
                                                           



 

 

𝑦𝑖 𝜙𝑖

𝑖

𝜙𝑖 = {
1 , 𝑖𝑓 𝑖𝑡ℎ 𝑢𝑛𝑖𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛 𝑝𝑜𝑠𝑠𝑒𝑠𝑠𝑒𝑠 𝑎𝑡𝑡𝑟𝑖𝑏𝑢𝑡𝑒
0 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

𝐴 = ∑ 𝜙𝑖
𝑁
𝑖=1 𝑎 = ∑ 𝜙𝑖

𝑛
𝑖=1

𝑃 =
𝐴

𝑁
𝑝 =

𝑎

𝑛

𝑌̅

𝑦̅𝑁𝐺1 =
𝑦̅

𝑝
𝑃                                                                  (

 

𝑦̅𝑁𝐺2 =
𝑦̅

𝑃
𝑝                                                               (

𝑃 𝜙

𝑀𝑆𝐸(𝑦̅𝑁𝐺1) ≅
1−𝑓

𝑛
𝑌̅2(𝐶𝑦

2 − 2𝜌𝑝𝑏𝐶𝑦𝐶𝑝 + 𝐶𝑝
2)                           (

𝑀𝑆𝐸(𝑦̅𝑁𝐺2) ≅
1−𝑓

𝑛
𝑌̅2(𝐶𝑦

2 + 2𝜌𝑝𝑏𝐶𝑦𝐶𝑝 + 𝐶𝑝
2)                            (1.4) 

 

𝑡1 = 𝑦̅𝑒𝑥𝑝 (
𝑃−𝑝

𝑃+𝑝
)                                                           (1.5) 

 

𝑡2 = 𝑦̅𝑒𝑥𝑝 (
𝑝−𝑃

𝑝+𝑃
)                                                           



 

𝑀𝑆𝐸(𝑡1) ≅
1−𝑓

𝑛
𝑌̅2 (𝐶𝑦

2 − 𝜌𝑝𝑏𝐶𝑦𝐶𝑝 +
𝐶𝑝

2

4
)                                   

𝑀𝑆𝐸(𝑡2) ≅
1−𝑓

𝑛
𝑌̅2 (𝐶𝑦

2 + 𝜌𝑝𝑏𝐶𝑦𝐶𝑝 +
𝐶𝑝

2

4
)                                   

𝑌̅

𝑡𝑍𝐾𝑖 = 𝑦̅𝑒𝑥𝑝 [
(𝑘𝑃+𝑙)−(𝑘𝑝+𝑙)

(𝑘𝑃+𝑙)+(𝑘𝑝+𝑙)
]    𝑖 = 1,2, … ,9                                  (1.9) 

 

𝑘(≠ 0) 𝑙

𝐶𝑝 𝛽2(𝜙)

𝜌𝑝𝑏 𝑘 𝑙

𝑀𝑆𝐸(𝑡𝑍𝐾𝑖) ≅
1−𝑓

𝑛
𝑌̅2[𝜃𝑖

2𝐶𝑝
2 − 2𝜃𝑖𝜌𝑝𝑏𝐶𝑦𝐶𝑝 + 𝐶𝑦

2]   , 𝑖 = 1, … ,9               

𝜃1 =
𝑃

2(𝑃+𝛽2(𝜙))
𝜃2 =

𝑃

2(𝑃+𝐶𝑝)
𝜃3 =

𝑃

2(𝑃+𝜌𝑝𝑏)
𝜃4 =

𝛽2(𝜙)𝑃

2(𝛽2(𝜙)𝑃+𝐶𝑝)
𝜃5 =

𝐶𝑝𝑃

2(𝐶𝑝𝑃+𝛽2(𝜙))

θ6 =
𝐶𝑝𝑃

2(𝐶𝑝𝑃+𝜌𝑝𝑏)
θ7 =

𝜌𝑝𝑏𝑃

2(𝜌𝑝𝑏𝑃+𝐶𝑝)
𝜃8 =

𝛽2(𝜙)𝑃

2(𝛽2(𝜙)𝑃+𝜌𝑝𝑏)
𝜃9 =

𝜌𝑝𝑏𝑃

2(𝜌𝑝𝑏𝑃+𝛽2(𝜙))

𝑓 =
𝑛

𝑁
𝑁 𝐶𝑝

𝐶𝑦

𝜌𝑝𝑏 𝛽2(𝜙)

𝑦̅𝑝𝑟

𝑦̅𝑝𝑟𝑖 = 𝑦̅ (
𝑝

𝑃
)

𝛼

𝑒𝑥𝑝 [
(𝑘𝑃 + 𝑙) − (𝑘𝑝 + 𝑙)

(𝑘𝑃 + 𝑙) + (𝑘𝑝 + 𝑙)
] ; 𝑖 = 1,2, … ,10



 

 

𝑘 𝑙

𝑦̅𝑝𝑟1 = 𝑦̅ (
𝑝

𝑃
)

𝛼

𝑒𝑥𝑝 [
𝑃 − 𝑝

𝑃 + 𝑝
]

𝑦̅𝑝𝑟2 = 𝑦̅ (
𝑝

𝑃
)

𝛼

𝑒𝑥𝑝 [
𝑃 − 𝑝

𝑃 + 𝑝 + 2𝛽2(𝜙)
] 𝛽2(𝜙)

𝑦̅𝑝𝑟3 = 𝑦̅ (
𝑝

𝑃
)

𝛼

𝑒𝑥𝑝 [
𝑃 − 𝑝

𝑃 + 𝑝 + 2𝐶𝑝
] 𝐶𝑝

𝑦̅𝑝𝑟4 = 𝑦̅ (
𝑝

𝑃
)

𝛼

𝑒𝑥𝑝 [
𝑃 − 𝑝

𝑃 + 𝑝 + 2𝜌𝑝𝑏
] 𝜌𝑝𝑏

𝑦̅𝑝𝑟5 = 𝑦̅ (
𝑝

𝑃
)

𝛼

𝑒𝑥𝑝 [
𝛽2(𝜙)(𝑃 − 𝑝)

𝛽2(𝜙)(𝑃 + 𝑝) + 2𝐶𝑝
] 𝛽2(𝜙) 𝐶𝑝

𝑦̅𝑝𝑟6 = 𝑦̅ (
𝑝

𝑃
)

𝛼

𝑒𝑥𝑝 [
𝐶𝑝(𝑃 − 𝑝)

𝐶𝑝(𝑃 + 𝑝) + 2𝛽2(𝜙)
] 𝐶𝑝 𝛽2(𝜙)

𝑦̅𝑝𝑟7 = 𝑦̅ (
𝑝

𝑃
)

𝛼

𝑒𝑥𝑝 [
𝐶𝑝(𝑃 − 𝑝)

𝐶𝑝(𝑃 + 𝑝) + 2𝜌𝑝𝑏
] 𝐶𝑝 𝜌𝑝𝑏

𝑦̅𝑝𝑟8 = 𝑦̅ (
𝑝

𝑃
)

𝛼

𝑒𝑥𝑝 [
𝜌𝑝𝑏(𝑃 − 𝑝)

𝜌𝑝𝑏(𝑃 + 𝑝) + 2𝐶𝑝
] 𝜌𝑝𝑏 𝐶𝑝

𝑦̅𝑝𝑟9 = 𝑦̅ (
𝑝

𝑃
)

𝛼

𝑒𝑥𝑝 [
𝛽2(𝜙)(𝑃 − 𝑝)

𝛽2(𝜙)(𝑃 + 𝑝) + 2𝜌𝑝𝑏
] 𝛽2(𝜙) 𝜌𝑝𝑏

𝑦̅𝑝𝑟10 = 𝑦̅ (
𝑝

𝑃
)

𝛼

𝑒𝑥𝑝 [
𝜌𝑝𝑏(𝑃 − 𝑝)

𝜌𝑝𝑏(𝑃 + 𝑝) + 2𝛽2(𝜙)
] 𝜌𝑝𝑏 𝛽2(𝜙)

𝐶𝑝 𝛽2(𝜙) 𝜌𝑝𝑏

𝑦̅ 𝑝

𝑦̅𝑝𝑟𝑖 𝑦̅ = 𝑌̅(1 + 𝑒0) 𝑝 =

𝑃(1 + 𝑒1) 𝐸(𝑒0) = 𝐸(𝑒1) = 0 𝐸(𝑒0
2) =

1−𝑓

𝑛
𝐶𝑦

2 𝐸(𝑒1
2) =

1−𝑓

𝑛
𝐶𝑝

2

𝐸(𝑒0𝑒1) =
1−𝑓

𝑛
𝐶𝑦𝑝 =

1−𝑓

𝑛
𝜌𝑝𝑏𝐶𝑦𝐶𝑝

𝑦̅𝑝𝑟𝑖 𝑒𝑗 (𝑗 =  0, 1)

𝑦̅𝑝𝑟𝑖 = 𝑌̅(1 + 𝑒0)(1 + 𝑒1)𝛼𝑒𝑥𝑝{−𝜃𝑒1(1 + 𝜃𝑒1)−1}       

𝑦̅𝑝𝑟𝑖 = 𝑌̅(1 + 𝑒0) [1 + 𝛼𝑒1 +
𝛼(𝛼 − 1)

2
𝑒1

2 + ⋯ ] [1 + (−𝜃𝑒1)(1 + 𝜃𝑒1)−1]



 

= 𝑌̅(1 + 𝑒0) [1 + 𝛼𝑒1 +
𝛼(𝛼 − 1)

2
𝑒1

2 + ⋯ ] [1 − 𝜃𝑒1 + 𝜃2𝑒1
2]   

𝑌̅

𝑦̅𝑝𝑟𝑖 − 𝑌̅ ≅ 𝑌̅ [−𝜃𝑖𝑒1 + 𝜃𝑖
2𝑒1

2 + 𝛼𝑒1 − 𝛼𝜃𝑖𝑒1
2 +

𝛼(𝛼 − 1)

2
𝑒1

2 + 𝑒0 − 𝜃𝑖𝑒0𝑒1 + 𝛼𝑒0𝑒1] 

𝑦̅𝑝𝑟𝑖

𝑀𝑆𝐸(𝑦̅𝑝𝑟𝑖) ≅
1 − 𝑓

𝑛
𝑌̅2[𝛼2𝐶𝑝

2 + 𝜃𝑖
2𝐶𝑝

2 − 2𝛼𝜃𝑖𝐶𝑝
2 + 𝐶𝑦

2 + 2𝛼𝜌𝑝𝑏𝐶𝑦𝐶𝑝 − 2𝜃𝑖𝐶𝑦𝐶𝑝]; 𝑖

= 1,2, … ,10 

𝜕𝑀𝑆𝐸(𝑦̅𝑝𝑟𝑖)

𝜕𝛼
=

1 − 𝑓

𝑛
𝑌̅2(2𝛼𝐶𝑝

2 − 2𝜃𝑖𝐶𝑝
2 + 2𝜌𝑝𝑏𝐶𝑦𝐶𝑝) = 0

𝛼𝑜𝑝𝑡𝑖 =
𝜃𝑖𝐶𝑝 − 𝜌𝑝𝑏𝐶𝑦

𝐶𝑝
; 𝑖 = 1,2, . . ,10   

𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑝𝑟) ≅
1 − 𝑓

𝑛
𝑌̅2𝐶𝑦

2(1 − 𝜌𝑝𝑏
2 )  

𝑦̅ 𝑦̅𝑁𝐺1 𝑦̅𝑁𝐺2 𝑡1 𝑡2 𝑧𝑡𝑖

𝑦̅𝑝𝑟𝑖

𝑉(𝑦̅) =
1−𝑓

𝑛
𝑌̅2𝐶𝑦

2                                                        (3.1) 



 

 

𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑝𝑟𝑖) < 𝑉(𝑦̅)
1 − 𝑓

𝑛
𝑌̅2𝐶𝑦

2(1 − 𝜌𝑝𝑏
2 ) <

1 − 𝑓

𝑛
𝑌̅2𝐶𝑦

2

𝜌𝑝𝑏
2 > 0                                                                                   

𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑝𝑟𝑖) < 𝑀𝑆𝐸(𝑦̅𝑁𝐺1)  
1 − 𝑓

𝑛
𝑌̅2𝐶𝑦

2(1 − 𝜌𝑝𝑏
2 ) <

1 − 𝑓

𝑛
𝑌̅2(𝐶𝑦

2 − 2𝜌𝑝𝑏𝐶𝑦𝐶𝑝 + 𝐶𝑝
2)

(𝐶𝑦𝜌𝑝𝑏 − 𝐶𝑝)
2

> 0                                                                          

𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑝𝑟𝑖) < 𝑀𝑆𝐸(𝑦̅𝑁𝐺2)  
1 − 𝑓

𝑛
𝑌̅2𝐶𝑦

2(1 − 𝜌𝑝𝑏
2 ) <

1 − 𝑓

𝑛
𝑌̅2(𝐶𝑦

2 + 2𝜌𝑝𝑏𝐶𝑦𝐶𝑝 + 𝐶𝑝
2)

(𝐶𝑦𝜌𝑝𝑏 + 𝐶𝑝)
2

> 0                                                                          

𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑝𝑟𝑖) < 𝑀𝑆𝐸(𝑡1)

1 − 𝑓

𝑛
𝑌̅2𝐶𝑦

2(1 − 𝜌𝑝𝑏
2 ) <

1 − 𝑓

𝑛
𝑌̅2 (𝐶𝑦

2 − 𝜌𝑝𝑏𝐶𝑦𝐶𝑝 +
𝐶𝑝

2

4
)

(𝐶𝑦𝜌𝑝𝑏 −
𝐶𝑝

2
)

2

> 0                                                                       

𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑝𝑟𝑖) < 𝑀𝑆𝐸(𝑡2)

1 − 𝑓

𝑛
𝑌̅2𝐶𝑦

2(1 − 𝜌𝑝𝑏
2 ) <

1 − 𝑓

𝑛
𝑌̅2 (𝐶𝑦

2 + 𝜌𝑝𝑏𝐶𝑦𝐶𝑝 +
𝐶𝑝

2

4
)

(𝐶𝑦𝜌𝑝𝑏 +
𝐶𝑝

2
)

2

> 0                                                                                  



 

𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑝𝑟𝑖) < 𝑀𝑆𝐸(𝑡𝑍𝐾𝑖)
1 − 𝑓

𝑛
𝑌̅2𝐶𝑦

2(1 − 𝜌𝑝𝑏
2 ) <

1 − 𝑓

𝑛
𝑌̅2[𝜃𝑖

2𝐶𝑝
2 − 2𝜃𝑖𝜌𝑝𝑏𝐶𝑦𝐶𝑝 + 𝐶𝑦

2]

(𝐶𝑦𝜌𝑝𝑏 − 𝜃𝑖𝐶𝑝)
2

> 0                                                                                  

𝑦̅𝑝𝑟

𝑦 = the number of villages in the circles

𝜙𝑖 = {
1 , if a circle consists of more than five villages
0 , otherwise.

𝑌 = 𝜃1 = 𝜃5 = 𝜃9 =

𝑃 = 𝜃2 = 𝜃6 =

𝛽2(𝜙) = 3.492 𝐶𝑦 = 𝜃3 = 𝜃7 =

𝜌𝑝𝑏 = 𝐶𝑝 = 𝜃4 = 𝜃8 =

𝑦 = the number of teachers

𝜙𝑖 = {
1 , if the number of teachers is more than 60
0 , otherwise.

= 𝑌 = 𝜃1 = 𝜃5 = 𝜃9 =

= 𝑃 = 𝜃2 = 𝜃6 =

𝛽2(𝜙) = 3.898 𝐶𝑦 = 𝜃3 = 𝜃7 =

𝜌𝑝𝑏 = 𝐶𝑝 = 𝜃4 = 𝜃8 =



 

 

𝑦̅

𝑦̅𝑁𝐺1

𝑦̅𝑁𝐺2

𝑡1

𝑡2

𝑡𝑍𝐾1

𝑡𝑍𝐾2

𝑡𝑍𝐾3

𝑡𝑍𝐾4

𝑡𝑍𝐾5

𝑡𝑍𝐾6

𝑡𝑍𝐾7

𝑡𝑍𝐾8

𝑡𝑍𝐾9

𝒚̅𝒑𝒓

𝑦̅𝑝𝑟𝑖 , (𝑖 =

1,2, … ,10) 𝑦̅



 



 

 


