remains to evaluate R3. Indeed, we write
WS,P(S)
P| R > _r N
< o n¢<b>¢(h>>
=P ax ma |L1 Xy, i(5 ) ELl(xk,t~(~)| >n L(S)
]e{12 oy kel .., N£ (7)) S M n(b)o(h)
JEN 2mdp Y kELL, Ne(S 7)) n(b)o(h)

<dyNe(Sg) max max P <|L1 (X, tj(5) — ELy (xk,tj(y)| > W)

< duNe(Sz)  max
< dy g( .7)]_6{1727”_7(1”}](6{1 ..... Ne( <
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Where |

I = m [Ki(xk)(l(i(fj(y)) —E (Ki(xk)Ki(tj))] .

It follows from the fact that the kernel K is bounded , that E|[|> < C(¢(b)o(h))~".
Thus, we apply the Bernstein exponential inequality we obtain for all j < N¢(S#), that

n@(b)9(h)

Therefore, by choosing Cn? = B, and using the fact that d, = O(w;, '), we conclude that

n

7 €&
P <’L1(xk,tj()~,)—]EL](xk,l‘j():))’ >N V/Sy( ) > §2exp{—Cn2y/sy(£)}.

d,N (S # -
e(S7) M e 7o (b)9(h)

—m2
< C'dy (Ne(S7))' M

~(E
x P LGty —ELi(oty)| > my |52 E
(Sz)}

Finally, using (HS) and (12) we obtain

Vs » (8)
R3 = Og.co. ( n¢(b>¢(h)> . 21

By using the same decomposition:

|L2(xay7y)_E[L2(xay7y)]| < sup sup |L2(xaya.)~))_l‘2(xkaya)7)|

x€S 7 yESy
N
+ sup sup |Lp(xi,y,9) — Lo (xe. 1), 9)|
xX€S7 yESg
$
+ sup sup ’LQ(Xk, tj(y) 5)7) - E[LZ('XIG tj(y) ay] ’
XES 7 yES g
S3
+ sup sup |E[L2(xkvtj(y),.ﬂ _E[LZ(xkvyay)”
xeSz yeSgp
Sa
+ sup sup |E[La(xt,y,5)] — E[La(x,7,9)]| -
xSz yeSy
Ss
So as before we get:
Ys . (8) l//Sy (E)
S1=0g.o. —2- - _ ] and S5 =0 —]. (22)
“W< wwmmm> ( ng9 ()9 ()

And

_ WS? (8) an _ I)US{} (8)
S”*””< @MMMM) a5 O( @mwmm>‘ @)
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And
S3 = Oa.c(). ( W) . (24)

ElLs (3.9 - £O)
<cB |k (8 [t (T ) - ) 0.7

X 57, y
<CE H ( (xh 1))K(> bl)E [;,KO <
Moreover, by change of variable:

Y
E[glKo (y < ) (X1,% ] /K X"Yl (v —ug)du.

Finally, by (H2) we get:

[BlLa ey )] = 5470 = 0 ©5)

So, The Lemma 5.4 can be easily deduced from (19), (20), (22), (23), (24) and (25). O
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