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Quality adjusted GEKS-type indices for price
comparisons based on scanner data

Jacek Biatek!
Abstract

A wide variety of retailers (supermarkets, home electronics, Internet shops, etc.) provide
scanner data containing information at the level of the barcode, e.g. the Global Trade Item
Number (GTIN). As scanner data provide complete transaction information, we may use the
expenditure shares of items as weights for calculating price indices at the lowest (elementary)
level of data aggregation. The challenge here is the choice of the index formula which should
be able to reduce chain drift bias and substitution bias. Multilateral index methods seem to be
the best choice due to the dynamic character of scanner data. These indices work on a whole-
time window and are transitive, which is key to the elimination of the chain drift effect.
Following what is called an identity test, however, it may be expected that even when only
prices return to their original values, the index becomes one. Unfortunately, the commonly
used multilateral indices (GEKS, CCDI, GK, TPD, TDH) do not meet the identity test. The
paper discusses the proposal of two multilateral indices and their weighted versions. On the
one hand, the design of the proposed indices is based on the idea of the GEKS index. On the
other hand, similarly to the Geary-Khamis method, it requires quality adjusting. It is shown
that the proposed indices meet the identity test and most other tests. In an empirical and
simulation study, these indices are compared with the SPQ index, which is relatively new
and also meets the identity test. The analytical considerations as well as empirical studies
confirm the high usefulness of the proposed indices.

Key words: scanner data, product classification, product matching, Consumer Price Index,
multilateral indices, GEKS index.

1. Introduction

Scanner data have numerous advantages compared to traditional survey data collection
because such data sets are much bigger than traditional ones and they contain complete
transaction information, i.e. information about prices and quantities at the lowest COICOP
(Classification of Individual Consumption by Purpose) level. Scanner data contain expen-
diture information at the item level (i.e. at the retailer’s code or the Global Trade Article
Number (GTIN) / European Article number (EAN) / Stock Keeping Unit (SKU) barcode
level), which makes it possible to use expenditure shares of items as weights for calcu-
lating price indices at the lowest (elementary) level of data aggregation. Most statistical
agencies use bilateral index numbers in the CPI measurement, i.e. they use indices which
compare prices and quantities of a group of commodities from the current period with the
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corresponding prices and quantities from a base (fixed) period. A multilateral index is com-
piled over a given time window composed of 7 + 1 successive months (typically 7 = 12).
Multilateral price indices take as input all prices and quantities of the previously defined
individual products, which are available in a given time window, i.e. in at least two of its
periods. These methods are a very good choice in the case of dynamic scanner data, where
we observe a large rotation of products and strong seasonality (Chessa et al., 2017). More-
over, multilateral indices are transitive, which means in practice that the calculation of the
price dynamics for any two moments in the time window does not depend on the choice
of the base period. By definition, transitivity eliminates the chain drift problem which may
occur while using scanner data. The chain drift can be formalized in terms of the violation
of the multi period identity test. According to this test, one can expect that when all prices
and quantities in a current period revert back to their values from the base period, then the
index should indicate no price change and it equals one. Thus, multilateral indices are free
from the chain drift within a given estimation time window [0, T]. Although Ivancic et al.
(2011) have suggested that the use of multilateral indices in the scanner data case can solve
the chain drift problem, most statistical agencies using scanner data still make use of the
monthly chained Jevons index (Chessa et al., 2017).

The Jevons (1865) index is an unweighted bilateral formula and it is used at the el-
ementary aggregation level in the traditional data collection. As the scanner data provide
information on consumption, it seems more appropriate to use weighted indices. Unfortu-
nately, bilateral weighted formulas do not take into account all information from the time
window, while the frequently chained weighted indices (even superlative) may generate
chain drift bias (Chessa, 2015) and therefore do not reflect a reasonable price change over
longer time intervals. For this reason, many countries have experimented with multilateral
indices or even implemented them for the regular production of price indices (Krsinich
(2014), Inklaar and Diewert (2016), Chessa et al. (2017); Chessa (2019), Diewert and Fox
(2018), de Haan et al. (2021)).

Following the so-called identity test (International Labour Office, 2004; von der Lippe,
2007), however, one may expect that even when only prices return to their original values
and quantities do not, the index becomes one. This test is quite restrictive for multilateral
indices and causes some controversy among price statisticians. Nevertheless, it is mentioned
among the axioms regarding multilateral indices both in the publications of the European
Commission and in journals from the area of official statistics (Zhang et al., 2019). Unfor-
tunately, the commonly used multilateral indices (GEKS, CCDI, GK, TPD, TDH) do not
meet the identity test. The main aim of the paper is to present and discuss the proposition
of two multilateral indices, the idea of which resembles the GEKS index, but which meet
the identity test and most of other axioms. The proposed indices are compared with the
multilateral SPQ index method, which is relatively new and also meets the identity test.

2. The list of considered multilateral price index methods

Multilateral index methods originate in comparisons of price levels across countries
or regions. Commonly known methods include the GEKS method (Gini, 1931; Eltet6 and
Koves, 1964), the Geary-Khamis (GK) method (Geary, 1958; Khamis, 1972), the CCDI
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method (Caves et al., 1982) or the Time Product Dummy Methods (de Haan and Krsinich,
2018). These indices work on the defined time window [0,7]. The idea of the SPQ mul-
tilateral price index is based on the relative price and quantity dissimilarity measure Aspp
(Diewert, 2020). The price dissimilarity measure is used to link together the bilateral Fisher
indices according to the special algorithm, which extends the considered time window in
each step.

Before we present the proposed multilateral price indices, let us denote sets of homo-
geneous products belonging to the same product group in months 0 and ¢ by Gy and G; re-
spectively, and let Gy ; denote a set of matched products in both moments 0 and ¢. Although,
in general, the item universe may be very dynamic in the scanner data case, we assume that
there exits at least one product being available during the whole time interval [0, T]. Let p}
and g7 denote the price and quantity of the i-th product at time T and Ny, = card Gy,.

Since the indices proposed in the work are based on the idea of the GEKS index, let us
recall its structure (see Section 2.1).

2.1. The GEKS method

Let us consider a time interval [0, 7] of observations of prices and quantities that will be
used for constructing the GEKS index. The GEKS price index between months 0 and ¢ is
an unweighted geometric mean of 7 + 1 ratios of bilateral price indices P** and P*°, which
are based on the same price index formula. The bilateral price index formula should satisfy
the time reversal test, i.e. it should satisfy the condition P“* . P¢ = 1. Typically, the GEKS
method uses the superlative Fisher (1922) price index, resulting in the following formula:

T 1
Pg}thS =11 (Pgrpg’t) L e))
=0
Please note that de Haan and van der Grient (2011) suggested that the Tornqvist price
index formula (Tornqvist, 1936) could be used instead of the Fisher price index in the Gini
methodology. Following Diewert and Fox (2018), the multilateral price comparison method
involving the GEKS method based on the Tornqvist price index is called the CCDI method.

3. Axiomatic approach in the multilateral method selection

According to the axiomatic approach, desirable index properties (the so-called “tests”)
are defined that a multilateral index may, or may not satisfy. The list of tests for multilateral
indices can be found in the guide provided by the Australian Bureau of Statistics (2016)
(see the chapter entitled: "CRITERIA FOR ASSESSING MULTILATERAL METHODS").
Interesting considerations concerning tests for price indices in the case of dynamic scanner
data sets can be found in Zhang et al. (2019), where the authors - on the basis of the COLI
(Cost of Living Index) and COGI (Cost of Goods Index) concepts - focus on five main test
for a dynamic item universe (identity test, fixed basket test, upper bound test, lower bound
test and responsiveness test).
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Following the guidelines from the Australian Bureau of Statistics (2016) or the paper
by Diewert (2020), we consider a wide set of tests for multilateral indices (see Appendix
A) assuming that the conditions for their use are met (e.g. a set of matched products over a
period of time is never empty).

Please note that the discussed multilateral index formulas (GK, GEKS, CCDI, TPD)
meet most of the requirements at the same time, such as the transitivity, multi-period iden-
tity test, positivity and continuity, proportionality, homogeneity in prices, commensurability,
symmetry in the treatment of time periods or symmetry in treatment of products tests. How-
ever, the discussed indexes differ in terms of the total set of tests they meet. For instance: the
GEKS, CCDI and TPD indices do not satisfy the basket test, the Geary-Khamis and TPD
indices do not satisfy the responsiveness test to imputed prices while the GEKS or CCDI
can incorporate the imputed prices of missing products, and the homogeneity in quantities
does not hold in the case of the Geary-Khamis formula. Please also note that the SPQ index
is the only multilateral index that satisfies the identity test, which is a stronger requirement
than the lack of chain drift.

4. Proposition of new multilateral indices

In the "classical" approach to constructing the GEKS-type indices, the bilateral price
index formula, which is used in the GEKS’ body, is the superlative one. In other words,
although the standard GEKS method uses the Fisher indices as inputs (Chessa et al., 2017),
other superlative indices are possible choices as well, e.g. the Tornqvist or Walsh indices
(van Loon and Roels, 2018; Diewert and Fox, 2018). Moreover, in the paper by Chessa et al.
(2017), we can read that "the bilateral indices should satisfy the time reversal test". The
choice of the superlative indices as an input for GEKS has its justification in the economic
approach, since the superlative indices are considered as to be the best proxies for the Cost of
Living Index (International Labour Office, 2004). Please note, however, that the concept of
multilateral indices is not based on the COLI framework and requirements for multilateral
methods differ from those dedicated to bilateral ones. The time reversibility requirement,
which allows the GEKS index to be transitive, enables expressing the GEKS index in a
more intuitive, quotient form:

T/ ptiN T+
Pg}i“Ks = H (pr()) : @)
=0
where P** is the chosen bilateral price index formula (for s = 0, 7).

In the next part of the work, two new multilateral indices, the structure of which may
resemble the idea of the GEKS index at first glance, were proposed. However, the structure
of the base index of the proposed multilateral formulas differs completely from the adopted
convention related to the application of the superlative index. Moreover, the calculation of
the base index will require quality adjusting, which in turn is more like the Geary-Khamis
index idea. In fact, the proposed indices are in a sense a hybrid approach, i.e. they constitute
a bridge between the quality adjusted unit value method and the GEKS method.

Finally, it should also be emphasised that one of the proposals (i.e. GEKS-AQU, see
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Section 4.1) does not assume that the formula P™ is a price index, but only a variant of
quality adjusted unit value. This is a completely new approach in the theory of multilateral
indices but still guarantees good axiomatic properties of the proposed index.

4.1. Proposition based on the asynchronous quality-adjusted unit value

In the unit value concept, prices of homogeneous products are equal to the ratio of ex-
penditure and quantity sold (International Labour Office, 2004; Chessa et al., 2017). How-
ever, quantities of different products cannot be added together as in the case of homogeneous
products. That is why the idea of quality-adjusted unit value assumes that prices p; of differ-
ent products i € G, in month s are transformed into "quality-adjusted prices" % and quan-
tities g; are converted into "common units" v;q; by using a set of factors v = {v,- 11 € Gy}
(Chessa et al., 2017). Thus, the "classical” quality adjusted unit value QUV; of a set of
products G, in month s can be expressed as follows:

_ YieG, 4ip;

UV, === "1 1L 3
QUVs, YicG, viq; ©)

The term “Quality-adjusted unit value method” (QU method for short) was introduced
by Chessa (2015; 2016). The QU method is a family of unit value based index methods and
its general form can be expressed by the following ratio:

1
Py~ o @
Go
In practice, consumer response to price changes can be delayed or even accelerated
as consumers not only react to current price changes but also use their own "forecasts" or
concerns about future price increases. For example, consumption of thermophilic (seasonal)
fruit is likely to be higher in summer because they are cheaper than in winter, when the
season is almost over. For instance, some interesting study on "unconventional" consumer
behaviour, such as stocking and delayed quantity responses to price changes, and its impact
on chain drift bias can be found in the paper by von Auer (2019). Since in practice we often
observe prices and quantities that are not perfectly synchronised in time, the following form
of the "asynchronous quality-adjusted unit value" is proposed:
T 1y
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where 7 is any period from the considered time interval [0,7]. Obviously it holds that
AQUV' = QUV . Let us define now the function P™*(v,¢%, p*, p*) as follows:

AQUVGT’T“:

PRt p) = o ©)
GT,T
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Putting (6) in formula (2) we obtain:
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Please note that the proposed index behaves like a GEKS index based on the Laspeyres
index in the case of static item universe G. In fact, if the item universe is static, we obtain
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Finally, please also note, that theoretically the class of the GEKS — AQU indices is
infinite, since different choices of v; factors lead to different index values. We could, for
instance, consider v; factors defined in the Geary-Khamis multilateral index resulting in a
new, hybrid index, which would be a mixture of the GEKS and Geary-Khamis ideas. That
would, however, be probably a slow solution. In this paper, we adopt the system of weights v;
corresponding to the augmented Lehr index (Lamboray, 2017; van Loon and Roels, 2018),
where __—

p; = Zz:To Pitqi . 9)
Zt:() q;
The following theorem can be proved (see Appendix B):

Theorem 1 The GEKS-AQU index (7) satisfies the following tests: the transitivity, identity,
multi period identity, responsiveness, continuity, positivity and normalisation, price pro-
portionality and weak commensurability. If the item universe is the same in the compared
periods O and t then the GEKS-AQU index satisfies also the homogeneity in prices and
homogeneity in quantities tests.

4.2. Proposition based on the asynchronous quality-adjusted price index
Let us note that formula (5) can be expressed by using quality-adjusted prices and quan-

tities:

ZieG ,Viq?pi
AQUVYS = =% LN 10
QUVs, YicG., Vidi {10
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If we place all the adjusted prices (%?) with the relative prices (%)’ then we obtain an
"asynchronous quality-adjusted price index" (AQI), i.e.

TP
. L
ZieG” viq; T
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ZieGm vig;

AQIE =
This means that the AQI formula can be treated as a weighted arithmetic mean of partial
indices %, where the weights are proportional to the relative share of the product’s adjusted
quantities (from the base period 7) in the sum of all adjusted quantities.
In the further part of the work, the GEKS index based on the AQI formula will be marked
as GEKS-AQ], i.e. by inserting (11) into the formula (2), we obtain:
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Note that the GEKS-AQI index takes into account prices and quantities directly from all
time window periods, while the GEKS-AQU index takes into account all quantities but only
prices from the reference and base period. However, both formulas indirectly need infor-
mation about the prices (and quantities) of products from each period in the time window
to determine the factors v; defined by formula (9). In this way, each new product in the
analysed time window has an impact on the final value of the proposed indices.

It is possible to show, analogously to the proofs of Theorem 1 (see Appendix B), that
the following theorem holds:

Theorem 2 The GEKS-AQI index (12) satisfies the following tests: the transitivity, identity,
multi period identity, responsiveness, continuity, positivity and normalisation, price pro-
portionality and weak commensurability. If the item universe is the same in the compared
periods 0 and t then the GEKS-AQI index satisfies also the homogeneity in prices and ho-
mogeneity in quantities test.

Remark

Similarly to the weighted GEKS index (Melser, 2018), it seems to be interesting to
consider the following weighted versions of the GEKS-AQU and GEKS-AQI indices:

, YicGe, 4P}
0.1 _ YieGe, vidf |,
Pyceks—aou = H(i) i (13)
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where the weights concerning the period 7 can be, for instance, defined as follows:

T .7
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5. Empirical Study

Scanner data from one retail chain in Poland are used in our empirical study, i.e. monthly
data on long grain rice (subgroup of COICOP 5 group: 011111), ground coffee (subgroup
of COICOP 5 group: 012111), drinking yoghurt (subgroup of COICOP 5 group: 011441)
and white sugar (subgroup of COICOP 5 group: 011811) sold in 212 outlets during the
period from December 2019 to December 2020 (352705 records, which means 210 MB
of data). Before price index calculations, the data sets were carefully prepared. First, af-
ter deleting the records with missing data and performing the deduplication process, the
products were classified into the relevant elementary groups (COICOP 5 level) and, af-
ter that, into their subgroups (local COICOP 6 level). The classification process was per-
formed using the data_selecting() and data_classification() functions from the
PriceIndices R package (Biatek, 2021). The first function requires manual preparation of
dictionaries of keywords and phrases that identified individual product groups. The second
function was used for problematic, previously unclassified products, and required manual
preparation of learning samples based on historical data. The classification itself was based
on machine learning techniques using random trees and the XGBoost algorithm (Tianqi
and Carlo, 2016). To match products, we used the data_matching() function from the
PriceIndices package. To be more precise: products with two identical codes or one of
the codes identical and an identical description were automatically matched. Products were
also matched if they had identical one of the codes and the Jaro-Winkler (1989) distance
of their descriptions was smaller than the fixed precision value: 0.02. In the last step, just
before calculating price indices, two data filters were applied to remove unrepresentative
products from the database, i.e. the data_filtering() function from the cited package
was used. The extreme price filter (Bialek and Bergsewicz, 2021) was applied to eliminate
products with more than a three-fold price increase or more than a double price drop from
month to month. The low sale filter (van Loon and Roels, 2018) was used to eliminate from
the sample products with relatively low sales (almost 30% of products were removed).
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Table 1: Mean absolute differences between considered price indices calculated for long
grain rice: Dec, 2019 - Dec, 2020 (p.p.)

index  |GEKS-AQU GEKS-AQI WGEKS-AQU WGEKS-AQI GEKS GK TPD SPQ
GEKS-AQU 0.00 0.12 0.06 0.07 0.75 0.87 0.71 0.53
GEKS-AQI 0.12 0.00 0.16 0.08 0.67 0.78 0.63 0.49
WGEKS-AQU|  0.06 0.16 0.00 0.09 0.80 0.91 0.76 0.55
WGEKS-AQI|  0.07 0.08 0.09 0.00 0.75 0.86 0.71 0.49
GEKS 0.75 0.67 0.80 0.75 0.00 0.29 0.33 0.62
CK 0.87 0.78 0.91 0.86 0.29 0.00 0.15 0.76
TPD 0.71 0.63 0.76 0.71 0.33 0.15 0.00 0.66
SPQ 0.53 0.49 0.55 0.49 0.62 0.76 0.66 0.00

Table 2: Mean absolute differences between considered price indices calculated for ground
coffee: Dec, 2019 - Dec, 2020 (p.p.)

index GEKS-AQU GEKS-AQI WGEKS-AQU WGEKS-AQI GEKS GK TPD SPQ
GEKS-AQU 0.00 0.11 0.54 0.50 1.27 239 2.16 1.75
GEKS-AQI 0.11 0.00 0.65 0.62 1.19 2.30 2.07 1.66
WGEKS-AQU 0.54 0.65 0.00 0.04 1.71 2.83 2.58 2.24
WGEKS-AQI 0.50 0.62 0.04 0.00 1.68 2.80 2.56 2.20
GEKS 1.27 1.19 1.71 1.68 0.00 1.30 1.06 0.83
GK 2.39 2.30 2.83 2.80 1.30 0.00 0.27 0.94
TPD 2.16 2.07 2.58 2.56 1.06 0.27 0.00 0.87
SPQ 1.75 1.66 2.24 2.20 0.83 0.94 0.87 0.00
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Figure 3: Monthly coefficients of variation of prices calculated for the studied four product
groups



STATISTICS IN TRANSITION new series, June 2023 161

Table 3: Mean absolute differences between considered price indices calculated for drink-
ing yoghurt: Dec, 2019 - Dec, 2020 (p.p.)

index GEKS-AQU GEKS-AQI WGEKS-AQU WGEKS-AQI GEKS GK TPD SPQ
GEKS-AQU 0.00 0.09 0.04 0.08 0.30 0.56 0.50 0.44
GEKS-AQI 0.09 0.00 0.10 0.08 0.25 0.55 0.49 0.40
WGEKS-AQU 0.04 0.10 0.00 0.06 0.30 0.55 0.49 0.45
WGEKS-AQI 0.08 0.08 0.06 0.00 0.28 0.54 0.48 0.44
GEKS 0.30 0.25 0.30 0.28 0.00 0.39 0.36 0.22
GK 0.56 0.55 0.55 0.54 0.39 0.00 0.08 0.52
TPD 0.50 0.49 0.49 0.48 0.36 0.08 0.00 0.47
SPQ 0.44 0.40 0.45 0.44 0.22 0.52 0.47 0.00

Table 4: Mean absolute differences between considered price indices calculated for white
sugar: Dec, 2019 - Dec, 2020 (p.p.)

index  |GEKS-AQU GEKS-AQI WGEKS-AQU WGEKS-AQI GEKS GK TPD SPQ
GEKS-AQU 0.00 021 0.26 0.10 1.24 2.04 1.79 0.50
GEKS-AQI 0.21 0.00 0.47 0.30 111 1.92 1.67 0.59
WGEKS-AQU|  0.26 0.47 0.00 0.18 1.39 2.19 1.93 0.58
WGEKS-AQI|  0.10 0.30 0.18 0.00 127 2.08 1.83 0.49
GEKS 1.24 111 1.39 127 0.00 0.82 0.56 0.99
GK 2.04 1.92 2.19 2.08 0.82 0.00 0.28 1.61
TPD 1.79 1.67 1.93 1.83 0.56 0.28 0.00 1.38
SPQ 0.50 0.59 0.58 0.49 0.99 1.61 1.38 0.00
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Figure 4: Monthly coefficients of variation of quantities calculated for the studied four prod-
uct groups

The results obtained for the GEKS-AQU, GEKS-AQI, GEKS, Geary-Khamis, TPD and
SPQ indices are presented in Figure 1. An additional comparison of the GEKS-AQU and
GEKS-AQI indices to their weighted versions is presented in Figure 2. The average abso-
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lute differences between the indices were determined by using the compare_distances ()
function from the PriceIndices package (see Tab.1 - Tab.4). Observing Fig.2 and Tab.1-4
we conclude that the largest differences between the GEKS-AQU and GEKS-AQI indices
and their weighted versions were observed for data sets: ground coffee (average absolute
differences of about 0.5 p.p.) and white sugar (average absolute differences between 0.1
and 0.26 p.p.). In the case of the other two data sets, the corresponding differences turned
out to be neglectfully small (they do not exceed 0.09 p.p.). Similarly, the differences be-
tween the other multilateral indices appear to be the largest for these ground coffee and
white sugar data sets (see Fig.1). As a consequence, there is a suspicion that the distribution
of the values of weights based on expenditure shares determines the differences between
multilateral indices. However, since the prices of products from homogeneous groups are
unlikely to be as diverse as the possible sales levels of these products, there is a natural
research hypothesis that the volatility of quantities is the main cause of the differences be-
tween multilateral indices. To verify the above-presented hypothesis, an additional analysis
was made by determining the monthly coefficients of prices and quantities for all product
groups (see Fig.3 and Fig.4).

Price volatility (measured by the coefficient of variation), which is the main cause of
differences between bilateral price indices, turned out not to differentiate the analyzed data
sets (see Fig.3), and thus it was not price volatility that determined the differences between
the values of the indices. As previously suspected, the volatility of the quantity of prod-
ucts sold seems to have a clear impact on the differences between multilateral indices. This
conclusion confirms previously obtained results (Bialek, 2022). Please note that the coeffi-
cients of variation of product quantities are clearly higher for the data sets for white sugar
and ground coffee (Fig.4). However, this thread requires further research.

As it was mentioned above, the GEKS-AQU and GEKS-AQI indices approximate each
other. Moreover, their values are quite close to those of the GEKS and SPQ indices. The
Geary-Khamis index is a good proxy for the Time Product Dummy (TPD) index, which
confirms some previous results (Chessa et al., 2017; Biatek and Bergsewicz, 2021), but it
always seems to be the most distant from the proposed indices.

In terms of how time-consuming their calculations are, the proposed indices seem to be
average. More precisely: the GEKS-AQU index requires slightly less computing time than
the GEKS-AQI index - in this respect it is better than the TPD or Geary-Khamis indices,
but is worse (slower in calculation) than the SPQ or GEKS indices. The last conclusion,
however, is not surprising: firstly, the SPQ index does not work on a given time window like
other multilateral indices, and secondly, the GEKS index does not perform quality adjust-
ment as the GEKS-AQU and GEKS-AQI indices do.

6. Conclusions

The paper proposes two new multilateral indices, the idea of which resembles the GEKS
method, but which perform additional quality adjustment and deviate from the classical ap-
proach in which the base formula of the GEKS index is a superlative index. The analytical
study has confirmed that the two proposed indices (GEKS-AQU and GEKS-AQI) satisfy
most of commonly accepted tests for multilateral indices (see Appendix 6) including the



STATISTICS IN TRANSITION new series, June 2023 163

identity test (see Theorems 1 and Theorem 2). The empirical study has shown that differ-
ences between the proposed indices and other considered multilateral indices appear only
with large variability of quantity in homogeneous groups of products. Quite surprisingly,
the price volatility did not play a significant role in the empirical study as determinants of
differences between multilateral indices (see Section 5). The same study has also shown
that the computation time needed in the case of the GEKS-AQU and GEKS-AQI indices is
average compared to most other multilateral indices.

It should also be noted that both the previously known multilateral indices (Geary-
Khamis, GEKS, TPD, CCDI, and SPQ) as well as the new indices proposed and discussed
in the paper (GEK-AQU, GEKS-AQI, and their weighted versions: WGEKS-AQU and
WGEKS-AQI) are implemented in the Pricelndices R package (Biatek, 2021), and thus
the reader can verify their usefulness on their own data sets.

Nevertheless, some aspects of the behaviour of the proposed multilateral indices still
remain unexplored. From a practical point of view, it seems interesting, how great the sensi-
tivity of these methods to changing window updating methods is or if the selection of filter
thresholds has a considerable influence on the index values. It should be also noted that
the issue of choosing between weighted and unweighted versions of a GEKS-type index is
not resolved in the literature. On the one hand, the GEKS-type method uses an underlying,
bilateral price index that already performs the first weighting. Thus, it seems that additional
weighting is an unnecessary waste of time and may even be detrimental due to giving too
much weight to leading products and too little weight to products with relatively lower
sales. On the other hand, however, the second weighting stage ranks all periods from the
time window, whereas the first weighting stage only looks at pairs of periods being com-
pared. Such a dual weighting system can therefore be an alternative to the low sales filter,
i.e. it can be considered when one does not choose to pre-filter the data set. From a purely
axiomatic point of view, however, it should be borne in mind that unweighted versions of
the GEKS index are well recognized in the literature, meanwhile it is uncertain whether the
introduction of additional weighting will not affect the set of tests (axioms) satisfied by a
given formula.
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Appendices

Appendix A: Tests for multilateral indices

Let P and Q denote all prices and quantities observed in the time interval [0,T], i.e.
P=[p%p",....p"], 0=14%4",....q"], where p' and ¢’ mean the vector of prices and the
vector of quantities of products sold at time ¢, respectively. Let us denote by P** (P, Q) the
considered multilateral price index defined for the entire time window [0,7]. The list of
commonly accepted tests for that index is as follows:

Transitivity
The transitivity means that P% (P, Q) = P%*(P,Q)P**(P,Q) forany 0 < s <t < T.

Identity

This property means that the index equals identity if all prices revert back to their initial
level, i.e. if it holds that p} = p? for i € Gy, then P**(P,Q) = 1. We assume here that the
item universe is the same at periods 0 and ¢.

Multi period identity test

This property means that if all prices and quantities revert back to their initial level, the
chained index will equal the unity, i.e. if it holds that p! = p? and ¢! = ¢? for i € Gy, then
we obtain P (P,Q) x P'2(P,Q) x .... x P"~1(P,Q) = 1. We assume here that the item uni-
verse is the same at periods 0 and 7.

Fixed basket test

Y Lqi
If G(] = Gl and q? = qi =q; fori e GO,I, then PO,t (R Q) _ L,pq

LieGy, plai’

Responsiveness test
For Gy # G, if p! = p? for all i € Gy, then P% (P, Q) cannot always equal one, regard-
less of sets: Gy \ G; and G, \ Gp.

Continuity, positivity and normalization
P% (P, Q) is a positive and continuous function of prices and quantities, P*°(P,Q) = 1.

Price proportionality

If all prices are proportional in the compared periods 0 and ¢, i.e. p} = kp? foralli € Gy,
and some positive k, then the price index depends only on this proportion: P%*(P,Q) = k.
We assume here that the item universe is the same at periods 0 and ¢.

Homogeneity in quantities
Rescaling the quantities in any s-th period does not influence the price index, i.e. for any
positive k, it holds that P**(P,¢°, ...,k¢’, ...,q") = P (P,q°,....¢°, ...,q").
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Homogeneity in prices
Rescaling the prices in the current period changes the price index by the same propor-
tion, i.e. for any positive , it holds that P (p°, p!,....kp", Q) = kP% (p°, p', ..., p', Q).

Commensurability
Changing the units in which prices and quantities are expressed does not change the
price mdex In other words, if for each time moment s € [0,7] we have p} = A;p{ and

g = l | forall i € Gy (4; > 0), then P%'(P, Q) = P%(P,Q). If this conditions holds but only
for identical values of Ai,i.e. when A; = A, = ... Ay = A, then the weak commensurability is
satisfied.

Appendix B: Proof of Theorem 1

Transitivity
Let us consider such periods s and ¢ from the time window [0, 7] that 0 < s <t < T. We
obtain

YicGr s 7P} LicGy, i}
0,5 T YicGrs Vidy A YicGe, vid] |1
P X PS )T+ — 0 VTHT =
ceks-aou % Foexs-aou = Te—o( 3 oeo )T xITi— 0(Srge o)
TicG, o Vidf YicGe s Vidf
LicGy, 91 Vi
7‘[
T LieGryvidi Lo 0.t
o ——\T+T = P
=0l LicGr o4 o) GEKS—AQU
Zt6(1170 1‘7
Identity
Let us assume that Gy = G; = Gy, and p} = ? for i € Go,;. We have
0
LieGy, 9} P LieGyy 9t i
Zi€Gr i Pi iad YU
0.1 T TicGr, Vidy L T LieGrovidi 1
P, = —L ) TH = o (— )T+ =1,
GEKS—AQU —o(3 Gep 7 ) [Te—o(5 Geo 711 )
LicGy o Vidf LicGy o Vidf

Multi period identity test
Let us assume that that p =p? and q. = ¢ fori € Gy, = Gy = G,. We obtain

0,1 ,
PoEks—aou x Py GEKS —AQU % - X Py GEKS —AQU =
1 2
LieG, afp; LicG, o q;p; TicGy, 457!
TicG, , vid] | _1 YicG. o vidt 1 Yo " )
=TT (el 2y T ,7;:0('7721'])7T+1 X o X T (e Y71 =
YieG o9 Pi LicGy 1 9 P LicGy, 977
LicGy viay LicGy viaf LicGy, vid}
7.0
LicGy, 4711 LicGeo 401
TicGy, vidf | 1 YicG. vidr . 1
S § (AN =AY o g N e TR o
YicGy 4 Pi = ZiEGT,O af p;
LTicGy o Vidy TicGy o i}

Please note that this proof does not require the condition ¢} = ¢’.
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Responsiveness test
Let us assume that Gy # G; and p! = p? for all i € Go,. Since Gy # G;, we know
that for at least one period Ty we have G, ; # Gy,,0 N Gy, for at least one period 7, we
have G, o # Gz, 0N Gr,; and, from our initial assumption (see Section 2), we have that
1.'0 r

G:0N G, # 0 for any 7. As a consequence, in general we observe AQU VTO’ 7£ AQUYV, g

where GTO + = Gg,,0N Gy +. In a similar way we can conclude that AQU VT*’ ;é AQUV, T*’
where G7_ g = G, 0N Gy, . Thus, from (6), it holds generally that
LieGy, 9} P} LieGr oNGry 9}
SicGe AT M A i
0.t T YicGyy idf LicG, gNGry Vi 1
P> = o T+l — ) T+I
GEKS—AQU ITz—o( Licogo 7f g 7) # H ol LicGy 0 es Ry )

LicGyq idi LicGy oGy Vil
Since we assume that prices at compared time moments are identical, i.e. p} = p? for

i € G; 0N Gz,, we obtain that
LicGy pnGe, 7Y

YicG, gNGry iy | 1
om0 ) T = 1,

Py, GEKS AU 7 ITi-

LicGy oNGry PV
LicGy gNGry Vil
Continuity, positivity and normalisation

Continuity and positivity are direct consequences of the definition of the GEKS-AQU

index. The normalisation property is also an immediate consequence from its form (6), i.e.
LieG, qiTP?

Y. . o.a7
0.0 T YieGrovidi | 1
P~ = o (— )T+ =1,
GEKS—AQU =0l Ticg, o 4177 )
LicGy g Vil

Price proportionality
Assumption that the item universe is the same at periods 0 and ¢ means that Gy = G; =
_ 0 ;
Go, and also G = Gy, for any 7. Let us assume that p; = kp; for all i € Gy, and some
positive k. As a consequence, we obtain
ZléGrtqupi
TicGe, iy |1 7, TicGpgia] . Ty ks
—0 L \TH = — T+ k T+ = k.
Hr O(ZtEGTOqP ) H‘C 0 LicGy o 9! pO ) ( )
):LEG,E70 Z’EGT.O 1‘71

0
ZiEGr,O qfkl’l-

0,
Foeks— —AQU —

Homogeneity in quantities
By rescaling the quantities in some s-th period, we transform a matrix of quantities Q
into the new matrix Q°, a vector of quality-adjusting factors v into the new vector v¥ and we

obtain that

s Tt
):iEGSJ kqu? ):ZEGT + i Pi
e o AT
0.t 0 t YieGyy Vikdi \ Lo LicGry 1\ by
P Pq kg’ q)= ; T+T X H ( TH —
_ ) 9ty IRRRS] s 0 7,0
GEKS AQU( ) ZieG&O ka1 ) 7=0,T#s TicGy P )
LicGy o Vika LTicGy 147
R g Tl
YieGy 1P} LicGe, i Pi LicGe, i Pi
TicGy i} | 1 L gl |1 )y af | 1
DRI RTINS (NN EC LAV e T AT
LicG, o 4iP; 7=0,7#s LicGy 9 Pi TicGy o4 Y

S5 v - 5.7 —
YicGyVidi LicGy o Vi4i TicGy o 147
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From the assumption that GO = G, we conclude that Gz o = Gz, and also
ZIEG v ‘1 _1 ZIEG '1‘17 1
Pgék&AQU( Q) =1IIi- O(ﬁ)Tﬂ =TIL o(ﬁ)”‘ =
YicGy, viar YicGy, vidr
LicGyy af v}
YicGe Vi) 1

_ p0ys
ZieGTOQfP? )TH - PGS*GEKS(Pa Q).

=TTr_(

T
Eiecm vid;

Homogeneity in prices
By rescaling prices in the current period #, we transform a matrix of prices P into the
new matrix P, a vector of quality-adjusting factors v into the new vector v and we obtain

that
LicGe, 40}

0.t ¢ T NieGe, i ol
PoEks—aou (P 0, kp vQ)*Hr=0(W)”‘ =
LicGeyif
LicGyy 9 P LicGy, 9 P}
. Y Vgt L Y Vgt 1
= kDT X Tl (5 e T = kx Tleol g e )T
YicGy o i4f LicGy o i}

From the assumption that Gy = G; we conclude that G; o = G, and also

YicGr, quf YicGy, qu?
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P P! =k x T (LT T = kX ik R
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Commensurability

Let us also notice that the PGE KS—AQU index fulfils the weak version of the commensu-

rability test. In fact, by rescaling p! = A p{ and ¢} = %f forall s € [0,7] and i € G, (A > 0),
we obtain a new vector of quality adjusting factors v} = Av and

A
LicGey 34 P TicGy, 977}
AT * T
0.t L~ LicGe, AVi 4 1 T YicGe, Wit \ L 0,
P p T NTHT = =t LT = P P Q).
GEKS—AQU( Q) H ):IEGTO %q po) Hr =0 ):IEGTO‘II p? ) GEKS— AQU( aQ)
):’GGT,O }”?"1,’ ):IEGT,O A"’ql

Please note, that if Gy = G;, the GEKS-AQU index satisfies the full (strong) version of
the commensurability test.



